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A magnetic spectrometer study was made of the photoelectron spectrum produced by y 
rays from Agi of the 6 -ray spectrum up to 530 kev, and of the spectrum of the con- 
version electrons corresponding to nuclear transitions with energies of 116 and 656 kev. 
The internal-conversion coefficients for 14 nuclear transitions in Cd!!° and the multi- 
polarity of the radiation were determined from the relative line intensities found in the 
present work and the data presented in a previous paper.! The decay scheme is dis- 
cussed. 


1. EXPERIMENTAL PROCEDURE 


The decay of Ago was previously investigated 
by us! and by many others 23 In the present work 
we investigated the 8 spectrum and the spectrum 
of photoelectrons due to y rays from inpt tom with 
a magnetic spectrometer of the “Ketron” type.’ The 
radius of curvature of the principal trajectory was 


Py = 20 cm, and the source in the counter slit meas- 500 7000 7600 7000 2500 Ey, kev 
ured 2 x 30mm. The divergence angle of the electron 
beam was 30° in the plane perpendicular to the field FIG. 1. Spectral sensitivity curve of the photoelectronic 


and + 3° in the plane of the field. The correspond- _ y spectrometer. 
\ ing relative half-width of the electron lines was 


AHp/hp = 0.5%. The film on the Geiger counter tigated by studying the spectrum of photoelectrons 
window passed all electrons of energy greater than due to cascade y rays from Sc**, Co® and Na”4 
8 kev. and the y rays from Sb 124, which have lines of well 
In the investigation of the y radiation we used known relative intensity with Ey = 603 and 1690 kev 
a photoelectron source with the following arrange- (Igo3 : Iye99 = 2-00 + 0.05, see reference 2). The 
ment. A copper tube of 2 mm outside diameter and __spectral-sensitivity curve is shown in Fig. 1. The 
0.4 mm wall thickness was filled with the investi- ordinates represent the quantity ¢, the factor by 
gated radioactive substance. The tube was then which the measured relative intensities of the y 
wrapped with aluminum foil (0.1 mm) and with lines differ from the actual ones (the curve is nor- 
foil of the heavy metal (platinum, lead, or bismuth) malized to unity at Ey = 1368 kev Na**), The cor- 
used as the photoelectron emitter. The photoelec- rected relative intensities should, in accordance 
tron source was placed at the focus of the magnetic with the calibration curve, be calculated from the 
spectrometer. following formula 


The spectral sensitivity of a photoelectronic y 


spectrometer with a source of this type was inves- (11 /Te)corr = (€2/ 81) 1/1 2)meas- 
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The accuracy of the calibration curve is 10%. 


2. GAMMA RADIATION FROM Ag!!°™ 


Figure 2 shows the overall spectrum obtained 
in this investigation for the photoelectrons knocked 
out by Agee y rays from the bismuth emitter 
(3 mg/em? ). Rising above the continuous spectrum 
are a large number of sufficiently sharp and well 
resolved photoelectronic peaks. The continuous 
spectrum is due principally to Compton electrons 
and partly to fast 8 particles. 
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FIG. 3. Portion of the photoelectron spectrum, correspond- 
ing to y rays with energies ranging from ~600 to ~750 kev. 


Figure 3 shows the portion of the photoelectron 
spectrum corresponding to y rays of energies E 
= 620, 656, 677, 686, 706, and 762 kev. We note that 
earlier, in the investigation of the spectrum of con- 
version electrons,! we observed a weak transition 
with energy Ey, = 742 kev. Inthe photoelectron spec- 
trum given here, the line K-742 coincides with the 
rather strong line M-656. 

Figure 4 shows the portion of the photoelectron 
spectrum corresponding to y rays with Ey = 762, 
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FIG. 2. Overall view of the spectrum of | 
photoelectrons from y rays of Ag**®™ (bismuth | 
emitter, o = 3 mg/cm’). 


D 
S 
S 
BS 
=) 


— ——_—1 
3600 3800 4200 ~Hp 


FIG. 4. Portion. of the photoelectron spectrum, correspond- 
ing to y rays with energies ranging from ~700 to ~950 kev. 


Ho 

FIG. 5. Portion of the photoelectron spectrum, correspond- 
ing to y rays with energies 1384, 1476, and 1506 kev. The 
curve a was obtained with a lead emitter, curve b with a 
platinum emitter. The curves are shifted (along the energy 


axis) to make the peaks of the corresponding K photoelectron 
lines coincide. 


818, 885, and 936 kev. Figure 5 shows the result 
of two series of measurements for hard y rays 
with E = 1384, 1476, and 1506 kev: curve a was 
obtained with a lead emitter, and curve b witha 
platinum one. The curves are shifted along the 
energy axis to make the corresponding K_ photo- 
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FIG. 6. Beta spectrum of Ag***™ up to 600 kev 
(source with o ~ 10 g/cm’). In the upper right is 
shown the Fermi plot for the soft component of the 


B spectrum (X = VNO/EgF), 
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electron peaks coincide (this does not make the 
positions of the L peaks coincide). 

The determined relative intensities of the y 
rays from Ag!!°™ are shown in Table I, where they 
are compared with data by others. The most com- 
plete and reliable results were obtained by Dzhele- 
pov and Zhukovskii® with the aid of the “Elotron” 
magnetic spectrometer, which employs recoil elec- 
trons. As seen from Table I, the agreement be- 
tween our data and those of Dzhelepov and Zhukoy- 
skii is very good. 


38. BETA RADIATION OF Ag!#0m 


In the present investigation we studied the 8 
spectrum up to 530 kev and the conversion lines 
corresponding to nuclear transitions with energies 
116 and 656 kev. 

The £-particle source was prepared by ther- 
mally sputtering activated silver on a slightly alu- 
minized collodion film with surface density of sev- 
eral ug/cm?. The surface density of the sputtered 
silver also amounted to several ug/cm? (semi- 
transparent layer). 


The $-particle and conversion-electron spec- 
TABLE I para M = 


110m 


trum obtained by us is shown in Fig. 6. The Fermi 


Re auite Maton gee OP PE. 2 t8YS, plot for the component E]jm = 85 kev deviates from 
y Aine |iSiegbahn’ | Dzhelepov | Knipper’ | Our data a straight line below ~ 40 kev. In the determination 
energy, (photo- et al. (scintilla- (photo- 
kev electrons) Sees : ae : electrons) of the area of the £ spectrum we therefore extra- 
s ctra . . . * 
Eacanaire scivas polated the distribution curve to the energy region 
“hn + 74 6 4-+-0.8 below 40 kev in accordance with the Fermi formula. 
620 — — by hy AOE 3.9-£0.5 The Fermi plot for the component of the 6 spec- 
se LC 400 we a trum with end-point energy 530 kev is likewise not 
677 ~17 13-42 | 10-- : 
686 ve 4 ane 39 ** ee fully linear. 
ue ce 62 oe, The data we obtained on the 6 radiation of 
762 S17 * 232 24 ae 
818 aS 9-51 bits 8 ae 410m 
885 81 754 75 7848 TABLE II. Radiation of Ag 
936 31 32--2 | 29 ee | 
1384 33 2842 |; 20 6-¢ te ee A ae re Pale 3 
1476 +z 6-11 \ 13 ae Erp, kev 85+3 53045 | 400+100*} 2200+-50 2285 + 25 
1506 17 ee, ; i 13-+4 
= 30. -- — tr ; 
1560 oes ob rea alto laese (0.2) | 0.2 1.5 
5 tensity, per- 
*Estimated by Siegbahn from the intensities of the con- cent log fT 
O74 | Culeey (a0) e | Sie 1 a 


version lines under the assumption that all the transitions 
have equal multipolarity 
**Error 50%; error of other values 25%. 
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*Obtained from the analysis of the 8 spectrum in reference 1. 
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Ag'!°™ are given in Table II, together with the re- 
sults of an analysis of the high-energy region of 

the 8 spectrum of Ag'"™ (Eg > 530 kev), inves- 
tigated in our earlier paper.! The intensity of the 

8 component with E]jm = 1400 kev is apparently 
overvalued, owing to the Compton electrons knocked 
out by the y rays with E, = 1384-1506 kev from 
the source material and from the walls of the appa- 
ratus. Comparison with literature data»? shows that 
our data are in good agreement with the most prob- 
able results of other authors for B radiation of 
Ag!0M and Ag!?, 


4, INTERNAL CONVERSION COEFFICIENTS 


In the present experiments, the ratio of the num- 
ber of conversion electrons to the number of 8 par- 
ticles was found to be ex-g5¢ /B = (2.5 + 0.3) x 10-3 
for a transition with energy 656 kev. If we assume, 
as is done below in the discussion of the decay 
scheme, that the number of nuclear transitions with 
E,, = 656kev amounts to 0.93 per decay (see Fig. 7), 
we obtain for the coefficient of internal conversion 
of this transition a value QK-gsg = (2.7 + 0.3) x 
107°. This value coincides, within the experimental 
accuracy, with the theoretical value of the coeffi- 
cient of internal conversion for E2 transitions. 
According to the known systematics of the lower 
excited levels of even-even nuclei, the first level 
of the nucleus 4gCd!"° should be of the type 2* with 
a corresponding transition multipolarity E2. Values 
of 2.5 and 2.2 + 0.8 are found for axK-gsg X 10° in 
the literature.”»? These are in satisfactory agree- 
ment with our data and with the foregoing interpre- 
tation of the Ey = 656 kev transition. 

The coefficients of internal conversion of the re- 
maining y rays were determined from the relative 


intensities of the y lines obtained in the present 
work and of the conversion lines obtained in pre- 
vious measurements. The calculations were based 
here on the theoretical value Ax -¢5g = 2.75 X L053 
for the E2 transition. The results of the calcula- 
tions of ax are given in Table III. This table lists - 
also the theoretical values of aK given by Sliv 
and Band for transitions of various types. Conclu- 
sions regarding the multipolarity of the y radia- 
tion of Ag'!? are drawn from a comparison of the 
theoretical and experimental values of ax. As can 
be seen from the table, all the observed transitions 
can be essentially classified as M1, E2, or a mix- 
ture of the two. 
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5. THE E = 116 kev ISOMER TRANSITION 


The nuclear transition with E = 116 kev corre- 
sponds to a de-excitation of the metastable state 
Ag!0™_ The lower limit for the coefficient of in- 
ternal conversion was found to be aK-y41¢ > 60. 
Thus, practically all the isomer transitions pro- 
ceed via emission of conversion electrons. The 
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TABLE IV. Determination of the type of isomer transition with 
E = 116 kev in Agit0 


—eeeeeee ee 


| Theoretical values 
Possible 
Compared Experiment type of 
quantities Eb ES M3 M4 M5 transition 
IWC SIE 2.1+0.1 0.60 0.25 3.6 2,0 | del M4 
Ay >60 23 134 15 103 | 740 M4, E5, Md 


number of conversion electrons per decay is 
€K+L+M /6 = (1.5 + 0.2) x 107%, i.e., the number of 
isomer transitions amounts to ~ 1.5% of all Ag!!?™ 
transitions and is equal approximately to the num- 


ber of 6 particles of the hard components of the 


£6 spectrum (~ 2%, see reference 1). 


The value K/L = 2.1+ 0.1 is in good agreement 
with our previous determination (K/L =2.2) ,' but 
differs greatly from other data in the literature 
(1.3 and 1,2). 

Table IV lists the theoretical values of K/L 
and Q@x given by Sliv and Band for transitions of 
various types. From the table we can conclude that 
the E=116 kev nuclear transition in the Age nu- 
cleus is of the M4 type. In explaining this transi- 


- tion, however, we encounter certain difficulties. 


The point is that the spin of the metastable level 

of Nee has recently been measured??? and found 
to equal 6. At the same time it follows from the 

B decay of the ground state of Ag that the spin 
of the latter cannot be greater than unity (cf. decay 
scheme, Fig. 7). To explain the M4 transition 
with E =116 kev it is therefore naturai to pro- 
pose that it corresponds to a transition from the 
metastable level not to the Ags ground level, but 
to some excited level x with a low energy and spin 
2.* From a consideration of the energy balance of 
the decay scheme one would expect the energy of 
the proposed level x to be less than 30 kev. The 
difficulty in observing low-energy transitions may 
probably explain why the corresponding transition 
has not been observed. We note that in the case of 
gt there exists a level with E = 18.5 kev.?” 


6. ON THE DECAY SCHEME OF Ag!!?™ 


A decay scheme was first proposed for Ag!!*™ 
by Siegbahn in 1950.° In later works somewhat 
modified and more complete decay schemes were 
proposed.??%»° 

In Fig. 7 we consider one of the possible ver- 
sions of the decay scheme of Ag!!°"™. This scheme 
includes all the nuclear transitions observed by us, 
but does not include the weak transitions noted by 
Cork and his associates:’ Ey = 438, 471, 499, 542, 


*An analogous assumption was stated in Zhukovskii’s 


dissertation.® 


and 575 kev, and also hard radiation with Ey > 1560 
kev. The version proposed for the level scheme of 
Cd'!° differs from that proposed earlier?’?>*6 prin- 
cipally in that the E © 1420 kev level is replaced 
by a 2160 kev level. This enabled us to fit the tran- 
sitions E,, = 620 and 686 kev in the scheme. 

The energy balance in the scheme of Fig. 7 is 
accurate to approximately +3 kev. The balance of 
the intensities of 8 and y transitions is within 
the limits of error. 

No definite conclusions can be drawn concerning 
the spins of the Cd!!° levels. The most reliable es- 
timates can be made regarding the first two levels 
with energies 656 and 1476 kev. These levels were 
obtained by Coulomb excitation’? and it is therefore 
natural to assume that they are vibrational collec- 
tive levels and that they both must be assigned the 
quantum characteristics 2°. 

We point out that attempts were made to deter- 
mine the level spins directly by the method of angu- 
lar correlations,”’? but these led to inconsistent re- 
sults. Therefore conclusions regarding the quantum 
characteristics of the remaining excited levels must 
be drawn principally from data on the 6 decay and 
the multipolarity of the nuclear transitions. 

It is necessary to account above all for the fact 
that the multipolarities of all the observed transi- 
tions are of the M1 and E2 type, and therefore the 
parities of all the excited levels of Cd!! (Fig. 7) 
should be the same as the parity of the ground state, 
which is even. The £ transition from the Ag!!°™ 
metastable state to the upper level of Cd!!? with 
energy E = 2925 kev is characterized by log fT 
= 5.4. Since the spin of the metastable level is 
gt ,773 the spin of this Cd'! level is probably 5, 6, 
or 7("). The value 7 can apparently be discarded, 
since a transition Ey = 1384 kev of type M1, E2 
is observed from this level to the level E = 1540, 
which cannot have a spin greater than 4. A spin 
value of 6 can apparently also be excluded, since 
there is no transition of noticeable intensity from 
the 5-hour In!!°™ (the spin measured by Marino 
et al.!° is equal to 7) to the Cd‘! level under con- 
sideration.2*? The spin of the E = 2925 kev level 
is probably therefore 5°. 

Furthermore, the £ transitions from the Ag 
metastable state to the Cd'!° level with E = 2476 


110m 
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kev is characterized by log fT = 8.1. The possible 
values of this level are 4, 5, 6, 7 and 8("). The 
values 4 and 5 can apparently be discarded, for the 
K capture in the 5-hour In!!° at this level is either 
allowed or first-forbidden, since log fT = 5.5. 

Spin values of 7 and 8 must apparently also be dis- 


carded, since a transition E = 936 kev of type M1, 
E2 is observed from this level to the level E = 1540 
kev, which cannot have a spin greater than 4. Thus, 


the spin of the E = 2476 kev level is probably 6”. 
The spins of the 2220 and 2160 kev levels can 
apparently be 3* or 4°. These spin values agree 
with the multipolarities of the y transitions, con- 
nected with these levels, and also with the absence 
of 8 transitions from the Ag!!°™ 


ant duty to thank V. K. Adamchuk, who participated 
in the calibration of the y spectrometer, and to 
M. A. Dolgobrodova for aid in measurements of the 
photoelectron spectrum. 

Note added in proof (November 2, 1959). After 
our article went to press, we learned of new inves- 
tigations!1*!2>18 of oe In reference 11 the in- 
terpretation of the isomer transition in Agi!0 and 
the placement of the Cd'!° levels are similar to 


ours, but a different spin is assigned to the 2476-kev 


level. In reference 13, the method of angular y 
correlations is used to confirm the characteristics 
of the Cd!!° levels proposed by us. However, the 
classification of the isomer transition in Agr’ 3 as 


a type M5 contradicts our value of K/L = 2.1. 


metastable state. 
In conclusion, the authors consider it their pleas- 
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The thermal conductivity of gallium in the normal and superconducting states has been meas- 
ured along different crystallographic directions. The anisotropy observed in the temperature 
dependence of the electron thermal conductivity in the superconducting state is related to the 
anisotropy in the gap width in the excitation energy spectrum. The results of measurement of 
the critical magnetic field of gallium are presented. 


INTRODUCTION 


PERIMENTS thus far carried out have shown 
that both the electronic specific heat and the elec- 
tron thermal conductivity of a superconductor de- 
crease exponentially with the temperature. This 
result agrees with the conclusions of contemporary 
superconductivity theory!»? on the presence of an 
energy gap separating the ground state of electrons 
in the superconductor from the excited states. How- 
ever, while, according to the theory, the width of 
the gap A should be uniquely determined by the 
critical temperature of the superconductor Te, 
comparison of the properties of different metals, 
given in reference 3, points to a certain change 

of A/Te from one superconductor to another, a 
change which can be connected with the ratio 

Tc /@p (®p = Debye temperature), character- 
izing the value of the coupling parameter between 
electrons. It was not, however, made clear in ref- 
erence 3, nor in other similar researches,! to what 
extent one could attribute a definite value of A to 
each metal, whether perhaps there was not in real 
superconductors an appreciable anisotropy of the 
energy spectrum of the excited states of the elec- 
trons. The present investigation was undertaken 
for the purpose of obtaining an answer to this 
question. 

The singularities of the energy spectrum appear 
most strikingly in the temperature range appreci- 
ably below the critical temperature, where the num- 
ber of excited states is small. The appearance of 
anisotropy at these temperatures should be ex- 
pected in the anisotropy of absorption of the elec- 
tromagnetic field of frequency Ak/h,* in the aniso- 
tropy of ultrasonic absorption, and in the anisotropy 


*Here and below, the gap width A is given in units of °K. 


of the electronic thermal conductivity of the super- 
conductor Kes. The latter effect was chosen for 
study. This effect had already been observed earlier 
in a study of tin,’ but any sort of detailed investiga- 
tion has been lacking. 

Anisotropy of thermal conductivity can appear 
in the change (with change in crystallographic 
directions ) of both the absolute value of Keg and 
also its temperature dependence. Inasmuch as the 
anisotropy of the properties of a metal in the nor- 
mal state already leads to the first effect, the study 
of the second effect is of greater interest. For this 
purpose measurements are required in the widest 
possible temperature range. However, the ther- 
mal conductivity of electrons is sharply reduced 
with decrease in temperature, as a result of which 
the lattice begins to play the dominant role in the 
transfer of heat in the region of very low tempera- 
tures. Therefore, it was preferable in the meas- 
urements to make use of superconductors with a 
maximum ratio of Kes /Kg (Kg = lattice thermal 
conductivity ) or (what amounts to the same thing) 
with a minimum ratio Te /Op. Cadmium, zinc, 
aluminum, gallium and rhenium best satisfy this 
condition. Of the metals enumerated, there was 
an especially large anisotropy of properties for 
gallium which was also chosen for the study of 
reference 6. 

Gallium crystallizes in a rhombic lattice,’ the 
axes of which are a = 4.5258A, b= 4.5198A, 

c = 7.6602A. The position of the atoms in the 
elementary cell is determined by the coordinates 


(m0 p), (m+ 2 Yep), (m+"Me 1/5 p),(m0 p), (m*/.p + 1/2). 
(m+ 1/.0 p + 1/2), (m+1/.0p+%/.), (m/_ p + 4s), 
where m=0.0785, p = 0.1525. 
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TABLE I. Characteristics of specimens studied 
en ne | ane 4 
i w 
Specimen* posure Ko, degitem +104 cm/w-deg 00/0993 °K iC 
men, mm [Eq. a] [Eq. (1)] 
=41D i 1.8 4.02-10-2 se 1.4-10-2 41.30 
4 2PI Neti) 14 ya) 8.2-10-° 1.49 
b—1DI 1.6 2.5-10-1 a 41.25.1072 1.40 
b—2PI hh PDEs = 4.441054 1.40 
b—3II eae Wine — 4.1-10-+ WAT 
c—1DI 2 2.35-10-2 = 4.9-410-2 4.4 * 
c—2PI 2 6.03 15 7.4-10-5 4.24 
c—3PI 1b 05) 6.45 At) 6.9-10-> AC AG 
e—4PII On 4.65 = 4.40-4 ier 2h 
c¢—SDII shih 3.10-2 = 4.55. 10-2 LAG 
| 
ies** 2P | 
coud 72 1.7 4.3-40-3 1.46 | 
c 6.0 15.5 7.4-10-5 1.16 | 
b*** 1.6 52.5 {.8 4.9-10-5 ss 
a PD as 3.8 4.8-10- ARB) | 
G 3D | 
ai Sree 8.5-10-8 — | 
c 3.1-10-2 = 1.5: 10? ‘eel | 
a 3 1.8-10- = 7.8-10-8 4.40 
b 3.7-10-1 = 8.5-10-3 4.53 
c 3.2.10-2 a 1.45-10- 4.17 
Series 4D § 
c { 2.54072 = 4.8-40-2 4.15 
a 4.35-10-2 = 1.10-2 4.35 
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preparation of the specimen. 


**The specimens ofa single series are shown in the order of their study. 
***The departure of the specimen from the crystallographic direction amounted 


to 10°. 


*a, b, c are the crystallographic directions along which the specimen was 
grown; D, P designate the state of the metal used; I, II indicate the method of 


SPECIMENS AND METHOD OF MEASUREMENT. 
RESULTS 


The samples were made of metal with ~ 0.1 per 
cent (mainly Si, P, K, Ca, Al, Ti, V) and ~0.001 
per cent impurity.* The samples were single crys- 
tals of length ~50mm and diameters from 0.7 to 
3mm, ground by the method of Kapitza® along the 
principal crystallographic directions of the gallium 
lattice (with an accuracy ~10°). The orientations 
of the priming wires and the samples were tested 


by their resistivity j at 20°C and by means of x-rays. 


The perfection of the single crystals obtained was 
tested by the angular dependence of the change in a 
magnetic field of their thermal and electrical conduc- 
tivity at 4.2°K. The samples were ground either 

(I) in a graphite mold, or (Il) in a tube of paper of 
thickness 50 yu, which was not removed from the 
specimen during the course of the measurement. 

A series of measurements was usually carried 

out on the samples obtained by the second method, 


*Samples prepared from a metal with the smaller amount 
of impurity are marked in what follows by the letter P; samples 
prepared from metal with the higher impurity, by the letter D. 

tIn the determination of the orientation of the specimens by 
means of their resistivity, the data of Powell’ (see below) on 
the anisotropy of the electrical conductivity of gallium at 20°C 
were used. 


in which one sample was successively recrystal- 
lized in all directions. In research with the higher 
purity gallium, before each crystallization the 
metal adjacent to places of soldering of the speci- 
men to heaters, thermometers and apparatus 

(the thermometers were soldered to arms brought 
out through openings in the walls of the paper tube}) 
was removed (in order to avoid the possibility of 
contamination). The geometric measurements of 
specimens prepared in tubes were determined by 
their resistance at a temperature higher than the 
melting point of gallium. The fundamental charac- 
teristics of all specimens scudied are given in 
Table I. 

The method of measurement of thermal conduc- 
tivity did not differ essentially from that used pre- 
viously.!° The results of the measurement of the 
thermal conductivity of a series of samples are 
shown in Figs. 1 and 2. The range of measure- 
ments for some of these extended only over the 
part of the temperature range below 1°K, since 
the sensitivity of the apparatus only permitted a 
measurement less than several w/em-deg with 
sufficient accuracy (~10 per cent). 

During measurements in a magnetic field, it 
was noted that the value of the critical magnetic 
field Hg of gallium, determined by Goodman 
and Mendoza,'! at T ~ 0.2°K, was up to ~ 15 per 
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FIG. 1. Thermal conductivity of gallium along the principal 
crystallographic directions. Samples of the series 3D in the 
dizection: Y— a, e, m@—b, 0, A —c (repeated samples are in- 
dicated by different signs); A — sample c—5D. The dot-dash 
curve is the limiting value of the lattice thermal conductivity, 
computed by the relation (2); the dashed curve is the lattice 
thermal conductivity K, of the specimens c—3D. 


cent lower. In view of this fact, additional exper- 
iments were undertaken with the view of making 
more precise the dependence He(T). In these ex- 
periments, the transition of the specimen from the 
normal to the superconducting state and return 

was established by the change in the mutual in- 
ductance of coils inside which the specimens were 
located. The change in the measurement of the 
temperature was carried out as has been described 
earlier;!" the magnetic field generated by the Helm- 
holtz coils was directed along the axis of the spe- 
cimen. The results of the measurements, which 
‘substantiate the data obtained in the determination 
of thermal conductivity, are shown in Fig. 3. The 
principal quantities characterizing the dependence 
H,(T) are given in Table I, together with the pro- 
portionality constant y between the electron spe- 
cific heat in the normal state and the temperature, 
computed on the basis of these measurements. The 
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results of the measurement of He for aluminum 
obtained on the same apparatus are also shown; 
within the limits of accuracy these are in agree- 
ment with the results previously obtained (see 
the work of Cochrane and Mapother’*). 


DISCUSSION OF RESULTS 


As is seen from Figs. 1 and 2, the absolute 
value of this thermal conductivity of gallium and 
the law of its temperature dependence are functions 
of the crystallographic directions. Since this phe- 
nomenon has been observed in a large number of 
samples, prepared in different ways, it is difficult 
to explain it on a random basis. 

1. Thermal conductivity in the normal state. 
For comparison with the absolute values of the 
thermal conductivity of specimens grown along 
the different crystallographic directions, it is 
most suitable to make use of data obtained at 
temperatures above the critical. As is well 
known,!? the thermal conductivity of electrons* 
in the normal state Ky can be represented in the 
region of sufficiently low temperatures by the ex- 
pression 


IE T= NIK at tk (1) 


where the first term results from the scattering 

of the electrons on defects in the crystalline lattice 
(Ky = L/po, where py = residual resistance, L 

= Lorentz constant), while the second is determined 
by the scattering of electrons on thermal vibrations. 
Equation (1) gives a satisfactory description (see 
Fig. 4) of the change of the thermal conductivity of 
the specimen in the normal state that we examined. 
The values of a, Ky and po /po93°K Of @ over 

all samples grown in one crystallographic direction 
is given in Table III]. The average of the values ob- 
tained for q@ and the results of measurement of a 
in the region of hydrogen temperatures! (see 

Table III) confirm the conclusion of Rosenberg’® 

on a certain decrease of this quantity in gallium 
with decrease in temperature. 

The data in Fig. 4 and Table I enable us to com- 
pare the role of the various processes in electron 
scattering. It is shown that in all samples at tem- 
peratures below 2°K, the scattering of electrons 
on thermal vibrations is negligible in comparison 
with their scattering from lattice defects. This is 
even more the case in the superconducting state 
(below 1.08°K). Therefore, we are primarily in- 
terested in data on the anisotropy of the quantity 
Ky or the value of the residual resistance. They 


*The lattice thermal conductivity in the normal state in all 
the specimens that we examined was negligible. 
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FIG. 2. Thermal conductivity of gallium samples of series 2P in the 
principal crystallographic directions: a—along a, e—along b, 0—along c; 

y—specimen b—3P; A—specimen c—4P. 


can be obtained from the results of the measure- 
ment of a series of samples. In this case, the 
samples of every orientation are prepared from 
a single piece of metal and the difference in the 
values of Ky) cannot be attributed to difference 
in purity of the initial material. No substantial 
change in their purity takes place in the process of 
multiple recrystallization, for proof of which we 
have the absence of an appreciable change in the 
ratio po /p293°K (see Table 1) for specimens of 
given orientation studied at the beginning and the 
end of the series. All this allows us to connect 
the observed anisotropy of the quantity K,) for 

a series of specimens with the properties of the 
metal itself. As is seen from Table III, the aniso- 
tropy of the conductivity of gallium in the region 
of low temperatures is somewhat larger than that 


TABLE II. Characteristics of 
the temperature dependence of 
the critical magnetic field of 
gallium and aluminum 


Quantity Ga Al 

Te 4.08 | 41.475 

(dH, IdT ror, =(0y) —163 

He 720° K 59.5 404 
(dH, /dT*) p_,o0 x 56.5. | 84.5 
10°y, 0 j/g-mole-deg? ONGSnlnales 
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FIG. 3. Critical magnetic field 
of gallium. 
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FIG. 4. Temperature de- 
pendence of the thermal con- 
ductivity of specimens of gal- 
lium in the normal state. Series 
2P. @ — specimen along a, 

a— along b, O — along c. For 
the samples a—2P and c—2P, 
the ordinate is at the left, for 
the sample b—2P, at the right. 
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TABLE III. Anisotropy in the conductivity of gallium in the 


normal state 


Relative anisotropy of the conductivity a-10* 
Crystallo- Region of residual resistance 
graphic 
graph. At 293°K| At2—4.2 | At 7-17°K 
Direction Series 2P|Series 3P|Series 4P wes from OK by refer- 
Vere ref. 9 ence 14 
é 4 4 1 1 1 15 36.7 
a 3) 5.7 5.4 o.4 3.2 4.6 14.2 
b 12 11.8 — 42 7 127 3.0 


_ close to the melting point, which agrees with the 
_ data of Powell.!® 

2. Lattice thermal conductivity. The value of 
the thermal conductivity of a superconductor Ks 
fm is determined not only by the thermal conductivity 
_ of its electrons Keg, but also by the thermal con- 
_ ductivity of the lattice Kg. Separation of these two 
mechanisms of heat transfer is the first problem 
arising in the analysis of the results of the meas- 
urement of thermal conductivity. As is known,° 
the presence of impurities in a metal decreases 
the quantity Kes more so than the quantity Kg; 
therefore, it is easy to pick out Kg in the prop- 
erties of specimens from a metal with a large 
amount of impurity which is principally the case 
in this section. 

The value of the thermal conductivity of the 
lattice in the isotropic case can be expressed by 
the formula 


Kg ae + Cul, (2) 


where C is the heat capacity of the lattice per 
unit volume, u = speed of the phonons, / = free 
path length. After substitution of numerical values 
for gallium, we have, under the assumption of a 
Debye temperature of 330°K, 


K, = 0.4673! W / cm-deg. (2a) 
For specimens with a rough surface, the mean free 
path of the phonons does not exceed the diameter of 
the specimen; therefore, substituting the diameter of 
the specimen in Eq. (2a), we obtainthe limiting values 
for the lattice thermal conductivity, which for speci- 
mens of maximum diameter (3mm) are shown 

in Fig. 1 (dot-dash line). For temperatures 

~ 0.2°K, the thermal conductivity of the samples 

is close to this value. For these same specimens 
the lattice thermal conductivity can play the domi- 
nant role in heat conduction. This is also evi- 
denced by the change in the heat conductivity with 
diameter of the specimen, which is characteristic 
for the appearance of a lattice thermal conductivity 
and which is especially evident for the samples 

c-D at temperatures below 0.3°K. 


Since Kg = Keg + Kg, we can, by making use 
of the dependence Kes(T)/KT, (see below), de- 
termine the value of the lattice thermal conductiv- 
ity. The results of this calculation for the sample 
c-3D are given in Fig. 1 (dashed line). The char- 
acter of the change of the lattice thermal conductiv- 
ity of gallium with temperature is similar to that 
observed for other superconductors. Comparison 
of the absolute value of Kg (at ~0.15°K) for the 
directions a, b, and c has shown that the lattice 
thermal conductivity of gallium in the direction b 
is smaller by a factor of 1.5 — 2 than in the other 
directions. This result is substantiated by meas- 
urements of the thermal conductivity of these spe- 
cimens in the intermediate state. In all probability 
the anisotropy of Kg is brought about by the ap- 
pearance of an anisotropy in the energy spectrum 
of the phonons of the crystalline lattice for gallium, 
in the presence of which Eq. (2) takes on a more 
complicated form. 

Since both the lattice and the electron play an 
important role in the transfer of the heat for con- 
taminated samples, data on their thermal conduc- 
tivity can be used for the determination of Keg 
only in a limited range of temperatures, where 
Kes > Kg. Therefore, in what follows, for the de- 
termination of the thermal conductivity of electrons 
in samples grown along the direction b, a and c 
out of the more impure metal, only the results of 
measurements in the temperature intervals above 
~ 0.2, 0.3, and 0.4°K, respectively, were used. 
Here the correction to the quantity Kg did not 
exceed ~ 20 per cent. The situation was somewhat 
different in the case of samples from metal with 
lower amounts of impurity, the thermal conductiv- 
ity of which exceeds by a factor of 10 the thermal 
conduction of the specimens made out of the more 
impure metal, over the entire range of measurement. 
For these specimens, the character of the change of 
Kg with temperature is determined only by the prop- 
erties of the electrons of the superconductor; there 
is no need of a correction for the thermal conduc- 
tivity of the lattice. 

3. Thermal conductivity of electrons. Let us 
investigate the temperature variation of the thermal 


1074 N. V. ZAVARITSKII 


FIG. 5. Temperature variation of the ther- 
mal conductivity of electrons of gallium in 
the superconducting state in the principal 
crystallographic directions. For curves B and 
C the zero on the ordinate axis has been dis- 
placed by 10 and 100 divisions respectively. 


conductivity of the electrons Kes. The thermal con- 


ductivity of the critical temperature Ky, differs 
by a factor of more than 100 over the various sam- 
ples investigated (see Figs. 1 and 2); therefore, 
we shall study the ratio Keg /KT,- We obtain the 
value of Ky, for the purest samples by extrapo- 
lation of the data on its thermal conductivity in the 
normal state. 

The ratio Keg Gye is given in Fig. 5 for most 
of the samples investigated. Over the temperature 
range from T, to ~ 0.25T@¢ there is, in first ap- 
proximation, a direct proportionality between 
log (Keg /KT,) and Tg/T. The coefficients of 
proportionality 6, obtained for each of the sam- 
ples investigated, are shown in Table I. For the 
lowest temperatures T/T 2 4, there is a devia- 
tion from strict proportionality between log (Keg / 
KT,) and To /T, which is most clearly seen for 
the samples grown in the direction c. 


Z 3 


As is seen from Fig. 5, the dependence of 
Kat T)/Kr, willT,./T is a universal one for all 
samples grown in one direction. Neither the purity 
of the initial material, nor the method of prepara- 
tion of the sample, nor its dimensions [although, 
for example, the amount of impurity in the speci- 
men was varied by a factor of more than 100 (for 
example, sample b of series 3D, samples b-3, 
b-P, etc.)] influence this dependence. We recall that 
in all the samples under investigation the free path 
length of the electrons is determined by their scat- 
tering on lattice defects; therefore, the conclusion 
just obtained applies only to a similar case. More- 
over, if the processes of electron scattering on lat- 
tice vibrations also play an important role, then 
Kes(T) ES will change with the purity of the ma- 
terial, since Keg/Ky is different for scattering of 
electrons from lattice vibrations and from lattice 
defects.!" From this point of view, one can explain, 
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3 at least qualitatively, the recent discovery of 
Graham’* of the change of Kes(T) with purity 
of the material for very pure tin. Hence there is 
no longer any necessity for the additional assump- 
_ tions which Graham made in the treatment of his 
results. 

The dependence of the thermal conductivity of 
the electrons on the temperature is the same only 
for samples of a single crystallographic orienta- 
tion. Samples of different orientation differ not 
only in the absolute value of the thermal conduc- 
tivity but also in its temperature dependence. The 
anisotropy in the laws of temperature variation of 
Kes is most sharply brought out in temperature 
measurements of the value of the ratio of the 
thermal conductivity along the different crystallo- 
graphic directions; these ratios are shown in 
Fig. 6. In the calculation, the results of averaging 
Keg /KT over all specimens along a given crystal- 
lographic direction were used. Also, in accord with 
Table III, it was assumed that at the critical tem- 
perature the thermal conductivities along the direc- 
tion c, a and b bore the relationship 1:5.4:12. 


FIG. 6. Temperature de- 

| pendence of the relative 
anisotropy of the thermal con- 
ductivity of electrons of gal- 
lium. The dashed line cor- 

| responds to exp(—0.29/T). 


The character of the temperature variation of 
the anisotropy of the thermal conductivity shows 
that in gallium there is an especially large differ- 
ence between the laws of change of the thermal 
conductivity along directions a and c and along 
b and c. The difference between the temperature 
variation of the thermal conductivity along the di- 
rections a and b lies in the limit of accuracy of 
our measurements. The greatest change in the 
anisotropy of the thermal conductivity of the elec- 
trons, as can be seen from Fig. 6, takes place in 
- the region of temperatures lying well below the crit- 
ical temperature. Thus, while the change in the 
anisotropy between Kg and Kg amounts at most 
to ~ 30 per cent in the range from T, to 0.5T¢, 
it reaches 200 per cent in the range from 0.5T¢ 
to 0.2Tg. This character of change is close to 
exponential dependence. For comparison, the de- 


1075 


pendence exp(-—0.29/P) is shown in Fig. 6. 

There is a qualitative difference between the 
character of the temperature variation of the ani- 
sotropy of the thermal conductivity of electrons in 
the normal and superconducting states. While in — 
the normal state the value of the anisotropy be- 
tween the directions a and c or b and ¢c in- 
creases with decrease in temperature, in the super- 
conducting state it is decreased. Correspondingly, 
if in the normal state the thermal conductivity along 
the axis c is less for the entire range of tempera 
tures than along the other two crystallographic 
axes, in the superconducting state, such a ratio 
is maintained only to temperatures ~0.15°K. 

For lower temperatures, the ratio between the 
values of the thermal conductivity of the electrons 
changes along the axes, and it is possible that at 
temperatures below 0.1°K, the thermal conductiv- 
ity along the c axis will exceed the thermal con- 
ductivity not only along the a axis but even along 
the b axis. 

It is known that the change of the thermal con- 
ductivity of the electrons of the superconductor 
with temperature is primarily brought about by 
the temperature dependence of the number of ex- 
cited states. Therefore, the anisotropy of the 
thermal conductivity can be brought about not only 
by such effects inherent in the normal state, such 
as the change in the free path length, or the change 
in the excitation rates, but also by anisotropies in 
the density of excited states. This anisotropy oc- 
curs in the presence of an anisotropy of the gap 
width A in the energy spectrum of excitations 
of the superconductor, a gap which separates the 
excited states from the ground, “superconducting” 
states of the electrons. In this case, for example, 
the density of excitations in the directions of mini- 
mum and maximum gap width are related as 
exp { (Amax — Amin)/T }. The distinctive peculi- 
arity of the anisotropy connected with this effect is 
its sharp change in the temperature region T < Tg, 
by which the insignificant difference in the gap width 
is also made evident. The anisotropy of the thermal 
conductivity of the electrons in gallium has a simi- 
lar character. Therefore, in what follows we shall 
connect it with the presence of the anisotropy of 
A in this metal.* In this case the very smooth 
change in the thermal conductivity along the c 
axis indicates that this direction corresponds te 
a minimum A. The similar temperature variation 
of the thermal conductivity along a and b shows 


*In the present state of the theoretical analysis of the ther- 
mal conductivity of an anisotropic superconductor, it is not 
possible to explain in what measure the anisotropy can be at- 
tributed to one of the effects described above. 
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that A in these directions is essentially the same. 
In this case, by identifying the temperature varia- 
tion of the thermal conductivity* along the c axis 
with exp(—Amin/T), we obtain the result that 
Amin * 1.3°K. 

In the determination of the anisotropy of A, it 
is necessary to assume that not only excitations 
moving exactly in the direction of the temperature 
gradient take part in the transfer of energy. Exci- 
tations in all directions make an appreciable con- 
tribution to the thermal conductivity. This was 
used in a preliminary communication® in the cal- 
culation of the connection between the anisotropies 
of A and 8; on this basis, an estimate of the ani- 


sotropy of A was made from experimental results. 


The data obtained in this case were not very reli- 
able, since a number of simplifications that were 
to a considerable degree arbitrary were permitted 
in the calculation. Khalatnikov!® carried out a 
rigorous theoretical analysis of the change in the 
thermal conductivity of an anisotropic supercon- 
ductor for the range of temperatures in which the 
density of excitations in the direction of the maxi- 
mum gap width Amax is negligible in comparison 
with the density of excitations in the direction of 
Amin- This takes place if (Amax—Amin)/T > 1. 
Comparison of the results of the calculation (under 
the assumption that A can be approximated by an 
ellipsoid of revolution) with experimental data 
shows that in the case of gallium this region lies 
below the temperature range covered by our meas- 
urements. For the same reason calculation of the 
thermal conductivity of an anisotropic supercon- 
ductor in a very wide range of temperatures is 
necessary for a reliable determination of the ani- 
sotropy of A. At the present time only approxi- 
mate estimates of the anisotropy of A can be 
carried out; these show that its magnitude in gal- 
lium amounts to 30 per cent of Amin- 

In conclusion I take this opportunity to express 
my deep gratitude to Academican P. L. Kapitza 
and to Professor A. I. Shal’nikov for their constant 


*The deviation of the thermal conductivity from strict pro- 
portionality of log Keg and T./T for T./T > 4 is brought about 
by the factor multiplying the exponent. The character of this 
deviation is close to that predicted theoretically. 
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interest in the work and to V. I. Shishkin for help 
in carrying out the experiment. 
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The angular distributions of ~~ -meson decay electrons from aluminum, phosphorus, and 
carbon mesic atoms were studied with scintillation counters. It is shown that the inter- 
action of the hyperfine structure causes a decrease of the pw -meson polarization. The 
results of the measurements do not contradict the theoretical predictions if depolarization 
on the K orbit only of the mesic atom is taken into account. Comparison of the measure- 
ment results for phosphorus with those previously obtained for liquid hydrogen shows that 
the complete depolarization of ~~ mesons observed in hydrogen cannot be explained only 


by the interaction between the fine and hyperfine structures. To do this, an additional 
mechanism must be assumed (such as the “jumping” of a w~ meson from one proton to 
another with concurrent transition of the hyperfine structure to the ground state). All 
the experimental data on the depolarization of ~~ mesons in various substances can be 
explained theoretically if it is assumed that in mesic atoms of metals the electron shell 
does not affect the depolarization of ~ mesons. The presence of a fine and hyperfine 
structure in mesic atoms is confirmed and this again indicates that the electromagnetic 
properties of mesons and electrons are similar. The decrease in the precession fre- 
quency of the mesic-nucleus spin to one half the value of the precession frequency of the 
free muon spin (observed in experiments with phosphorus) indicates directly that the 


spin of the negative muon is one-half. 
1. INTRODUCTION 


Measurements! of the degree of polarization 
of mw mesons in substances with zero nuclear spin 
show that the polarization in different mesic atoms 
is the same, ~ 17%, within the limits of experimen- 
tal error. The results of the measurements were 
qualitatively interpreted in the following manner: 
the principal mechanisms of depolarization of mes- 
ons in such substances are the spin-orbit interac- 
tion and the interaction between the magnetic fields 
of the atomic electron shell and of the uw meson 
during its lifetime on the K orbit. A theoretical 
analysis of the processes of depolarization of mw” 
mesons in various substances is found in the papers 
by Rose,? Dzhrbashyan,’ Shmushkevich,’ Dolinskii,” 
and UWberall.® It must be noted that these authors 
have obtained different results. In particular, we 
consider first the results of the calculation of the 
depolarization of ~~ mesons in substances with 
zero nuclear spins. Rose, in considering depolari- 
zation due explicitly to spin-orbit interaction in 
cascade transitions, shows that the mean value of 
the degree of polarization of the # meson on the 


K shell should be ~50%. This does not agree with 
the experimental data.! Analogous calculations by 
Shmushkevich (and also by Dzhrbashvan) yield a 
value of ~ 17% for the same quantity, in good agree- 
ment with the measurement results.'! At the same 
time, allowance for the additional depolarization 

in the field of the electron shell, for example for 
carbon atoms screened by uw mesons, yield a de- 
gree of polarization on the K -shell of only ~ 9%. 
The fact that this value contradicts experimental 
data causes Dzhrbashyan to suggest that in con- 
densed matter the influence of neighboring atoms 
and electrons leads to a cancellation of the mag- 
netic moment of the electron shell. However, com- 
parison of Rose’s calculations with the experimen- 
tal data is evidence in favor of assuming that there 
is no cancellation of the magnetic moment of the 
electron shell, and that apparently additional de- 
polarization takes place. 

In calculations of the depolarization of w~ mes- 
ons in substances with nuclear spins other than zero, 
the foregoing mechanisms must be supplemented by 
including the depolarization due to the hyperfine 
structure. A theoretical analysis of this mechanism 
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was made by Rose, Dolinskil, and also Uberall. For 
substances with nuclear spin one-half, for example, 
the depolarization should be reduced to one-third, 
according to Rose, and to one-half according to 
Dolinskii and Uberall. 

It is seen from the above that at the present time 
we have no quantitative explanation of the depolari- 
zation of yw” mesons in different substances. We 
have decided to set up several experiments on the 
effect of the hyperfine structure (due to the spin 
coupling between the ~” meson and the nucleus) 
and the electron shell on the depolarization of p™ 
mesons. A study of the depolarization of uy~ mes- 
ons in substances with non-zero nuclear spins is 
also important to determine the feasibility of set- 
ting up experiments on hyperfine-structure effects, 
which manifest themselves in the capture of polar- 
ized u~ mesons.®’ In the present article we dis- 
cuss essentially the results of the investigation of 
the influence of the hyperfine structure on the de- 
polarization of ~ mesons in various mesic atoms. 


2. BASIC THEORETICAL PREMISES 


The interaction with the hyperfine structure will 
affect the depolarization of 4 mesons both in the 
ground state and in the excited states of the mesic 
atoms. This can be readily verified by comparing 
the time T7 of the yw meson at the lower levels 
with the time T necessary for spin flip of the p7 
meson under the influence of the nuclear field. 

It is found that + is much smaller than 17.” We 
denote by Py the degree of polarization of the yp 
meson at the initial instant of its “landing” on the 
K orbit. According to references 5 and 6, the de- 
gree of polarization of the meson onthe K shell, 
averaged over the two states of the hyperfine struc- 
ture, will be 


P = = P,[1 + 


(27 -+ 1)? |. (1) 
where J is the nuclear spin. 

It is seen from this formula that the polarization 
of the meson during the instant of its decay or 
capture by a nucleus depends on the nuclear spin. 
Thus, for example, for nuclei with J = Wp the po- 
larization is reduced to one half, and for nuclei with 
J>>%, it is reduced to one third. We note that in 
view of the conservation of the spin of the nucleus 
plus meson system, the initially unpolarized 
nucleus acquires a polarization Pyye equal to 


A detailed computation of the depolarization due 
to the hyperfine structure in excited states of a 
mesic atom is given in the paper by Rose. For ex- 
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ample, for substances with nuclear spin Y, the inter 
action of the hyperfine structure in the ground and | 
excited states, should reduce the polarization to 
one-third. 

It should also be noted that when yp mesons 
are stopped in substances with non-zero nuclear 
spins, mesic atoms are produced in the two states 
of the nuclear structure with F=J+'4. The hy- 
perfine splitting in the ground state of the mesic 
atom is much greater than h/t, where 7 is the 
lifetime of the »~ meson. Therefore states with 
F=J+ We and F=J- db form an incoherent mix- — 
ture.’ Each state will be characterized by its own 
gyromagnetic ratio g. Thus, the expressions for 
g have the following form:® 


6 =— pa (» — Soy), (3) 
where My and uy are the magnetic moments of the 
wu meson and nucleus respectively. 

If the uw” -meson polarization is measured by de- 
termining the asymmetry of the decay electrons,® 
then the experimentally observed precession curve | 
will be a superposition of the precession curves of | 
the uw” mesons decaying from both states of the 
hyperfine structure. It is obvious that the greater 
the nuclear spin, the more difficult it is to interpret 
such a curve. 


The objects used for investigation were carbon, 
aluminum, and phosphorus. Carbon, whose nuclei 
have zero spin, was used for control experiments. 
The aluminum and phosphorus were chosen for the 
investigation of the effects of the hyperfine struc- 
ture for the following reasons. First, the nuclei 

of aluminum and phosphorus have greatly different 
spins, J being % for aluminum and 44 for phos- 
phorus. It is therefore easier to verify the theo- 
retical predictions. Secondly, the formation of 
mesic atoms entails a rearrangement of the elec- 
tron shell. Therefore, even if the initial spin of 
the electron shell is zero, the electron shell of the 
mesic atom may have a spin. The presence of a 
magnetic moment in the electron shell of the mesic 
atom may lead to an additional depolarization of 
the » mesons on the K orbit, since the time of 
reorientation of the w-meson spin under the in- 
fluence of the magnetic field H of the electron 
Shell (Te ~ h/uH ~ 107!°sec) is less than the life- 
time of the ~~ meson. One can expect the muon- 
screened electron shell of the aluminum and phos- 
phorus atoms to be the same, namely closed. There- 
fore, in the case of aluminum and phosphorus, it is 
possible to investigate the hyperfine structure ef- 
fect in “pure form.” Finally, Telegdi expressed 


POLARIZATION OF NEGATIVE MUONS IN MESIC ATOMS 


1079 


| | 
Substance | ui | (hy Substance ui | =a 
| 
Carbon 5 5 Alumi | 
0) 0.045-++-0.005 Se 5/5 + 
Phosphorus | 1/5 0 Ou5-L0. 005 Hydrogen | iP He BED, me 


the opinion that the total polarization of ~ mesons 
in liquid hydrogen, which we observed earlier,” may 
be connected in principle only with the fine and hy- 
perfine structures. Experience with phosphorus will 
help answer this question. Actually, the nuclei of 
phosphorus and hydrogen will have identical spins, 
and in these mesic atoms there will be no depolari- 
zation due to the electron shell. Consequently, the 
effects of the hyperfine structure should also be 
equal. 


3. EXPERIMENT 


The polarization of ~~ mesons was investigated 
by measuring the anisotropy in the angular distribu- 
tion of the decay electrons. The experimental con- 
ditions and the apparatus used were the same as in 
previously published papers,'*»! with exception of 
the electronic circuitry, which operated in these ex- 
periments as follows. In experiments with phospho- 


rus and aluminum, the yw -meson pulse from the anti- 


coincidence 1+2-3, delayed by 0.lusec, oper- 
ated the transmission circuit (“gate”) for 0.5 usec. 
Passing through the gates were pulses due to the de- 
cay electrons from the 3 +4 —2 anti-coincidence 
circuit. In experiments with carbon the delay was 
0.25usec, and the gate duration 2usec. The coeffi- 
cient of asymmetry a in the angular distribution 

of the decay electrons, J(@) =1+acos 8, was de- 
termined from an investigation of the dependence of 
the number of electrons on the intensity H of the 
magnetic field in which the target was located. 

The range of variation of the magnetic field in- 
tensity corresponded to that calculated on the basis 
of (2) and (3) for the values of g. The target used 
for the phosphorus investigations was made of 
pressed red-phosphorus powder. This was done 
to avoid wz -meson transitions between levels of the 
hyperfine structure through conduction-electron 
conversion. 

The values obtained for ay — the asymmetry co- 
efficient for the entire integrated spectrum — are 
listed in the table. 

The values listed for a) were corrected for the 
delay time, for the gate width, for the negative-muon 
decay, and for the solid angle of the electron detec- 
tor. The errors indicated included both the standard 
statistical deviations and the instability of the ap- 
paratus. The table lists also the values of a for 
liquid hydrogen, which we obtained!’ by measuring 


the number of electrons in the maximum and mini- 
mum of the expected precession curve. 


4, DISCUSSION OF THE RESULTS 


The value of ay measured in this investigation 
for carbon coincided, within the limit of experi- 
mental error, with the value measured in the pre- 
viously published paper.' In the experiments with 
phosphorus there was actually observed a pre- 
cession of mesic atoms, whose mesic nucleus (the 
meson plus nucleus system) was in the state F = 1 
(see figure). This is direct evidence in favor of the 
existence of a spin coupling between the yp” meson 
and the nucieus in such mesic atoms, i.e., the pres- 
ence of a hyperfine structure. 


£(H) 


ji—j—} — i j__, 
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Dependence of the number of the electrons I(H) on the cur- 

rent I (milliamperes) required to magnetize the coil: x —ex- 

perimental data for graphite, e— for phosphorus. The solid 


curves are calculated from the formula 
t, 
I(H)= \ ef/T [1 + cos (2nft + Q%)] dé 


with allowance for the delay time t,, the gate width t, —t,, the 
values of g, and g_, and the lifetime 7 of the y~ mesons. 


The experimentally-observed decrease in the 
frequency of precession of the spin of the phos- 
phorus mesic nucleus, to half the frequency of the 
precession of the spin of the free ,, meson, indi- 
cates directly [see Eqs. (2) and (3)] that the spin 
of the negative muon is %4.* 

In experiments with aluminum, no dependence 
of the electron counting rate on the current in the 
magnetizing coil was observed. Since the experi- 
mentally-observed precession curve is a superposi- 
tion of the precession curves of u~ mesons in dif - 
~*The authors are grateful to Prof. V. Telegdi who called their 


attention to this conclusion in discussions at the Kiev Confer- 
ence on High Energy Physics (Kiev, 1959). 
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ferent hyperfine-structure states, it is impossible 
to interpret the obtained curve. The value ag given 
in the table for aluminum is an average over two 
states of the hyperfine structure. 

Let us compare the measured quantities with the 
theoretical predictions. Knowing the values of ag 
we can determine! the degree of polarization of the 
u- mesons, for example, by comparison with the 
asymmetry observed in the decay of »* mesons, 
assuming that the pw decay is invariant under a 
joint inversion of the space coordinates and charge 
conjugation. If this condition is satisfied, it is easy 
to show that the following relation holds 


(4) 


where p, and p_ are the degrees of polarization, 
a, and a_ are the asymmetry coefficients in the 
angular distributions 1—acos 6, integrated over 
the positron (electron) energies, for positive and 
negative muons respectively. It is seen from (4) 
that by comparing the polarization of ww mesons 

in different mesic atoms it is possible to compare 
the values of ay. As indicated in Sec. 1, a compari- 
son of Rose’s computed results with our experi- 
mental data! speaks in favor of expecting the polari- 
zation of ~~ mesons to be reduced to one third 
under the influence of the electron shell. Such a re- 
duction in polarization, according to Rose, should 
also be produced by the interaction of the hyper- 
fine structure for substances with J = '/. Conse- 
quently, taking into account the influence of the 
electron shell in mesic atoms of carbon and phos- 
phorus, the values of ay should be equal, i.e., 

ac = ap. In the absence of the influence of the elec- 
tron shell, according to the theoretical predictions 
of Dolinskii and Uberall, the following relations 
should hold between the values of ay for phosphorus 
and aluminum: ap =(%4)ac and a,j =(4)ac; accord- 
ing to Rose, ap =('4) ac. 

If Telegdi’s hypothesis that the observed total de- 
polarization of ~~ mesons in liquid hydrogen is con- 
nected only with the interaction of the fine and hyper- 
fine structures is correct, then the values of ay, for 
reasons indicated in Sec. 2, should be the same for 
phosphorus and hydrogen, i.e., ap = ay. Let us 
clarify now the question of the correspondence be- 
tween the theoretical expectations and the corre- 
sponding relations between the measured values of 
aj. Using the normal law of distribution of errors, 
we can show that the case ay = ap must be re- 
jected, since ay < ap with a probability of 99.5%; 
the case a,] =(14) ac does not contradict experi- 
ment, but according to the experimental data the 
probability of aa] >(‘h)ac is 5%, and the probabil- 
ity of ay} <ac/5 is 39%. The values of the ratios 


Gayo aa a, / P,, 
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limits of this ratio with probabilities of 1% (the un- 


4] 


ac/ap were analyzed by the x2 criterion. The | 


bracketed numbers) and 5% (the numbers in the 

brackets) are as follows: | 
1.2 (1.4) — (3.0) 3.7 for the case ap = */,dc, 
1.8 (2.1) — (4.5) 5.5 for the case ap = "/3dc, 
0.6 (0.7) — (1.5) 1.8 for the case ap = dc. 


We see that the experimental value of ag/ap 
= 1.8 is in good agreement with the theoretically 
expected one in the case ap=('4) ac, and lies be- 
yond the 1% limits for the cases ap =('4) ac and 
ap = ac: 

The fact that the measured value of ac/ap lies 
outside the 1% limits for the case ap=ac indicates 
that if the production of mesic atoms is always ac- | 
companied by a rearrangement of the electron shell | 
of the initial atom (in view of the change of the ef- _ 
fective charge of the nucleus by unity), then the 
magnetic moment of the electronic shell is appar- 
ently cancelled out in mesic atoms of such sub- 
stances as C, Mg, Zn, Cd, or Pb. In other words. 
in these mesic atoms there is probably no spin cou-_ 
pling between the electron shell and the ~” meson. 
It is obvious that in order to make this conclusion ~ 
more definite it is necessary to investigate directly 
the effect of the electron shell on the polarization oi 
mesons in various mesic atoms. It is necessary ' 
to measure for this purpose the values of ay for 
substances placed in a longitudinal magnetic field 
with intensity sufficient to break the bond between 
the ww meson and the electron shell. 

Using the foregoing assumption and the fact that 
the relations ap = aq and ap=('4) ac contradict 
experiment, while the relations ap=(A)ac and 
aAl =) ac do not contradict the experimental data, 
it can be stated that our results do not contradict 
the theoretical predictions of Dolinskii and Uberall, 
but do contradict the results of Rose. The circum- 
stance is evidence that when a target of red phos- 
phorus is used, the probability of transition of the 
meson from the upper level of the hyperfine struc- 
ture to the lower one is small, owing to conduction- 
electron conversion. 

Since the experimental value of ac/; ap is out- 
side the 1% limit for the case ap =(1/) ac, it can be 
stated for ~~ mesons in the lower excited states 
of the mesic atoms that the interaction of the hyper- 
fine structure is apparently insignificant compared 
with the interaction on the K orbit. 

Finally, the fact that ay < ap with probability 
99.5% speaks in favor of the fact that the experi- 
mentally-observed total depolarization of 7 mes- 
ons in liquid hydrogen cannot be attributed to the 
interaction of the fine and hyperfine structures; it 
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is necessary to make use of an additional mecha- 
nism for this purpose. Such a mechanism can be, 
for example, the jump of the »~ meson from one 
proton to another with simultaneous transition to 
the lower state of the hyperfine structure.!! Thus, 
__ we can conclude from the foregoing that, assuming 
that the electron shell does not influence the de- 
polarization of the uw” mesons in the mesic atoms 
of metals, the results of the calculations of Shmush- 
kevich, Dzhrbashyan, Dolinskii, and Uberall explain 
all the experimental data on the depolarization of 
@ mesons in various substances, obtained in the 
present paper and those previously published by 
heen 

It is known that the main source of our present 
information on the properties of mesic atoms have 
been experiments on x-rays from mesic atoms. 
The available experimental data were obtained es- 
sentially for the energy levels. Such phenomena as 
the fine and hyperfine structures of mesic atoms re- 
mained uninvestigated. This is explained by the fact 
that with the existing intensities of u~ meson beams 
in accelerators, the energy resolution of y spec- 
trometers presently available to experimenters is 
insufficient to resolve a fine line, let alone a hyper- 
fine structure. The investigations performed on the 
mechanism of depolarization of ~~ mesons in vari- 
ous substances have not only confirmed experimen- 
tally the presence of a fine and hyperfine structure 
in mesic atoms, but have also permitted us to dis- 
close certain features of these phenomena. The 
presence of a fine and hyperfine structure in pw - 
mesic atoms once more shows the similarity in the 
electromagnetic properties of ~~ mesons and elec- 
trons. 

In conclusion, the authors consider it their duty 
to thank V. P. Dzhelepov and L. I. Lapidus for dis- 
cussing the results of this investigation, to I. S. Sha- 
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piro, Bert Dolinskil, L. D. Blokhintsev, and 

A. Z. Dolginov for numerous discussions and many 
valuable remarks, to S. N. Sokolov for great help 
in the reduction of the experimental data, and also 
to Mr. Uberall for furnishing us with a copy of his 
paper prior to publication. 
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Be®, C!2, and Al*’ targets were irradiated by bremsstrahlung with 88 Mev peak energy and 
the angular distributions of photoneutrons with energies above 10 Mev were investigated. 
The energy spectrum of photoneutrons emitted by c!* at 75° was also investigated; the 
photoneutron and photoproton yields in the same energy interval were compared. The 
angular distributions are compared with calculations based on the quasi-deuteron model 
and direct photonuclear resonance. Qualitative agreement with the quasi-deuteron model 


is obtained. 
1. INTRODUCTION 


Waen high-energy photons (2150 Mev) interact 
with nuclei a two-nucleon mechanism is basically 
responsible for the ejection of fast particles.!~*? The 
direct production of high-energy particles is also 
possible above giant resonance and below ~ 150 Mev. 
The relative importance of these two mechanisms 
for different photon and particle energies is still not 
clear. Most workin this energy region has beencon- 
cerned with the investigation of photoprotons.*~® 
Experimental studies of photoneutrons are also re- 
quired in order to determine the interaction mecha- 
nism of photons and nuclei. However, such experi- 
ments by means of a ZnS scintillation detector of 
neutrons"® do not lead to quantitative conclusions 
because of uncertainty regarding the efficiency with 
which neutrons of different energies are detected. 


In the present work we investigated the angular 
distributions of photoneutrons ejected from Be’, 
Cc?’ and Al?’ with energies above 10 Mey, as well 
as the energy distribution of photoneutrons from 
Cc!” which were produced by bremsstrahlung with 
peak energy 88 Mev from the synchrotron of the 
Physico-technical Institute of the U.S.S.R. Academy | 
of Sciences. ay 


2. EXPERIMENTAL TECHNIQUE 


The experimental setup is shown in Fig. 1. Neu- 
trons with energies =10 Mev were registered by 
means of recoil protons from a paraffin converter. 
Recoil proton energies were measured by means of 
telescopes consisting of two scintillation counters 
serving as spectrometers.’ The great advantage of 
such telescopes is their reliable ability to distin- 


FIG. 1. Experimental setup. a) Overall arrange- 
ment: 1—lead walls, 2—lead collimator, 3—monitor, 
4—table supporting telescopes and target for energy- 


distribution measurements, 5 —table Sup porting tele- 
scopes and target for angular distribution measure- 
ments, 6—telescopes. b) Telescope: 1—lead ab- 
Sorber in front of telescope, 2 — paraffin converter, 

3 —Nal(T1) crystal in hemispherical reflector of front 
telescope, 4—Nal(T1) crystal of back telescope, 

5 — lead shield, 6— photomultiplier, 7 — preamplifier. 
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} guish recoil protons from the light-particle back- 
| ground which otherwise introduces a serious diffi- 


culty because of the very thick targets that were 
used. A lead plate placed in front of the converter 
absorbed the photoprotons and most of the electrons 
from the target. Energy distributions were meas- 


_ ured by two independent telescopes positioned at 


75°. Angular distributions were measured by four 
telescopes, each of which could be rotated around 
the target in the horizontal plane. The parameters 
of the combinations of converter and telescopes dif- 
fered because of the different requirements for 


' measurements of angular and energy distributions. 


The telescope geometry for energy-distribution 
measurements was as follows: diameter of the con- 
verter and of the diaphragm opening before the 
Nal(T1) crystal of the back counter — 28 mm, con- 
verter thickness — 3 mm, front-counter Nal(T1) 
crystal thickness — 0.6 mm, back-counter crystal 
thickness — 15 mm. The converter and first coun- 
ter crystal were separated by 47 mm; the crystals 
of the first and second counters were separated by 
40 mm. The distance between the target center and 
the converter was 170 mm. For the measurement 
of angular distributions the telescopes were used in 
conjunction with a thicker converter (5 mm), and 
to increase the effective scattering angle the con- 
verter was cemented directly to the thin crystal. 
The efficiency of neutron detection by this arrange- 
ment was four times greater than in the case of the 
energy-distribution measurements (with some re- 
duction of the energy resolution). The two telescope 
counters were connected in coincidence. The elec- 
tronic circuit used to select and register pulses was 
similar to that described in reference 9. 

A flat target was used to study the energy distri- 
bution of photoneutrons from C**, while cylindrical 
targets were used to study the angular distributions 
of photoneutrons from Be®, C!2, and Al?". The tar- 
get thicknesses and diameters were such that the 
number of neutrons scattered inelastically in the 
targets themselves and in the lead shield before 
the telescope did not exceed 5% in the case of the 
energy distributions and 10% for the angular distri- 
butions. 

The background was estimated by comparing 
measurements without a target and measurements 
in which the paraffin converter was replaced by an 
equivalent amount of carbon. The background 
amounted to less than 3% of the angular distribu- 
tions and less than 5% of the energy distributions. 

Relative measurements of the gamma radiation 
passing through the target were obtained by means 
of an aluminum ionization chamber, while absolute 
measurements were obtained with a thick-walled 
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copper chamber that had been calibrated calorimet- 
rically.!°,!! 


3. TREATMENT OF MEASUREMENTS AND ESTI- 
MATE OF ERRORS 


Very thick converters were required to obtain a 
sufficiently high efficiency of neutron detection. A 
large (n, p) -scattering angle was selected for the 
angular-distribution telescopes. Suitable instru- 
mental corrections were introduced when the ex- 
perimental results were compared with theoretical 
calculations. 

In the case of the angular-distribution telescopes 
it was necessary to determine the dependence of de- 
tection efficiency on neutron energy, since the meas- 
ured and actual angular distributions disagreed over 
different energy distributions registered at different 
angles and with nonidentical efficiency. The relative 
efficiency X(E) is proportional to 


X (E) ~ ea(E) &p (E) 9 (E), 


where €q(E) is the effective converter thickness 
for neutrons with energy E, €p(E) is the fraction 
of recoil protons registered by the telescope and 
o(E) is the (n, p)-scattering cross section. Fig- 
ure 2 shows the relative telescope efficiency as a 
function of neutron energy. 


b 

FIG. 2. Relative detec- 4 
tion efficiency X(E) asa 3 
function of neutron energy 2 
for angular-distribution . 
telescopes. 
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In energy-distribution measurements the neutron 
spectrum is determined from the recoil proton spec- 
trum. Distortion of the neutron spectrum results 
from the fact that the (n, p) -scattering angle dif- 
fers from 0° as a result of recoil proton energy 
losses in the converter and because the (n, p) - 
scattering cross section is a function of neutron 
energy. The mean scattering angle determined 
from the telescope geometry was 13°, correspond- 
ing to recoil protons with energy averaging 5% less 
than the neutron energy. This difference was neg- 
lected in calculating the effect of converter thick- 
ness; it was assumed that neutrons of a given en- 
ergy produced a proton group of corresponding en- 
ergy in the converter. The neutron spectrum was 
obtained as follows. A graphic method was used 
to determine the proton group that was produced 
in the converter by neutrons N)(Ej) in a 1-Mev 
energy interval with mean energy Ej. These graphs, 
plotted with 1 -Mev intervals for all neutron ener- 


1084 L, A. KUL’ CHITRSKT Aandsv. (RE Seay 


gies, provided the basis for equations determining M 
the separate proton groups N(Ej): 20 i| 
imax FIG. 5. Angular dis- | 
N (Ei) = > RiN o (Ei). (1) tribution of photoneutrons i 
peed from Be®. Solid curve — 
The cross section o(n, p) was taken into account data calculated in refer- 


in the coefficients kj. The real neutron energy dis- ence 14. 
tribution n(E) corresponds to the assigned distri- 
bution Nj(E) in (1) that yields the experimental 
proton distribution N(E). 

The described method for computing the neutron 
energy spectrum introduces additional errors, prin- 
cipally as follows: 1) possible errors in egg n Pict e ancient 
ing the coefficients kj in (1); 2) an error in deter- tabutineee photonentrers 
mining the fraction of recoil protons registered by fran! solid curve e. 
the telescope, in the calculation of absolute cross data calculated in refer- 
sections. The total error of the absolute cross sec- ence 14. 
tions is estimated at 40%, without including the sta- 
tistical error. 
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4. EXPERIMENTAL RESULTS AND DISCUSSION 
Figures 4 to 6 show the angular distributions of 


photoneutrons from C!*, Be’, and Al*’ for the 
bremsstrahlung of peak energy Eymax = 88 Mev, 
with indication of only the statistical errors. The 
vertical axis gives the number of neutrons N gen- | 
erated by a given radiation dose in relative units; _ 
the horizontal axis gives the laboratory angles of 
observation @ with respect to the photon beam 
direction. The peak of each angular distribution 
is strongly shifted toward small angles, being found 
0 at ~60°. Our results were compared with the angu-_ 

5 lar distribution of neutrons from deuterium and with 

5 Dedrick’s calculations!® on the quasi-deuteron model. 

The solid curves represent the angular distributions 
of neutrons from deuterium, obtained by converting 
Allen’s experimental results for protons.!4 I, which 
is proportional to the number of neutrons registered 
at a given angle, was obtained by numerical integra- 
tion of 


Figure 3 shows the energy distribution of neu- 
trons from C! at 75° for the 88-Mev bremsstrahl- 
ung. Only the statistical errors are indicated. In 
first approximation the spectrum falls off accord- 
ing to a power law ~E™ with n*1.5. In the 
range 15 —45 Mev the total number of neutrons was 
found to equal, within the limits of error, the total 
number of protons in the same energy range.!” 
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FIG. 3. Energy distribu- 
tion of photoneutrons from 
C** at laboratory angle 75°. 
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where Ny (Ey) is the number of photons with en- 
ergy Ey in the bremsstrahlung spectrum; dog(Ey)/ 


FIG! 4. Angalar'dis® dQ is the differential cross section for the produc- 
tribution of photoneutrons | tion of a photoneutron by the photodisintegration of 
from C’*. Solid curve — a deuteron; X(Ey) is a coefficient which is propor- 
converted data from ref- tional to the telescope efficiency for neutrons with 


erence 14; dashed curve — 
data calculated in refer- 
ence 13. 


energy -E, (Fig. 2); E, = E4 ~ Ep, where E} 

is the neutron energy prior to its ejection from the 
nucleus and Ep is the (y, np) -reaction binding 
energy. En for a given Ey is determined from 
energy and momentum conservation in the photodis- 
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integration of a deuteron. Ey is the energy of a 
photon which produces a neutron with the detection- 
threshold energy (9.7 Mev) and Emax is the 
peak bremsstrahlung energy. The dashed line de- 
notes the angular distribution of neutrons from C?2 
as calculated from Dedrick’s paper.!® All curves 
were normalized to yield the best agreement with 
experiment. 

The shift of the neutron angular-distribution peak 
is similar to that of photoneutrons from deuterium 
although, especially for C!? and Be®, the experi- 
mental result at small angles tends to fall below 
the deuteron curve. At large angles the situation 
is reversed. Better agreement would probably re- 
sult if the momentum distribution of quasideuterons 
in the nucleus were taken into account, but the ex- 
perimental results are in worse agreement with 
Dedrick’s calculations for C!*. The observed angu- 
lar distributions were also compared with the cal- 
culation of the direct resonance photoeffect in refer- 
ence 15, which does not indicate a shift of the peak 
toward small angles. 

Our results are in satisfactory qualitative agree- 
ment with the quasi-deuteron model. Calculations 
for the direct resonance photoeffect (neglecting 
magnetic interactions), which predict a forward 
shift for protons similar to that on the quasi- 
deuteron model, do not indicate a similar shift 
for neutrons and are consequently not in agreement 
with the observed angular distributions of photoneu- 
trons. However, since the agreement with the quasi- 
deuteron mechanism is only approximate we cannot 
entirely exclude the direct resonance absorption of 
gamma rays. 
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High-lying levels in some light nuclei CAI Scrav Nb’), which previously could not 
be observed because of the large nuclear-reaction background when protons or alpha par- 
ticles were used as bombarding particles, have now been excited by means of heavier ions. 
It has been established that some of the gamma lines observed previously when chromium 
was irradiated with protons or alpha particles do not result from Coulomb excitation of the 
corresponding levels in chromium. By using ions heavier than alpha particles it could be 
verified that other lines associated with nuclear levels that had been excited by alpha par - 
ticles (Rb®", Snit? Sn!!9) are actually emitted as a result of Coulomb excitation. The 
partial lifetimes tT(E2) of excited levels have been determined for electric quadrupole 
transitions; measured values lie between 10~' and 10s 2)sec: 


1. INTRODUCTION 


‘Tae Coulomb excitation of high-lying nuclear lev- 
els requires that the bombarding particles have 
fairly high energies. When protons or alpha par- 
ticles are used for this purpose a considerable 
background resulting from nuclear reactions is 
often observed, especially in the cases of light and 
medium-weight elements. In some instances the 
large background prevents detection of the gamma 
line which is emitted following the Coulomb excita- 
tion of the target nucleus. 

The use of high-energy alpha particles or pro- 
tons may also distort the results (especially for 
light and medium-weight elements), due to the in- 
creased cross section for inelastic scattering that 
involves the formation of a compound nucleus and 
leads to excitation of the investigated level. 

In many instances the excitation function is meas- 
ured in order to confirm the Coulomb origin of the 
gamma line. The theoretical dependence of the 
Coulomb excitation cross section on bombarding 
energy is well known. However, when the Coulomb 
excitation of high-lying levels is investigated the ex- 
citation function can be investigated in only a small 
range of bombarding energies, since when the en- 
ergy is reduced the Coulomb excitation cross sec- 
tion becomes small, while at higher energies the nu- 
clear-reaction background is enhanced. On the 
other hand, it sometimes results from the competi- 
tion of different processes for the breakdown of a 
compound nucleus, that the experimental excitation 
function for a given line, when it is emitted as the 
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result of a nuclear reaction involving the formation | 


of the compound nucleus, agrees very closely with — 
the theoretical excitation function of the same line 


in the Coulomb process.* Thus even when the exci- 


tation function has been measured it is sometimes 
impossible to attain certainty that the given gamma 
line results from Coulomb excitation of a nuclear 
level rather than because of some nuclear reaction. 
The above-mentioned difficulties can be over- 
come to a certain extent by using heavier bombard- 
ing ions, which produce a much smaller nuclear- 
reaction background than alpha particles or protons. 
The cross section for inelastic scattering involving 


| 
| 
| 


the formation of a compound nucleus is considerably 


smaller for the heavy ions than for alpha particles 
or, even more so, for protons. 

The low background level observed in gamma 
spectra produced by multiply-charged ions imping- 
ing on targets containing oxygen permits the use of 
such ions to investigate Coulomb excitation of nu- 
clear levels even when the target is not made of 
pure metal. The use of the heavy ions is essential 
in order to establish the origin of the observed 
gamma line. The detection of identical gamma lines 
in gamma spectra produced by bombardment with 
either alpha particles or heavy ions, and especially 
the identical reduced probabilities of transitions 
from the ground state to the given excited states 
when different particles are used, provides strong 
evidence for the Coulomb origin of the gamma line 
under investigation. 


*For example, see the remark about the excitation of Nb’? 
in reference 1. 
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COULOMB EXCITATION OF ODD-MASS NUCLEI 


The investigation of Coulomb excitation in odd-A 
nuclei encounters a number of difficulties which are 


not present in the case of even-even nuclei. In some 


instances the spins of excited states of odd-A nuclei 
are unknown. Calculation of the lifetime of a level 
requires knowledge of B(E2)4, the reduced proba- 
bility of a transition from the excited to the ground 
level. Experimental studies of Coulomb excitation 
enable us to determine only B(E2)+t, the reduced 
probability of the transition from the ground to the 
excited level. The spins of both the ground and ex- 
cited levels must be known in order to calculate 
B(E2)+ from B(E2)+. The occurrence of Cou- 
lomb excitation signifies in the great majority of 
cases that the excited and ground levels have the 
Same parity and that their spins do not differ by 
more than two units. This fact can be used in order 
to calculate the possible limits of B(E2)4. When 
the spin difference is only 1 either M1 or E2 
radiation can be emitted. When the intensity ratio 
of M1 to E2 transitions is unknown the value of 
B(E2)t enables us to calculate only the partial 
lifetime, 7T(E2). 

In odd-A nuclei it is frequently possible to ex- 
cite several levels between which successive transi- 
tions are possible. The correct determination of 
B(E2)+ requires knowledge not only of the absolute 
gamma-ray yield from the direct transition to the 
ground state but also the gamma intensities of cas- 
cade transitions. 


2. EXPERIMENTAL TECHNIQUE AND CALCULA- 
TION OF B(E2) 


We used beams of the multiply-charged ions 
Ni4s3+ Ni4s4t C1653+ ; and Ne22:4+ with en- 
ergies from 16 to 36 Mev, which were produced by 
the cyclotron of the Physico-technical Institute 
(U.S.S.R. Academy of Sciences). A conventional 
deflector was used to extract the beam into an alu- 
minum vacuum tube, and a system of two magnetic 
quadrupole lenses was used to focus the beam on 
the center of a target at the bottom of a Faraday 
cup. Exact focusing of the beam was achieved by 
replacing the Faraday-cup cylinder by another of 
the same length, provided with a ZnS-coated glass 
bottom. Such careful focusing was especially re- 
quired in work with separated isotopes, which were 
available in very small quantities. The targets 
made of these isotopes were small (up to 5 mm in 
diameter ) since sufficient target thickness was re- 
quired for complete stopping of the ions. In order 
to prevent the projectiles from impinging (due to 
accidental defocusing of the beam, for example) 
on a ring of lead foil surrounding the target, the 


Ne204+ 
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beam was collimated by a lead diaphragm (insu- 
lated from the Faraday cup) which was placed 

~ 15 cm in front of the target. The diaphragm aper- 
ture was varied from 5 to 15 mm, depending on the 
target diameter. 

It was established through special experiments 
that only a negligible amount of gamma radiation 
was produced by beam particles striking the edge 
of the diaphragm. The electric charge transferred 
to the target by ions was measured by an electronic 
current integrator which was calibrated separately 
for each experiment. 

The gamma radiation resulting from ionic bom- 
bardment of the target was registered by a scintilla- 
tion spectrometer. A Nal(T1) crystal 40 mm thick 
and 40 mm in diameter was used in conjunction with 
a FEU-11 photomultiplier. The crystal, photomulti- 
plier and preamplifier were shielded from stray 
magnetic fields. Excellent reproducibility of the 
“close” geometry was insured by the separation of 
only 2.7 mm between the target and the front plane 
of the crystal. The following absorbers separated 
the target from the crystal: 0.3 mm of copper, 

1.3 mm of aluminum, 1 mm of magnesium oxide, 
0.05 mm of lead and 0.05 mm of mica. 

Amplified pulses from the preamplifier output 
were fed to a 50-channel pulse-height analyzer. The 
operation of the analyzer and the experimental tech- 
nique are described in more detail in our earlier 
papers (references 2—4). Energy calibration of 
the gamma spectrometer was based on the follow- 
ing gamma lines: Hg? (279.5 kev), Csit (661 kev), 
Zn® (1120 kev), and Co®’ (1170 and 1332 kev). 

The reduced excitation probability was calculated 
by means of the formula 


Z Spt + o) MZGdE | dpx 
Ce en ee 


B(E2)t =0.555- 1072° 


E max “1 


x \ (E — AE) f, ae| (1) 
0 
Here Zj is the ionic charge in the extracted cyclo- 
tron beam; a; is the total internal conversion co- 
efficient; Sph is the number of photons registered 
in the total energy peak for 1 microcoulomb of beam 
particles; M is the molecular weight of the target 
material in mass units; Z, is the nuclear charge 
of the investigated target atoms; dE/dpx is the 
specific energy loss of ions in the target material 
in Mev/(mg/cem?); 7 is the relative content of a 
given isotope in the investigated element; €ph is the 
ratio of the number of photons registered in the 
total energy peak to the total number of photons 
impinging on the crystal§ w is the relative solid 
angle; Ay is the fraction of photons transmitted 
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by the target and by the absorbers placed between 
the target and crystal; p is the reduced mass in 
mass units; n is the number of atoms of the in- 
vestigated element in a molecule of the target ma- 
terial; E is the collision energy in Mev; AE is 
the excited level energy; f,(£&) is the Coulomb 
excitation function; & is a parameter defined by 


g=- 0.1575 2,2,.V uU{/VE—AB— lV Bs 2) 


Z, is the nuclear charge of the bombarding particle. 


The technique for determining Spp from the ex- 
perimental gamma spectra is described in detail in 
reference 2. 

The coefficient (1+ at) was taken as unity, 


since at was very small in all the cases under con- 


sideration. The total spectrometer efficiency 
€phwAy was determined in special experiments 
for a few values of Ey by means of intensity- 
calibrated gamma-ray sources with the following 
energies: 279 kev (He's), 661 kev (Cs!8%) and 
1332 kev (Co*). Interpolation for other values of 
Ey was based on a theoretical calculation of 
€phwAy as a function of Ey; this calculation was 
performed in reference 2 on the basis of data for 
€ph given in reference 5. 

The literature contains very little information 
regarding the specific energy losses, in different 
materials, of heavy mulitply-charged ions with en- 
ergies 10 —40 Mev. In the present work the calcu- 
lation of the specific energy loss of nitrogen ions 
with energies up to 25 Mev in different elements 
was based on the experimental range-energy rela- 
tion for nitrogen ions in nickel which is given in 
reference 6. The conversion of dE/dpx for a dif- 
ferent element was based on the ratio between ex- 
perimentally derived specific energy losses of pro- 
tons with the same velocity as the nitrogen ions in 
nickel and in the given element. 

The values of dE/dpx for nitrogen ions of 
energy > 25 Mev and for oxygen ions in different 
elements were calculated in the same way, but 
the initial curves were the range-energy curves 
for these ions in nickel as plotted by the Long- 
champ method.’ It should be noted that the Long- 
champ calculation of dE/dpx for nitrogen ions 
in nickel is in good agreement with the calculation 
based on the data in reference 6. 

The value of dE/dpx for neon ions was calcu- 
lated by means of the range-energy curve for neon 
ions in lead which was computed by Papino using 
the method described by him in reference 8.* 

In reference 9 the values of dE/dpx computed 
by different methods are compared with graphs of 
~~ *We are indebted to A. Papineau for his kindness in send- 
ing us a number of curves that he had computed. 
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dE/dpx as a function of Z,, for c!2, ni and os 
ions. The errors in the values of dE/dpx calcu- 
lated for heavy ions are estimated to be relatively 
large and may comprise 10 — 15%. On the other 
hand, the calculations indicated that dE/dpx does 
not vary much with energy in the interval of pres- 
ent interest. (This is a relatively small energy 
range, because the cross section for Coulomb ex- 
citation falls off rapidly with diminishing bombard- | 
ing energy.) In the calculations of B(E2) con- 
stant values were therefore assumed for dE/dpx. 

Our results are given in the table. AE is the 
energy of observed gamma lines according to our 
data, 
I) is the ground-state spin, I¢ is the excited-state 
spin.* The table gives the reduced probability 
B(E2) for an electric quadrupole transition from 
the ground to the excited level according to our 
data (column 6) and as given by other investi- 
gators (column 7). The last column shows the 
lifetime of the given state as calculated from our 
value of B(E2)?t. 

We have estimated an error of 30 — 35% in the 
values of B(E2). In addition to the usual errors 
of ~ 20% incurred in investigations of Coulomb 
excitation we also took into account the error in 
B(E2) resulting from inaccurate determination 
of projectile energies, which in some instances 
may have amounted to 25%, and an error of ~ 15% 
in determining dE/dpx. 

As a control we recorded the spectra of a num- 
ber of gamma lines whose yield had been deter- 
mined elsewhere. The discrepancy between our 
values of B(E2) and the values given in the lit- 
erature was usually below 35%. 


3. EXPERIMENTAL DATA FOR DIFFERENT 
ELEMENTS 


Al? (Z = 13). From data!! on the beta decay 
of Mg?" it is known that the Al?’ nucleus has two 
excited levels, 0.834 and 1.015 Mev, with spins 
%,* and %4* respectively. According to Mack!? the 
ground-state spin of Al?’ is %4*. 

Heydenburg and Temmer!?? investigated the Cou- 
lomb excitation of nuclear levels in aluminum by 
means of 3-Mev alpha particles. Excitation was 
not observed because of the low alpha-particle 
energy, which could not be increased because of 


*In cases where the spin of the excited level is unknown 
the possible limits of its value are indicated. 

tBecause of the improved experimental technique and the 
additional results obtained for E14 = 40.9 Mev the values of 
B(E2) given in the table are somewhat different from those in 
reference 10. 


AE* is the value given in other investigation 3 


| 
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* B(E2) +t B(E2) t * 
Nucl AE, | AE She 90 | OT © agi 2 
ucleus Nese Mev qT, TF e ( e ¢ ee 
cm cm* 
4 ae 3 a 5 : 6 7 8 
Al?? 0.840 | 0.834 | 5/,+ List 0.0024 — 3.2-10-11 (c) 
A20L0R) TOS eee 3/ot 0.0038 — 1.3-10-H 
Sc#® OvSZon | ORG, Met joa 3/,-—11/, 0.0093 — (0.6—1.8)-10-9 
; O20) O22 at pa |) fine Lh 5 — 0.0045 (a) — — 
Vel 0.930 | 0.928 | 7/.- 3/97 0.0114 o= 9.3-10-12 (d) 
Crd83 — (QT aya | PSY (is <0.0001 0.045 — 
= OFS70 Sion (is) <0.0001 = = 
Rb85 05 15001485), >/o= 3/o7 0.00314 0.0032 223° 10-7 
Rb8? OF4I05|O540% | 2/5> 2 aa 0.0073 0.0058 4.4-10-9 
Nb93 OLTOOM RO S164 Oy oh oot eter 0.0023 — (8.6—20) - 10-1? 
0.759 | 
0.985 ee 9/ot | 5/ot—18/,+ 0.0044 (a) — (1.2--2.7)-10-12 
Sn? | 0.865 | — | tot | 3/ot: 5/o+ | 0,023 (b) s sa 
1.030 | — | 4/ot | 8/9t: 5/s+ | 0.083 (a) at (1.2—2.6)-10-22 
Sn¥9 | 0.907] — 4 4/,+ | 3/,+: 5/,+ | 0.40 as (2.63.8) Jo 


a) In the calculation of B(E2)] it was assumed that no cascade transition oc- 
curs via a lower-lying level. 
f b) B(E2)] for AE = 0.865 Mev was calculated assuming, without confirmation, 
that a level with this energy is excited. 
f c) The true lifetime (7) of the level. 
fe d) The lifetime (7) for the direct transition to the ground level. 

e) In calculating limits for T(E2) it was taken into account that photons with 
E = 0.865 Mev may be produced by a cascade transition from the 1.03-Mev level 
via a 0.165-Mev level. 


the sharp rise of the gamma-ray background re- 
sulting from nuclear reactions. 

In our investigation of Coulomb excitation in 
aluminum we used the following ions: N!4°3* with 
E = 16.3 Mev, O!%3* with E = 18.2 Mev, Ne?4+ 
and Ne?*>4+ with 23.1 and 25.2 Mev respectively.* 
Figure 1 shows the gamma-ray spectra which were 
_ registered when 60y aluminum foil was bombarded 
with N'* and Ne”? ions. 0.51-Mev and 0.59-Mev 
gamma lines resulted from the nuclear reaction 
N+C. (More detailed information regarding the 


tal spectra of gamma 


citation in aluminum: 
a— bombarded with 
16.3-Mev N* ions; 
b—bombarded with 
23.1-Mev Ne”° ions. 


FIG. 1. Instrumen- 


rays from Coulomb ex- 


background lines resulting from reactions between 
nitrogen, carbon or oxygen ions and carbon or oxy- 
gen nuclei is given in reference 14.) The 1.63-Mev 
line is associated with the Coulomb excitation of 
the first Ne?’ level.!® 0.84-Mey and 1.01-Mev 
gamma lines corresponding to the above-mentioned 
excited levels of Al?’ are observed as a result of 
bombardment with both nitrogen and neon ions. The 
fact that both lines result from the bombardment of 
aluminum with different ions and that the values of 
B(E2) calculated with data obtained by means of 
different ions are mutually consistent indicates 
that both lines result from Coulomb excitation in 
AIL 

To calculate the reduced probability of a transi- 
tion from the ground level to excited levels of Al?’ 
it is essential to know the branching ratio of direct 
and cascade transitions from the 1.01-Mev state. 
Since the cascade transition via the 840-kev level 


gue (Here and in the fol- would involve the emission of 170-kev photons, for 
go. lowing figures the er- the purpose of determining the branching ratio we 
rey rors have only half of | also studied the soft gamma-rays emitted by bom- 
2000 the magnitude repre- barded aluminum. It was found that the cascade- 


sented by the vertical 
bars.) 


10 20 30 40 
No. of channel 


*Increase of nitrogen-ion energy to 25 Mev resulted in a 
sharp rise of the continuous gamma-ray background associated 
with nuclear reactions and in the appearance of background 
gamma lines. This prevented further investigation of Coulomb 
excitation in aluminum. 


transition intensity comprised less than 4% of the 
direct-transition intensity. In references 11 and 

16 this ratio is given as ~2%. In the calculations 
of B(E2) it was assumed that all radiation from 
the upper excited level of aluminum represents a 
direct transition to the ground level. The values 

of B(E2)t in the table are averages of data ob- 

tained in five experiments. 
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Using the known spins of the ground and first 
two excited levels of Al®", we found that the par- 
tial lifetime T(E2) of the 1.01-Mev level is 1.3 
x 107!! sec, while the lifetime of the 0.84-Mev 
level is 3.2 x 10 !! sec. In reference 17 an upper 
limit, 7< 10%? sec, was indicated for each of 
these Al?’ levels. Only the partial lifetime 7 (E2) 
for the 1.01-Mev level can be calculated from the 
measurements, because the selection rules permit 


both E2 and M1 transitions from this level. 7 (M1) 


can also be calculated from the ratio between E2 
and M1 intensities. 

Sc4> (Z = 21). From inelastic neutron scatter- 
ing data it is known that the Sc‘ nucleus has ex- 
cited levels at 377 and 722 kev.'®*!9 The ground- 
state spin of Sc* is %~.!? In studies of beta de- 
cay in Ca* and Ti* only transitions to the ground 
level of Sc“ were observed. 

The Coulomb excitation of scandium was inves- 
tigated earlier,'*»?° put no gamma lines were de- 
tected which could be assigned to the excitation 
of nuclear levels in Sc*®. The scandium oxide 
target which was used produced a high background 
from nuclear reactions of protons and alpha par- 
ticles with oxygen. 

We investigated the Coulomb excitation of Seu 
by means of triply-charged nitrogen and oxygen 
ions with 16.3 and 18.2 Mev, respectively, and 
quadruply -charged Ne”? and Ne” ions with 23.1 
and 25.2 Mev, respectively. These heavier ions 
permitted the use of scandium oxide targets. 

Figure 2 shows the gamma-ray spectrum re- 
sulting from the bombardment of a ScO target 
with triply-charged nitrogen ions and quadruply- 
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FIG. 2. Instrumental spectra of gamma rays from Coulomb 
excitation in scandium: a and b—bombarded with 16.3-Mev 
N** ions; c and d—bombarded with 23.1-Mev Ne?” ions. 


ALKHAZOV, GRINBERG, GUSINSKII, EROKHINA, and LEMBERG 


charged Ne?’ ions. The 1.03-Mev and 1.37-Mev 
lines in Fig. 2b and the 0.65-Mev line in Fig. 2c 
are background lines which resulted from reac- 
tions of nitrogen ions with carbon (1.37 Mev) 

and oxygen (1.03 Mev), and of neon ions with 
oxygen (0.65 Mev). We assign the 375-kev and 
720-kev lines to Coulomb excitation in Sct. 
Figure 2c shows the result obtained by subtract- 
ing the 0.65-Mev background line, the shape of 
which was determined separately by irradiating 
lead oxide with 23.1-Mev Ne”’ ions. Following 
the subtraction the 750-kev line became distinct. 
The presence of 375-kev and 720-kev gamma 
lines in spectra obtained by irradiating scandium 
oxide with N'4, Ne?’ and Ne?* ions and the agree- 
ment of the values of B(E2) obtained with differ-_ 
ent ions indicate that these lines result from Cou- 
lomb excitation rather than from nuclear reactions. * 

The mean values of B(E2)* for the 0.375- and — 
0.720-Mev levels were calculated assuming that a 
cascade transition does not take place from the 
0.72-Mev level and that the observed gamma lines 
have the energies of the levels for which B(E2) 
was calculated. The spins of the excited Sc* states 
are unknown. The partial lifetime 7T(E2) of the 
0.375-Mev Sc*° level lies within the range (0.6 — 
1:8) 9<10 sec: depending on the possible spin of 
this state (24a, a aaee oe MO As ys 

v*! (Z = 23). From an investigation of the beta 
decay of Cr°! it is found that V*! has excited levels 
at 323 and 645 kev with spins and parities 47 and 
*%,*, respectively. From the beta decay of Ti*! it 
is known that V*™ has excited levels at 323 and 
928 kev with spins and parities 4" and %4~. Alpha 
particles and protons have been used in a number 
of investigations of Coulomb excitation in vanad- 
ium2°-22, in which an excited level of V®! was 
found at 320 kev. 

In the present work the vanadium metal target 
was bombarded with triply-charged 16.3-Mev and 
19.7-Mev nitrogen ions and with quadruply-charged 
26.0-Mev and 36.1-Mev nitrogen ions. Figure 3 
Shows the gamma spectra in the range 0.75 —1.4 
Mev which were produced by the ions with 16.3, 
26.0 and 36.1 Mev. All spectra revealed a 930-kev 
gamma line, which is associated with excitation of 
a corresponding V*! level. It is noteworthy that 
the intensity of the 1.37-Mev background line in 
the case of vanadium, just as for other light ele- 
ments, falls off compared with the continuous back- 


*The 350-kev background line is always observed when any 
one of the targets is bombarded with nitrogen ions. However, 
the gamma line observed in experiments with scandium is so 
strong that the background line can be neglected in calculat- 
ing the observed yield of the 375-kev line from Sc‘. 
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ground as the nitrogen ion energy is increased. 
For 36.1-Mev nitrogen ions this line is no longer 
observed. It is shown in the literature (references 
23 and 24, for example) that in addition to the 
direct ground-state transition from the 0.93-Mev 
level a cascade occurs via the 0.323-Mev level. 
The 605-kev cascade line could not be observed in 
our work because of the 0.59-Mev background line 
resulting from a nuclear reaction between nitro- 
gen ions and carbon. In calculating B(E2) for 
the excitation of the 0.93-Mev level we used data 
given in references 23 and 24 for the cascade 
branching ratio » from this level. In these 
sources 7 has the values 30% and 20%, respec- 
tively. We assumed 7 = 25%, which was equiva- 
lent to assuming that the yield of excitations of 
the 0.93-Mev level is 1.25 times greater than the 
- number of 0.93-Mev gamma rays. The tabular 
value of t for AE =0.93 Mev was calculated 
for the transition from this level to the ground 
level assuming % and % as the respective spins 
of these levels. 

Coulomb excitation at 320 kev was also ob- 
served when nitrogen ions were used. Our value 
for B(E2) agrees satisfactorily with the result 
obtained by Temmer and Heydenburg.”” 

Cr®® (Z = 24). Coulomb excitation in chromium 
has been studied by other investigators.??? A 155- 
kev line was detected when a chromium oxide tar- 
get enriched in Cr®? was bombarded with protons 
(Ep = 1.3 Mev).”” This line was assigned to 155- 
kev excitation in Cr°’; the reduced excitation prob- 
ability of this level was calculated to be 0.015 
-a0e"* e2iem\. 

Temmer and Hydenburg” bombarded a natural 
metallic chromium target with 6-Mev alpha par- 
ticles. They detected among other gamma lines 
a 150-kev line which they assigned to radiation 
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from an excited level in Fe?’ following the reac- 
tion Cr°? (a, ny) Fe°?, 

Gamma rays emitted by a target of natural me- 
tallic chromium bombarded with 3.4-Mev protons 
were studied in reference 25. The gamma spec- 
trum included a 370-kev line with considerable 
intensity at proton energies below the Cr°? (p, ny) 
Mn*® threshold; this line was assigned to Cr? ex- 
citation at this 370-kev level. 

We have investigated the Coulomb excitation of 
chromium in order to verify the above data and 
hypotheses. 


Experiments with Alpha Particles 


A target made of pressed natural metallic chro- 
mium powder was irradiated with 6.6-Mev alpha 
particles. A 155-kev line was not observed, but 
a 130-kev line was observed and assigned to the 
reaction Cr®*(a, ny) Mn. From the 130-kev 
gamma-ray yield the value of B(E2)* for AE 
= 155 kev in Cr? was calculated to be 0.0025 
x 107 e? cm‘, which is one-sixth of the result 
given in reference 20. The 370-kev line could 
not be detected because of the strong 420-kev 
background line resulting from Cr**(a@, ny) Fe”. 

Our chromium target enriched in Cr®® could 
not be used in experiments with alpha particles 
because the target material was Cr,03, from 
which we could expect a strong gamma-ray back- 
ground resulting from reactions between alpha 
particles and oxygen as well as a strong 350-kev 
line from the reaction O' (a, ny) Ne?!. The 
amount of Cr,O3 was too small to permit the 
separation of metallic Cr’. 


Experiments with Multiply-charged Ions 


In the experiments with multiply-charged ions 
three targets were used: 1) pressed natural me- 
tallic chromium powder, 2) electrolytic natural 
chromium, and 3) pressed chromium oxide with 
95% enrichment in Cr**. The projectiles were 
n‘433+ with 16.3 and 19.7 Mev and Ne?0>4* with 
23.1 Mev. 

A 155-kev line was not observed. Emission of 
a 123-kev line was observed from the first target 
but not from the electrolytic target. The first tar- 
get apparently contained an iron impurity and the 
123-kev line can be accounted for by 137-kev ex- 
citation in Fe’ followed by a cascade via a 14-kev 
level in Fe’. 

A 370-kev line was also not observed in the 
gamma spectra. The gamma spectra obtained by 
means of nitrogen ions always included a 350-kev 
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background line produced by reactions between 
nitrogen ions and carbon. In these experiments 
B(E2)+ for the suggested 370-kev level in Gre 
was calculated from the total 350-kev gamma-ray 
yield. The value of B(E2)t+ obtained in this 
manner is too high. No background gamma line 

in this energy region was observed in experiments 
with neon ions. 

We have estimated the upper limits of the re- 
duced excitation probabilities for 155- and 370-kev 
levels in Cr*®. For both levels the value of 
B(E2)1 is 0.001 x 10-48 e% cm‘, which is 
considerably smaller than the estimate of B(E2) 
for Cr*® that was based on single-particle con- 
siderations. 

Since bombarding protons produce a very 
strong gamma-ray background it was impossible 
to observe gamma lines corresponding to chro- 
mium excitation with such values of B(E2)t. 

Our experiments do not provide a basis for 
assuming the existence of 155- and 370-kev levels 
inser. 

Rb®, Rb’? (Zz = 37). Thulin’s investigation”® 
of beta decay in -Kr®, Sr®° and Kr®" showed that 
Rb® and Rb®’ possess excited levels at 0.155 and 
0.407 Mev, respectively, with spins JES and Jee 
The spins of the ground states of Rb® and Rb®" 
are %~ and *4~ respectively.!2 Coulomb excita- 
tion in rubidium has also been studied by means 
of alpha particles.?" The first levels of each of 
these isotopes were excited. Because of an oxy- 
gen impurity in the target the 407-kev line was 
observed against a very strong background. 

We investigated Coulomb excitation in rubidium 
by means of N'*3* with 16.3 and 19.7 Mev, N‘4:4+ 
with 26.0 Mev and Ne??*4* with 23.1 Mev. The tar- 
gets were made of natural rubidium chloride and 
of rubidium chloride enriched in Rb®". Figure 4 
shows the gamma spectra obtained from RbCl 
and Rb®’Cl targets bombarded with 16.3-Mev 
nitrogen ions. The table contains the mean values 
of B(E2) based on two experiments in which the 
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150-kev level was excited and on six experiments 
in which the 0.41-Mev level was excited. The 
value of B(E2) for the 155-kev level is in good 
agreement with the data in reference 27, but there 


is some discrepancy in the values for the 0.41-Mev 


level of Rb®’. The partial lifetimes T(E2) of the 
first levels of Rb® and Rb®’ were calculated by 
us from the values obtained for B(E2)t. 

Nb”? (Z = 41). From the study of beta decay 
in Zr®? we know” that Nb*®? has a metastable 29- 
kev level with spin and parity Vs and lifetime 
3.65 years. The spin of the ground state is fe 
Coulomb excitation of nuclear levels in niobium 
has been studied by Heydenburg and Temmer® 
and by McGowan and Stilson! using 3-Mev alpha 
particles and 2-Mev protons. The former inves- 
tigators detected no excitation of Nb*® levels, but 
the latter, who used 3-Mev protons, observed 0.71- 
and 0.87-Mev gamma lines. Although measure- 
ments of the excitation function permitted the con- 
clusion that both lines result from Coulomb exci- 
tation, a coincidence analysis showed that the two 
lines coincide with each other and with a still 
harder line. The association of these lines with 
Coulomb excitation in niobium is therefore en- 
tirely excluded. 

Inelastic scattering of neutrons by niobium 
has been investigated in references 29 and 30. 
736- and 957-kev lines were observed in the first 
of these studies, and 759- and 971-kev lines were 
observed in the second. In reference 29 measure- 
ments of (n, n’) reaction thresholds provided the 
basis for the suggestion that Nb* has levels at 
764 and 977 kev, with cascade transitions occur- 
ring via a metastable 29-kev level. 


We studied Coulomb excitation in Nb” by means 


of N'“4* ions with 26.0 and 36.1 Mev. Figure 5 
shows the gamma spectrum which was observed 
when metallic niobium was bombarded with 36.1- 
Mev nitrogen ions. A 1.37-Mev background line 
was observed, as in preceding instances. 0.760- 
and 0.985-Mev lines were measured to within 


FIG. 4. Instrumental spectra of gamma rays from 


with 16.3-Mev N“ ions. 
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Coulomb excitation in Rb** (a) and Rb®” (b) bombarded 
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FIG. 5. Instrumental 
Spectrum of gamma rays 
from Coulomb excitation 
in niobium bombarded 
with 36.1-Mev N* ions. 


20 30 40 No. of channel 


' +1%. Our measurements thus confirm Sinclair’s 
- results®® but do not agree with the results given 


i 
t 
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_ in reference 29. Since the observed excited levels 


of Nb” (resulting from Coulomb excitation) must 
have positive parity, transitions from these levels 
to a metastable level with negative parity cannot 
occur. Therefore the gamma lines which we ob- 
served must represent a direct ground-level tran- 
sition, in contradiction to the hypothesis advanced 
in reference 29. The table gives the mean values 
of B(E2)t which were calculated assuming the 
absence of cascade transitions, with the gamma- 
ray energies thus equalling the energies of the 
levels. The limits of the partial lifetimes 7T(E2) 
given in the table were calculated taking into ac- 
count all possible values of spins for the excited 


Nb” levels. 


Sn!!7, Sn!!9 (Z =50).* We had previously stud- 
ied Coulomb excitation in Sn'!* and Sn1!® by means 
of 10- to 14.5-Mev alpha particles,’ and had ob- 
served 0.865- and 1.03-Mev lines from Sn!!" and 
a 0.907-Mev line from Sn!!*. In this work the ex- 


citation function was measured in a relatively 


narrow bombarding energy range; for Eq < 10 
Mev the gamma-ray yield became small, while for 


Eq > 14.5 Mev the nuclear-reaction background 


rose sharply. It was therefore desirable to verify 
whether the observed gamma rays resulted from 
reactions. We used 36.1-Mev nitrogen ions for 
the further investigation of Coulomb excitation in 
Sn!!7 and Sn!!°, The targets were made of metallic 
tin enriched in Sn!!" and Sn!!°. The observed 
gamma spectra are shown in Fig. 6, where it is 
important to note that the ratios of the observed 
peaks to the background level are approximately 
four times as large as in the work with alpha par- 
ticles. The calculated values of B(E2)t based 
on the assumption that the gamma-ray energies 
equal the excited-level energies, are in good 
agreement with the results given in reference 2; 


_ differences do not exceed 10%. The fact that the 


same gamma lines were observed when the targets 
were bombarded with different particles and the 
good agreement of B(E2) measured in experi- 
ments with alpha particles and with heavier ions 
~*D, §. Andreev assisted us with the study of Coulomb ex- 
citation in Sn*!” and Sn’*”’. 
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FIG. 6. Instrumental 
spectra of gamma rays from 
Coulomb excitation in Sn*?” 
(a) and Sn**® (b) bom- Lie 


barded with 36.1-Mev N** 3000 : 
2000 
1000 


ions. 
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provide confirmation that these lines result from 
Coulomb excitation. 

We were unable to determine whether 0.865- 
Mev gamma rays result from excitation of the 
corresponding level in Sn!!" or from a cascade 
beginning at 1.03 Mev and proceeding to the ground 
level via a level at 0.16 Mev, which is known*! from 
an investigation of beta decay in In'!". In our work 
with alpha particles and with heavier ions we ob- 
tained gamma spectra which included a 0.16-Mev 
line. The excitation function indicated that this 
line cannot be attributed to an excited level at 
1.03 Mev, but this same measured excitation func- 
tion does not agree very well with the assumption 
of a directly excited 0.16-Mev level. We intend to 
use a coincidence technique for further investiga- 
tion of the origin of the 0.16- and 0.865-Mev lines 
resulting for Coulomb excitation in Sn!!", 

The mean values of B(E2)t given in the table 
were calculated on the assumption that the gamma- 
ray energies equal the excited-level energies. The 
indicated limits of the partial lifetimes take into 
account the possible spins of excited Sn!!" and 
Sn!!® levels. 

We wish to thank A. B. Girshin, leader of the 
cyclotron team, for the assistance that we received. 
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The electric conductivity of the explosion products of various condensed explosives was inves- 
tigated by the electric-contact and the electromagnetic methods. The conductivity of the in- 
vestigated explosives ranges from 0.1 and 6 mho/cm near the wave front and decreases with 
increasing distance from the front. The electric conductivity of the explosion products in- 
creases with increasing density of the explosive and with increasing intensity of the detonation 
wave. It is suggested that the high values of electric conductivity of the explosion products 
are due, in addition to thermal ionization, also to the high densities and pressures that occur 


on the front of the detonation wave. 


INTRODUCTION 


Ly spite of considerable research in the field of - 
explosions,! 3 many physical processes that accom- 
pany the detonation of explosive substances have not 
yet been fully investigated. Among these phenomena 
is the high electric conductivity of the explosion 
products near the front of the detonation wave. The 
electric conductivity due to thermal ionization has 
been previously estimated from the experimentally- 
measured temperature of the explosion products‘ 

at 10°? — 107° mho/cm. In 1947, however, the au- 
thors observed, in an investigation of the electric 
conductivity of the explosion products in the detona- 
tion of solid explosives [ TNT, pentaerythritoltetra- 
nitrate (PETN), and others], that the experimental 
values of the electric conductivity near the front of 
the detonation wave may exceed by several orders 
of magnitude the calculated values given above. 

In 1948/49 several methods were developed for 
the measurement of the electric conductivity of ex- 
plosion products of various explosives. These have 
made it possible to ascertain the regular variation 
of the electric conductivity of the explosion products 
as a function of the charge density, pressure on the 
front of the detonation wave, and other character- 
istics, 

This paper is a brief report on the features of 
the investigated recording method used, and of the 
experimental results obtained on the electric con- 
ductivity of explosion products near the front and 
behind the front of the detonation wave. We also 
discuss the possible causes of the high electric 


conductivity of the products of condensed explosives. 


MEASUREMENT PROCEDURE 


A resistance that varies rapidly with time is 
best measured with a cathode ray oscillograph 
with slaved sweep. The measurement of the 
electric phenomena in the explosion has many 
peculiarities that impose special requirements 
on the measuring circuit. The sizable electric 
charges and electromagnetic disturbances that 
arise during the explosion may serve as sources 
of electric noise, which distorts the oscillographic 
record and makes its unambiguous interpretation 
difficult. Such noise is particularly significant if 
the signals to the measuring circuits are small, 
when additional amplification must be used. Con- 
sequently the extensively used bridge circuits, 
whose outputs amount to hundredths and tenths of 
a volt, are of no use in the measurement of the 
conductivity of explosion products. Reliable 
results were made possible by the use of special 
measuring circuits, the outputs of which, for var- 
ious values of explosion-product resistances, 
ranged from 10 to 150 volts and could be directly 
registered by the oscillograph without prior am- 
plification. Only in relatively few experiments was 
intermediate amplification used. 

The principal quantitative variations were de- 
termined by direct electric-contact measurement 
of the electric resistance of the explosion products. 
However, in view of the danger that the presence of 
metallic probes in the charge could distort the 
measurement results, an electromagnetic contact- 
less registration method was developed for the 
high-conduction zone. 
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Let us describe the two methods briefly. 

A. Electric-contact Measurements. The prin- 
cipal diagram of the method is shown in Fig. 1. 
Here Cy, is an accumulating 4 pf capacitor, 
charged beforehand to 4—6 kv. During the ex-- 
plosion, special contacts apply a voltage to the 
triggering electrode of a T-409 thyratron. Ca- 
pacitor Cg discharges through a high voltage- 
resistance Rp and two parallel resistances Rgh 
and Rx. The value of Rx prior to the explosion 
of the charge is close to infinity, but it becomes 
commensurate with Rgp at the instant when the 
detonation front reaches the tops of metallic elec- 
trodes E, imbedded in the investigated charge, 
in the end opposite to that where the explosion is 
initiated. 


To oscillograph 


FIG. 1. Diagram of contact method for measuring electric 
conductivity of explosion products. 


Connected in parallel with Rgh and Rx isa 
coaxial cable to transmit the voltage that develops 
across these resistances to the vertical plates of 
the oscillograph. If the high-voltage resistance 
Rx exceeds by many times the resistances Rgh 
' and Rx, the discharge current in the capacitor 
C, is practically independent of Ry, and the 
voltage registered across the electrodes E 
varies linearly with the total resistance 
RghRx /(Rgh + Rx). To determine the resistance 
Ry we can use, with sufficiently good approxima- 
tion, the relation 


R,= U.Rep/(Usn— U,), (1) 


where Ush and Ux, are the respective voltages 
on the electrodes E prior to the instant when the 
detonation wave reaches the tops of the electrodes 
and after the production of the high-conductivity 
zone. The distinguishing feature of this method of 
measuring a rapidly-varying resistance is that 
there is no need for using the oscillograph to mea- 
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sure the absolute values of the voltages. The mag- | 
nitude of the measured resistance Rx is deter- 
mined here uniquely by the shunting resistance 
Rgh and the voltage-amplitude ratio Ux /( Ugh — Ux | 
To measure the latter it is necessary only to insure} 
a linear deflection of the electron beam with voltage H 
in most instruments this is satisfied with sufficient ] 
degree of accuracy at small amplitudes. i 

Figure 2 shows a typical oscillogram obtained 
with a circuit of Fig. 1. For the sake of clarity, 
the oscillogram shows the ordinates Ugh and Ux. 
In this experiment Rgh was 2 ohms, and the un- 
known resistance of the explosion products, calcu- 
lated from (1), was found to be 0.47 ohms. 
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FIG. 2. Oscillogram of the | 
variation in the electric conduc- | 
tivity measured with the circuit sh | 
of Fig. 1; the frequency of the Ur 
lower sine wave is 1 Mcs. 
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The measured resistance Rx is converted into 
specific electric conductivity of the explosion prod- 
ucts by electrolytic simulation. For this purpose 
the electrodes, their mutual placements strictly 
preserved, are placed in an electrolytic bath. By 
measuring the interelectrode resistance at vari- 
ous electrolyte densities and various electrode 
depths, it is possible to estimate the specific elec- 
tric conductivity corresponding to specified values 
of the resistance Rx. 

An analysis of the circuit of Fig. 1 shows that 
the greatest accuracy of measurement (approxi- 
mately 5%) can be reached when Rgh is close in 
value to Ry. Therefore, depending on the experi- 
mental conditions, the Rgp was varied from 1 to 
100 ohms. The minimum measured value was ap- 
proximately 10% of the value of the shunting re- 
sistance, 0.1 ohms at Rg, = 1 ohm. It was im- 
possible to extend the measurement range on the 
low end, owing to the rise time of the current in 
the circuit comprising the inductance of the elec- 
trode system (approximately 5 x 1078 henry) and 
the resistance Rgh. At Rgh = 1 ohm the rise time 
T =38L/Rgh amounts to 0.15 usec. A further de- 
crease in Rgh leads to an intolerably large in- 
crease in the rise time of the current in the meas- 
uring circuit. 

B. The Electromagnetic Method. The idea of 
the method is gained from Fig. 3. The electro- 
magnets produce a constant magnetic field (250 — 
400 oe), the direction of which coincides with the 
horizontal axis of spherical charge 3. Measuring 
coil C is wound around the outer surface of the 
charge. The coil terminals are connected through 
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FIG. 3. Diagram of electromagnetic method of mea- 
suring the high-conductance zone. 


To oscillograph 
an amplifier to the vertical plates of the oscillo- A quantitative determination of the specific elec- 
| 7S aph. tric conductivity of the explosion products under 
| Let us examine the phenomena that occur when such experimental conditions entails certain difficul- 
i the explosive charge is detonated at its center. In ties. In addition to depending on the mass velocity 
| this case the detonation wave is a regular sphere, and the resistance of the annular layer of conducting 
| the diameter of which increases continuously with explosion products, the measuring-coil voltage de- 
| propagation of the detonation from the center of pends also on the inductive coupling between the an- 
the charge to its periphery. This produces an nular current and the coil. This coupling increases 
_ annular current in the conducting layer of explo- continuously as the wave front moves from the cen- 
_ sion products near the detonation front. The am- ter to the outer boundary of the charge. However, 
__ plitude and the rise time of this current depend on as will be shown below, this electromagnetic method 
__ the mass velocity of the explosion products (which has yielded important qualitative information on the 
determines the rate at which the magnetic flux structure of the conducting region of the explosion 
builds up in the conducting ring) and on the elec- products behind the front of the detonation wave. 


tric conductivity of the explosion products in the 
front of the detonation wave. Owing to the induc- 
tive coupling between the annular current and the EXPERIMENTAL RESULTS 
external measuring coil, a voltage will be produced 
at the terminals of the latter and is correspondingly 
registered on the oscillograph screen. 

Figure 4 shows a characteristic measuring-coil 
voltage oscillogram obtained in the explosion of the 
charge. The measuring-coil voltage (upper curve ) 
first rises relatively slowly and then rapidly. 


Data on the electric conductivity of the explosion 
products of various explosives, obtained by the 
electric-contact method, are listed in the table. 

The secondary-explosive charges were 60 mm 
in diameter and 140 mm long; they were initiated 
at one point on the end opposite the place where 
the electrodes were imbedded (divergent detona- 
tion wave ). The gap between the electrodes was 
10 mm, and the electrode diameter was 3 mm. 
The lead-azide charge was 15 mm in diameter 
and 30 mm long (electrodes 1 mm in cross sec- 
tion, 5 mm gap). 

Experiments with molded charges had good 
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Electric conductivity of explosion products of various explosives 


FIG. 4. Measuring-coil voltage 
oscillogram (circuit of Fig. 3); fre- 
quency of sine wave — 1 Mcs. 


| 
Average 

conductivity, 

y = 1/p, mho/cm 


: Density Detonation) Average 
Explosive 59, g/em?| speed, | resistivity, 
D, km/sec} p, ohm-cm 


Alloy of 50% TNT and 50% 


‘thexogen’’ (molded) 1.64 hak 0.2 Dall) 
50% TNT plus 50% 

*thexogen’’ (powdered 

charge) 0.8 evil 1.0 1.0 
Hexogen (powdered) 0.8 6.2 4.3 0.23 
INT (powdered) 0.8 4.5 ORZ5 4.0 
PETN (powdered) 0.8 De) 7,6 OES: 
Tetryl (powdered) 0.8 5A) 6.3 0.16 
Lead azide (powdered) ~0.9 Proll 0.16 6.2 
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gave a spread in the resistances of the explosion 
products within a factor 1.5. The data listed in 
the table for these charges are averages of 3—5 
measurements. The specific resistivity of the 
explosion products of most investigated powdered 
charges ranged from 1 to 10 ohm-cm, with the 
exception of powdered TNT (p = 0.25 ohm-cm ) 
and lead azide (p = 0.16 ohm-cm). The explosion 
products of a molded charge made of an alloy of 
TNT with “hexogen” have a considerably smaller 
resistivity than an analogous powdered charge 
(0.2 and 1 ohm-cm, respectively ). 

To determine the instant at which a high-con- 
ductivity zone occurs during the explosion of the 
charge, a special series of measurements was or- 
ganized jointly with K. K. Krupnikov. One half of 
the end face of the charge was covered with a steel 
plate 2 mm thick. Contacts were installed on the 
outer surface of the plate to mark the instant when 
the shock wave emerged from the outer surface. 
The electrodes used to monitor the electric con- 
ductivity of the explosion products were in contact 
with the unprotected part of the charge end face. 
The time interval between the instant of occurrence 
of the high-conductivity zone and the instant of 
emergence of the shock wave to the free surface 
of the steel plate was measured on the oscillogram. 
Knowing the rate of propagation of the shock wave 
in steel for a given explosive charge (as deter- 
mined in reference 5) it was possible to relate the 
position of the high-conductivity zone with the po- 
sition of the detonation front. 

Within the limits of time-measurement accuracy 
(+ 0.01 usec) it was found that the high conductivity 
region almost coincided with the front of the detona- 
tion wave. 

To gain an idea of the variation of the electric 
conductivity of the explosion products behind the 
wave front, electromagnetic measurements of the 
conductivity were made for an explosion initiated 
at the center of a spherical charge made of an al- 
loy of TNT with “hexogen.” 

At the authors’ request, G. M. Gandel’man cal- 
culated the magnitude and variation of the voltage 
in the measuring coil, using the setup shown in 
Fig. 3. Since the thickness of the conducting layer 
is unknown, a quantity o =p/A (ohms) was intro- 
duced into the computation (p — specific resistivity, 
A — thickness of conducting layer). Thus o@ is the 
resistance (ohms) per square centimeter of the 
surface of the conducting layer. 

The voltage E at the terminals of an n-turn 
coil of radius R is given for a spherical diverging 
detonation wave by 


ge ay (2) 
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where H is the intensity of the magnetic field, u_ | 
the mass velocity of the explosion product behind 
the front of the wave, and r the running radius of 7 
the front of the detonation wave. It follows from (2) 
that if o is constant, then the voltage in the meas- | 
uring coil increases quadratically as the detonation | 
wave propagates from the center to the periphery | 
of the charge. 
For self-similar propagation of a spherical de- 
tonation wave it is natural to assume that the ef- 
fective thickness of the conducting layer increases 
linearly with the radius r of the wave. In this case? 
the surface conductivity varies as the reciprocal of | 
the radius r, and the voltage in the coil is directly | 
proportional to r’, | 
Figure 5 shows the time variation of the voltage, | 
| 


calculated from expression (2) for the cases o 
=const and o~ I/r. 


Ey 


7¢ psec 


FIG. 5. Dependence of the measuring-coil voltage on the 
time, for a spherical diverging detonation wave; 1—calcu- 
lated curve for o = const, 2—calculated curve for o = 1/r, 
3 — experimental curve for a charge made up of an alloy of 
TNT with ‘‘hexogen.’’ 


The figure shows that the experimental curve 3 
lies between the two calculated curves. This shows 
that the high-conductivity zone is located in a rela- 
tively narrow layer adjacent to the wave front, and 
corresponds to the high-pressure region. The value 
of o calculated from the curve of Fig. 5 amounted 
to 0.26 or 0.27 ohms and was in good agreement 
with the conductivity as measured by the contact 
method. 

The dependence of the conductivity of the explo- 
sion products on the pressure and density on the deto- 
nation wave front was investigated by the electric- 
contact method for an alloy of TNT and “hexogen.” 
The results of these measurements, in the pres- 
sure range 10°— 10°kg/em?, are shown in Figs. 6 
and 7. It is clearly seen that the conductivity of the 
explosion products increases rapidly with increas- 
ing pressure, reaching values y > 100 mho/em at 
p © 10°kg/em? and a relative density 6/6) * 2. 


EXPLOSION PRODUCTS OF ‘CONDENSED EXPLOSIVES 
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FIG. 6. Conductivity of explosion products (y) vs. the 
pressure (p) on the front of the detonation wave. 


V2 cm? 
100 
FIG. 7. Conductivity of explosion- 
products (y) vs. relative density 
50 (5/5,) on the front of the detona- 
tion wave. 
25 


1S 18 18 8/8, 


_ DISCUSSION OF THE RESULTS 


Two different causes are possible for the high 
conductivity on the front of the detonation wave: 
1) thermal ionization, 2) chemical reaction in the 
front of the wave, and 3) increase in density of the 


substance under the influence of the high pressures. 


The degree of thermal ionization can be calcu- 


lated from the known Saha formula 


x? = 1.3377” pexp {— ev /kT}. (3) 


Here x is the ratio of the number of ionized par- 
ticles to their initial total number, p is the pres- 
sure, and ev is the ionization energy. 

Equation (3) yields values of p which are four 
or five orders of magnitude greater than the experi- 
mentally observed specific resistivity .of the explo- 
sion products. In addition, the degree of ionization 
in the Saha formula is inversely proportional to the 
pressure p. Experiment shows, on the other hand, 
that an increase in the pressure leads not to an in- 
crease but to sharp decrease in the resistivity of 
the conducting layer (see Fig. 6). Thermal ioniza- 


tion therefore does not explain the phenomenon de- 


scribed in the preceding section. 

It has been suggested that the high conductivity 
in the chemical-reaction zone on the detonation 
wave front is due to the presence of certain im- 


purities. In our experiments TNT, the explosion 
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products of which contain a considerable amount 

of free carbon, has a conductivity one order of mag- 
nitude greater than other secondary explosive sub- 
stances. High conductivity was observed also in the 
case of lead azide, the detonation products of which 
contain free lead. On the other hand, in specially 
performed experiments with charges of hexogen 
and PETN with 5% carbon dust or aluminum added, 
no increase was observed in the conductivity over 
the data obtained for the initial substances without 
conducting additives. Thus, the available experi- 
mental data do not lead to unequivocal conclusions 
regarding the influence of the chemical reaction on 
the high conductivity of the explosion products. 

A careful examination of our experimental data 
makes it easy to disclose a common law — an in- 
crease of density and pressure within the wave 
front increases the conductivity of the explosion 
products. Thus, a change from a powdered TNT- 
hexogen charge to a molded charge of the same 
composition increases the conductivity five times. 
An increase in pressure on the wave front, to 
6.5 x 10°kg/cm? and more, causes a further in- 
crease in the electric conductivity. These data 
show that the increase in pressure and density are 
reflected most noticeably in the conductivity of the 
explosion products. One can therefore propose the 
following pattern to explain the high conductivity in 
explosion of condensed media. High pressures, by 
increasing the density of the matter in the wave 
front, increase the interaction between the atoms. 
The simultaneous presence of a high temperature 
facilitates the creation of free electrons and ions. 
The combination of these phenomena leads to the 
formation of a high-conductivity zone. 

The experimental data at our disposal do not 
allow us to separate the influence of high tempera- 
tures from that of the pressure. For charges of 
powder density, when the pressures in the wave 
front do not exceed 10°kg/cm?, the formation of 
the high conductivity zone is apparently greatly in- 
fluenced by the high temperature within the wave 
front. To the contrary, for dense gas charges at 
pressures above 6 x 10°kg/cm?, for which the 
highest values of conductivity were obtained, the 
observed phenomena could be attributed essentially 
to the high pressures. 

In conclusion, the authors express their deep 
gratitude to K. K. Krupnikov and G. M. Gandel’man 
for aid in the performance of the experiments and 
the reduction of the experimental data. 
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_ PARAMAGNETIC RESONANCE IN MAGNETICALLY DILUTE SYSTEMS 
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The dependence of the ratio b/c on the magnetic dipole-dipole interaction has been studied by 
the paramagnetic relaxation technique in parallel fields in the frequency range 1.6 —300 Mcs 
at T = 90°K. Samples containing Cr***, Fe***, Mn**, Cu** and VO** have been investigated. 


INTRODUCTION described approximately by the relation 


X/h, = (1 — F)%psy,- (4) 


where pg _ is the spin-spin relaxation time. This 
expression is obtained from the Shaposhnikov for- 
mula (3) when pz! > v. It is assumed that pg is 
independent of Hj. A relation has been obtained 
from Eq. (4) to find the quantity b/c experimentally: 


f ceric absorption y”(Hj) in parallel 
‘fields (oscillating magnetic field Hy parallel to 
the fixed magnetic field H) is due to spin-spin or 
spin-lattice relaxation, depending on the frequency 
_and the temperature of the sample. 

| It has been shown experimentally by Gorter! and 


b Kozyrev? that the absorption x7 (H |) in undilute (5) 


titrated salts of elements of the iron group in the 
frequency region near 10’ eps in the temperature 


range 77 — 295°K is due primarily to spin-lattice 


relaxation. The experimental curves are in agree- 
a 
ment with the thermodynamic theory of Casimir 


3 


and Du Pre.” The absorption formula given by 


Casimir and Du Pre is 


(1) 


Here x) is the specific susceptibility for normal 


Xi/X% = Foe/CU + pp). 


-paramagnets, v is the frequency of the oscillating 


field H,; pj is the spin-lattice relaxation time 


F = Hy /(b/e+ H4), (2) 


where b is the magnetic heat capacity and c is 
the Curie constant. 

Gorter has shown! that the Casimir-Du Pre the- 
ory is not satisfactory at frequencies v > 10’ eps 
because absorption due to spin-spin relaxation 
appears at these frequencies. Shaposhnikov‘ has 
formulated a thermodynamic theory which takes 


account of both lattice and spin-spin relaxation. 


The Shaposhnikov formula for spin-spin absorption 
in parallel fields is 


L[ho = (1 — FYpsv/(1 + (1 Fen}. (8) 


Experiments carried out by the author’’® indicate, 
however, that the absorption xg (Hj) at frequencies 


6x 10% cps at T= 295°K in certain Mn** and 
Gd*** salts depends only on spin-spin relaxation. 


The experimental curves which were obtained are 


bie=(1+V 2) AAy), 


where AH, is the half-width of the spin-spin ab- 
sorption curve. 

Good agreement between the Shaposhnikov 
theory and experiment has also been obtained by 
Sitnikov’ and Kurushin.® 

The present work was undertaken to investigate 
the dependence of the ratio b/c on dilution for 
certain magnetic ions of the iron group. 


EXPERIMENTAL METHOD AND SAMPLES 


These paramagnetic absorption measurements 
were carried out in the range 1.6 — 300 Mcs using 
a technique which has been described earlier by 
the author.?+!° 

In order to investigate the detailed features of 
the complicated absorption curves, instead of using 
a fixed magnetic field H we used a field which 
was varied at a frequency of 50 cps with amplitudes 
up to 2500 oe. Hence the derivative of the absorp- 
tion curve was obtained on the screen of the oscil- 
loscope. 

The magnetic field was calibrated by means of 
the resonance curve for y”(H,) in the free radi- 
cal aa -diphenyl fSpicril-hydrazine at frequencies 
of 560 and 280 Mcs. The salt CuCl,+2H,O was 
used to check that H, and H were parallel. Be- 
cause of the strong exchange interaction in this 
salt? the absorption in parallel fields is independ- 
ent of Hj. Hence, in parallel fields only the resi- 
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TABLE I 
2 SaaS eee 


Dilution Remarks 


4H | ’ 10°-b/c, 
oe oe? 


Bs 


10°-b/c, 
oe : 


oe 


Dilution Remarks 


CrK (SO4)2:12H2O (single crystal) 
400 |~0,4 


ess 70 0.04 
ee SK 80 — | resonance peak 
CrClg (Supercooled solution) 
2 Molar 160 | 0.064 
fi » 92 10.024 
Ono 65 | 0.01 
0.25%. Me] 2580 i resonance peak 


FeCl, (Supercooled solution) 


MnNH,SO,-6H,O (Polycrystalline powder) 


500 | 0. 
480 | 0 


PPP RE 
EPOoNnro 
jo) 


CuNH,SO,:6H2O (Polycrystalline powder) 


PRR E 
wero 
| 


1 Molar 85 |0.017 = 
0.5 » 65 | 0.04 
ce 4 — oe Pec onence peat CuCl, (Supercooled solution) 
2 Molar 440 | 0.05 | 
Aare) a _ h.f.s. 
* T=90° K, v=295 Mcs 
dues of absorption due to the perpendicular com- I. Cr***, Fe***. In Crk(SO,),°12H,05singie 


ponents of H, are observed. The intensity of this 
absorption was found to be approximately 0.5% of 
the intensity of y”(H,). 

The test samples were single crystals of 
CrK(SQ4),9°12H,O0 in AIK(SO,4),°12H,O in the 
ratios lis) 135, 1:10,.and. 1:70; polycrystal-— 
line powders of MnNH,SO,-6H,O and CuNH,SO,: 
6H,O in ZnNH,SO,-6H,O in the ratios 1:1, 1:2, 
1:5, 1:10 and 1:100; and boron and silicate 
glasses, containing Cr*** and Fe***. Most of 
the measurements were carried out in supercooled 
solutions!! with a wide range of concentration. The 
supercooled state was realized by fast cooling to 
90°K of glycerine solutions of the salts CrCl, 
Cr(NO3)3, FeCl3, CuCl,, Cu(NO3),, and VOCI). 
The samples were placed in polystyrene ampules, 
since the glass ampules exhibit paramagnetic ab- 
sorption lines due to the Fe*** in the glass itself. 

In the measurements with single crystals of 
CrK(SQ4).°12H,O the magnetic field H was 
directed along one of the diagonals of the elemen- 
tary cell. 


RESULTS OF THE MEASUREMENTS 
1. Spin-spin Relaxation at v = 300 Mcs. 


The results of our experimental investigations 
meer. +, Fé’ ">, Mn Cu>-and VO"? samples 
indicate that absorption in parallel fields at 300 
Mcs at T =90°K is due basically to spin-spin re- 
laxation; there is no spin-lattice absorption. In 
dilute samples, however, in addition to the spin- 
spin relaxation, there is a resonance absorption 
peak for Cr*** and Fe*** and hyperfine structure 
lines (hfs) for Mn**, Cu**, and VO**. Hence, 
in what follows our samples are divided into two 
groups. 


crystals diluted* in the ratio 1:5 and in super- 
cooled glycerine solutions of CrCl3;, Cr(NOs)3, 
and FeCl; in the concentration range between 0.5 
and 2 mole/l the x”(Hj;) curves are due only to 
the spin-spin relaxation (cf. Fig. 1, A, B, and C). 
In this case the half-width AH) of the xjj (Hj) 
curves is narrowed as the concentration of the 
magnetic ions Cr*** and Fe*** is reduced. The 
experimental xg (Hj) curves are described by 
Eq. (4). The numerical values of b/c computed 
from Eq. (5) are given in Table I. 
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FIG. 1. Paramagnetic absorption curves in perpendicular 
and parallel fields at a frequency v = 300 Mcs at T = 90°K. 
A) CrK(SO,),°12H,O, dilution: a) 1:5, a) 1:10. B) glycerine 
supercooled solution of CrCl,, dilution: b) 2, b) 0.5, and 
b’) 0.25 M, C) glycerine supercooled solution of FeCl,: c) 1, 
c’) 0.25, and c”) 0.06 M. D) glycerine supercooled solution of 
CuCL: d) 2, d) 0.5, and d%) 0.06 M. 


When the CrK(SO,).:12H,O single crystal is 
diluted further to the ratio 1:10 and in super- 
cooled solutions containing Cr*** and Fe*** 


*The spin-spin relaxation in undiluted CrK(SO,),-12H,O 
crystals has been investigated earlier by the author.?° 


- concentrated supercooled solutions of Mn* 
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TABLE II 
ee ee ee ee 
Dilution aa Be: Remarks | Dilution ce oe Remarks 
CrK (SOq)g:12H,O (Single crystal) 0.5 Molar 40 |0,004 | 
rage i Oe2 5am 20 |0.004 
: = = 1 (H )) 0.06 » 40 10.0002 
oe ee xy (Hy) FeCl (S 
{85 50 10.006 eCls (Supercooled solution) 
1:10 20 0.004 LeMolerr yt tp ee 1; ) 
CrCl (Supercooled solution) 0.5 » | a im 1 (H \ 
2 Molar = == “UB 0.25 » oe < 1 (H,) 
: X74) 0.125 » | 20 |0.004 
» == Ty x (0 I ) 


Poe== 005 Kenyir oe) Mics 


_ below 0.5M, the y% (Hj) curve exhibits a peak 


due to the resonance transition in the parallel 
fields; hence b/c cannot be found from Eq. (5). 
Furthermore, Eq. (4) no longer applies because 
~ v. In highly dilute Cr*** and Fe*** samples 
(1:70 at approximately 0.03M) only the absorp- 
tion resonance peak is observed; absorption due 
to spin-spin relaxation is not found because in 
this case the “zero” absorption y”(H=0) van- 
ishes. 

Thus, in highly dilute Cr*** and Fe*** samples 
it is impossible to determine b/c from the Xg (Hy) 
curves at v = 300 Mcs. For this reason the further 


measurements of b/c in these samples were car- 


ried out at lower frequencies. 

i Mn*,. Cu”, VO". In parallel fields ata 
frequency of 300 Mcs and T =90°K, the xg (H) 
curves fall off monotonically with increasing H) 
in undiluted Mn** and Cu** Tutton salts and in 
He Cues. 
and VO**. Even at very small dilutions, the xg( Hy ) 
curves exhibit hfs lines at intermediate fields. In 
this case the intensity of the hfs lines in parallel 
fields is comparable with the intensity of the hfs 
lines in perpendicular fields but the absorption 
and number of hfs lines differ (cf. Fig. 1D). Thus, 
in dilute Mn**, Cu**, and VO** solutions the pres- 
ence of a strong hfs makes it impossible to deter - 
mine b/c from Eq. (5). 


2. Spin-spin Relaxation at 8.2 Mcs. 


At frequencies of approximately 10’ eps and 
T =90°K, in Cr*** and Fe*** samples, depend- 
ing on the concentration of magnetic ions one ob- 


_ serves absorption due to spin-spin or spin-lattice 


relaxation or a combination of both (cf. Fig. 2A). 
Under these conditions, the lower the concentration 
of magnetic ions, the lower the frequencies of the 
oscillating field H, at which it is possible to ob- 
serve absorption due to spin-spin relaxation. Fur- 
thermore, in dilute Cr*** and Fe*** samples the 


half-width of the xX; (Hy) lines, due to the unre- 
solved resonance maximum and the spin-spin ab- 
sorption, is reduced when v is reduced from 300 

to 10 Mcs. The frequency dependence of the half- 
width of the  xjj(Hj) lines arises because the “frac- 
tional” resonance auc on is reduced, while the 
relative intensity of yg(Hj) increases [because 

of the zero absorption y”(H = 0)] as the frequency 
is reduced. 


” A Ae 


FIG. 2. Paramagnetic 
absorption curves y”(H,,) 


(T = 90°K). A) supercooled 7; ea Oe 
CrCl, solution, v = 8.2 Mcs, 

dilution: a) 1, a’) 0.5, pee cee? 
a”) 0.25, and a”) 0.06 M; 

B) the same solution, v=1.6 a B 


Mcs, dilution: b) 1, b’) 0.5, 
bi) O}25erand= be) Onl 25. 


l 
b” b” 
—\X 9 0000” 


The experimental xg(Hj)) curves obtained in 
dilute Cr*** and Fe*** samples at 8.2 Mcs and 
T =90°K are described by Eq. (4). Hence, at 
this frequency b/c can be determined even in 
highly dilute Cr*** and Fe*** samples. The nu- 
merical values of b/c are shown in Table II. It 
is apparent from the table that b/c falls off to 
very small values as the concentration of Cr*** 
and Fe*** ions is reduced. 

When the temperature of the sample is in- 
creased from 90 to 280°K the absorption due to 
spin-spin relaxation is replaced by absorption 
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due to the spin-lattice relaxation. By changing 
the temperature of the sample it is possible to 
“equalize” these two relaxation modes; in this 
case the total absorption becomes independent 
of H. 

In dilute Mn**, Cu** and VO** samples, hfs 
lines are observed at weak fields. 


3. Spin-Lattice Relaxation 


It has been found that in Cr*** and Fe*** 
samples the mode of relaxation absorption in 
parallel fields in the neighborhood of 10’ cps 
depends not only on the temperature of the sample, 
but also on the concentration of magnetic ions. The 
larger the concentration of magnetic ions, the higher 
the frequency of the oscillating magnetic field at 
which spin-lattice relaxation can be observed. The 
spin-lattice relaxation curves in the Fe*** samples 
are observed at higher frequencies than in samples 
which contain Cr*** at the same concentrations. 
The dependence of spin-spin relaxation on dilution 
has been discussed above. 

At frequencies of approximately 108 cps and 
T = 90°K, over a wide range of concentrations of 
Cr***, Fe*** and Mn** the absorption is due 
basically to spin-lattice relaxation. The shape of 
the absorption curves also depends on the concen- 
tration of magnetic ions: the lower the concentra- 
tion the smaller the values of H at which the de- 
pendence of xj on H disappears (cf. Fig. 2B). 
Since the dependence of xX] on H in Kq. © is 
determined basically by the function F = Hi, yi 
(b/c + Hi |), the lower the values of b/c, the 
lower eaiee of the field at which XT becomes 
field independent, i.e., x7 (Hy) = const. 

In dilute Cr***, Fe*** and Mn** samples, 
even if one assumes a strong dependence of pj 
on H, given by the Brons-Van Vleck formula, it 
is impossible to obtain this dependence of X7 on 
H if the value of b/c is not reduced. Thus, the 
investigation of spin-lattice relaxation curves in 
dilute Cr***, Fe***, and Mn** samples also in- 
dicates a strong dependence of b/c on dilution. 


4, Paramagnetic Resonance Absorption in 
Perpendicular Fields 


In addition to measuring absorption in parallel 
fields, we investigated the y”(H,) resonance 
curves in perpendicular fields in the frequency 
range 5 — 300 Mes in dilute solutions containing 
Gr. fe “Cu, Mn*"and VO" The re— 
sults of these measurements are given below for 
300 Mcs and T = 90°K. 
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I. Crtt+, Fet**. In dilute CrK(SO,),°12H,0 
single crystals we were able to observe a single ,| 
resonance absorption line due to the ¥,-'% tran- 
sition with an effective g value of 2.5 (the value 
of the g factor depends on the orientation of the 
single crystal). However, resonance absorption 
maxima before and after the intersection of the 
E_4/2, E_3/2 levels could not be found.* In this 
case, a fixed magnetic field with intensities up 
to 6000 oe was superimposed on the 50-cycle 
alternating magnetic field. In the supercooled 
solutions of CrCl3, Cr(NO3)3, and FeCl3, and in 
the boride and silicate glasses containing Cr*** 
and Fe***+ we were able to observe a single reso- 
nance absorption peak with g=2.5 for Cr*** | 
and “¢='4Stor"Pe= = | 

The half-width of the y”(H,) absorption | 
curves in Cr*** and Fe*t** samples is reduced 
with a reduction in the concentration of magnetic 
ions or in frequency. The magnitude of the zero 
absorption x” (H =0) is also reduced. 

The departure of the g value from 2 is ex- 
plained by the fact that the Ey/, and E_,f levels 
have a nonlinear dependence on H for arbitrary 
orientations in weak fields. 

Thus, paramagnetic resonance spectra in these. 
Cr*** and Fe*** samples can be described by a 
spin Hamiltonian with an effective spin S’ = 4 at 
low frequencies (hv <6). 

II. Mn**, Cu**, VO** hfs paramagnetic reso- 
nance lines have been observed at intermediate 
fields! in dilute samples containing these ions. 


DISCUSSION OF THE RESULTS AND CONCLU- 
SIONS 


1. In samples containing Cr***(S=%,), Fe** 
and Mn ~(S= vay the heat capacity of the spin 
system depends on the level splitting in the elec- 
tric field of the crystal and the dipole-dipole mag- 
netic interactions. Hence, in the first approxi- 
mation the total heat capacity can be given as a 
sum 


bia hyp ee 
However, in samples containing Cu** and VO*tt, 
in which case S='%, the heat capacity due to 
level splitting in the electric field vanishes: 
b = bmag, Dati => 0. 


It is assumed that in magnetic dilution the elec- 
tric field of the crystal lattice or the medium sur- 


*This absorption maximum has been observed in undilute 


chrome potassium alums at T = 300°K.?° 


| 
| 
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rounding the magnetic ion is not changed but that 6. It has been found that the Xg (Hy, ) and x7 (H i) 
| the magnetic interactions depend on the dilution. curves can compensate for each other, depending on 
| In the magnetically dilute systems containing the temperature of the sample, the frequency, and 
| Cr*** and Fe*** investigated by us there is a the concentration. In this case the total absorption 
| rather large initial splitting of the spin sub-levels curve is independent of Hy. 
| in the electric field of the crystal 6 ~ 0.2 cm™?!. 7. Fine-structure lines'* and hfs lines are ob- 
_ Hence the fraction of the heat capacity due to be] served at intermediate and weak fields in parallel 
_ should be much larger than that due to bmag: But, fields. In these cases the intensity of the fine- 
_ as has been shown above, b/c is reduced to very structure lines in perpendicular fields is compar- 
low values with a reduction in the magnetic inter- able to the intensity of the hfs lines in parallel 
_ actions; consequently the fraction of the heat ca- fields. At strong fields, however, the former are 
pacity due to the splitting of the levels in the elec- about 100 times weaker than the hfs lines in per- 
tric field vanishes, that is to say, in the Cr*** pendicular fields. 
and Fe*** samples which have been investigated In conclusion the author wishes to thank S. A. 
it is necessary to assume the effective spin value Al’tshuler and B. M. Kozyrev for discussion of 
Sy’ = Ve This same value S’ = i; was obtained the results. 


_ above in the interpretation of the resonance ab- 
sorption spectra in perpendicular fields. Thus, 


in dilute Cr*** and Fe*** samples, when hv ~ IC. 9. Gorter, Paramagnetic Relaxation, 
<« 6 we have Elsevier, New York, 1947, Russ. Transl. IIL, 
b=bmag, be =0. eed 
B. M. Kozyrev, Dissertation, Inst. Phys., 

2. The experimental curves for spin-spin ab- U.S.S.R. Acad. Sci., Moscow, 1957. 
sorption in dilute Cr*** and Fe*** samples are 3H. B. G. Casimir and F. K. Du Pre, Physica 
described by the Shaposhnikov theory. 5, 507 (1938). 

3. From these investigations of the curves due 41. G. Shaposhnikov, JETP 18, 533 (1948). 
to spin-spin or spin-lattice relaxation it may be °N. S. Garif’yanov, Dissertation, Kazan’ State 
concluded that in our highly dilute Cr*** and. University 1953. 
Fe*** samples (0.03M) pg remains smaller 6N. S. Garif’yanov, JETP 25, 359 (1953). 
than pj although the former increases directly 'K. P. Sitnikov, Dissertation, Kazan’ State Uni- 
with or as the square root of the concentration? versity, 1954. 
in dilution. The inequality pg< pj is confirmed 8A. I. Kurushin, Izv. Akad. Nauk SSSR, Ser. Fiz. 
»y two facts: first, the spin-spin absorption curves 20, 1232 (1956), Columbia Tech. Transl. p. 1122. 

_ are always observed at higher frequencies than the 9N. S. Garif’yanov and B. M. Kozyrev, JETP 30, 
spin-lattice relaxation curves; second, the x7 (A), ) 272 (1956), Soviet Phys. JETP 3, 255 (1956). 

curves are described by the Casimir-Du Pre for- 10N. S. Garif’yanov, JETP 35, 612 (1958), Soviet 
mula (1), which applies only when pg < pj. Phys. JETP 8, 426 (1959). 

4. At approximately 10! cps, in dilute Cr*** ‘tN. S. Garif’yanov, Dokl. Akad. Nauk SSSR, 108, 
and Fe*** samples xg(Hj,) curves can be ob- 41 (1955). 
tained T = 90°K whereas in the concentrated BENS. Garif’yanov, Izv. Akad. Nauk SSSR, Ser. 
Cr*** and Fe*** samples at these same frequen- Fiz. 21, 824 (1957), Columbia Tech. Transl. p. 824. 
cies the curves are observed only at T ~ 20°K.'8 13 Smits, Derksen, Verstelle, and Gorter, 
Thus, it may be concluded that the spin-lattice re- Physica 22, 773 (1956). 
laxation time is lengthened as the concentration of Mans, Garif’yanov, JETP 36, 1957 (1959), So- 
magnetic ions is reduced. viet Phys. JETP 9, 1393 (1959). 

5. In dilute Cr*** and Fe*** compounds the ‘5Ww.A. Anderson and L. H. Piette, J. Chem. 
relaxation time p; depends on 6 if hy «6. Phys. 30, 591 (1959). 


Under these conditions it is found that a higher 
value of 6 means a larger value of pj. A simi- 

lar result has been obtained earlier by the author Translated by H. Lashinsky 
in studies of phase transitions in alums.'? 314 
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A study has been made of the a -active products of the interaction between accelerated O18 | 
ions and U2"8 nuclei. Evidence has been obtained of the formation of a new fermium isotope 
Fm", which has a half-life of about 150 sec and an a-particle energy of 7.9 + 0.3 Mev. Ex- 
citation curves are presented for reactions involving the emission of four or five neutrons for 
oxygen ion energies between 84 and 98 Mev. A procedure is described for identifying trans- 

uranic elements by the registration of their successive a decays in nuclear photoemulsions. 


‘Tae hundredth element in the periodic table — 
fermium — was identified in 1952 by staff members 
of the University of California, Argonne National 
Laboratory, and Los Alamos Scientific Laboratory: 
upon radiochemical analysis of the products from 
the first thermonuclear explosion.! Subsequently, 
different isotopes of fermium were obtained both 
by intensive thermal neutron irradiation” ° and by 
charged-particle bombardment.®° The isotopes 
Fm?? to Fm? had been produced by 1958. The 
identity of all these isotopes was established by 
radiochemical separation of the hundredth element 
with the aid of ion-exchange columns. In accord- 
ance with the systematics of Glass et alee fermium 
isotopes lighter than Fm?*’ must have such short 
lifetimes that it is apparently difficult or impossible 
to separate them chemically by the methods previ- 
ously used. Such isotopes can only be obtained by 
charged-particle reactions, since the other produc- 
tion methods using successive neutron capture are 
excluded. 

In 1958 Ghiorso!® reported the formation of a 
new fermium isotope, the 36-second Fm?48, ob- 
tained by the reaction Pu24°(C!, 4n). The Fm?48 
was identified by an essentially new method, based 
on the physical effects of ejection of the compound 
nucleus from the target at the expense of the Cc” 
momentum and on the establishment of the genetic 
relationship between the daughter and parent nuclei 
by means of the a-decay momentum of the latter. 
A total of eight fermium isotopes had been identi- 
fied by 1959. 

In the present work we present experimental 
results on the formation of light fermium isotopes 
by the interaction of accelerated O' ions with U?*8 
nuclei. 

Oxygen ions with charge +5 were accelerated 
in the 1.5-meter cyclotron of the Atomic Energy 
Institute of the U.S.S.R. Academy of Sciences. The 
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| 
energy of the accelerated oxygen ions was found to | 
be within 84— 98 Mev. The beam was monochro- 
matic. 

The U?*® target was prepared by vacuum evapo- 
ration or by deposition with tetraethylene glycol oni 
a nickel substrate. The number of target nuclei pre 
ent was determined by their a activity. Targets of 
200 to 800 ug/cm? of uranium were used. 

We used a high-speed and highly sensitive methoe 
first employed by Flerov et al.,!! for counting the @ 
decay of the transuranic elements. The recoil nu- 
clei ejected from the target were stopped in an alu- 
minum foil, which was then quickly moved over to 
a photoplate which served as an a-decay detector. | 
This counting method permits one to obtain the a- 
particle spectrum directly from the decay of the 
initial transuranic-element isotope, its half-life, 
and its excitation function. 

Shortcomings of this method are the complexity 
and difficulty of systematic elimination of all prob- 
able sources of background. 

The time cycle generally used in our experiments 
was as follows: exposure of the collector to the bear 
~ 22 sec; movement of the collector a distance of 2 
meters to the photoplate ~3 sec; exposure at the 
photoplate ~ 22 sec; returning the collector to the 
target ~3 sec. This irradiation cycle was gener- 
ally carried on for 2 to 3 hours, using an ion cur- 
rent of 0.2—0.5 pa. 

NIKFI T-1 photoplates were used as a -decay 
detectors in our experiments. The irradiated photo- 
plates were developed in hydroquinone developer 
with NaOH. The developing process provided re- 
liable discrimination between a particles and 
protons. The photoplates were examined on Zeiss 
Lumipan microscopes which used 20 xX 1.5 x 15 
magnification and which were equipped with goni- 
ometers and supplementary dial adjustment knobs 
for more accurate establishment of the track pene- 
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tration depth. All tracks over 25 long were re- 
corded; this length corresponds to a 5.75-Mev 
@ particle. 

On bombarding uranium with oxygen ions having 
energies up to 100 Mev, one should expect the for- 
mation of fermium isotopes Fm?°?, Fm?24°, and 
Fm248 by emission of four, five, and six neutrons 
respectively from the compound nucleus. The iso- 
tope Fm?*? had been obtained earlier by the reac- 
tion U78(0'*, 4n).® Its half-life is 30 min, and its 
a -decay energy is 7.55 Mev.® 

The isotope Fm”** has not been identified up to 
the present time. The systematics suggest a half- 
life of ~ 300 sec and decay energy of 7.8 Mev for 
Fm249. 

According to Ghiorso’s data, Fm”48 has a 36 sec 
half-life and a 7.8 Mev a particle.' Assuming the 
given o's energies, it is predicted that no other 
transuranic nuclei of Z = 100 — products of the 
interaction — can have a -decay energies greater 
than 7.4 Mev. 

Thus, if Fm42 or Fm”? are produced in our ex- 
periments, the first evidence obtained by the pres- 
ent method should be the appearance in the spectra 
of groups of a particles with energies above 7.6 
Mev. 

The qa spectra we measured (Fig. 1) contained 
a line of about 7.4 Mev, which was definitely deter- 
mined to be due to the a decay of Fm?°?’. When 
the O'* ion energy was increased to 89 Mev, a 
group of a particles with 7.9 + 0.3 Mev energy 
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appeared in the spectrum. This activity evidenced 
itself most sharply at 98 Mev. 

Comparison of the measured spectra with those 
obtained by irradiating Pb, Bi, Hg, and Tl with 
oxygen ions showed that the 7.9 Mev activity can- 
not be ascribed to the presence of these impurities 
in the target. 

Figure 2 shows the measured excitation curves 
for the 7.4- and 7.9-Mev a activities. With in- 
creasing oxygen ion energy (Fig. 2), the yield of 
the 7.9-Mev a activity rises when the Fm?” pro- 
duction cross section passes its maximum, and then 
drops sharply. It should be noted that the depend- 
ence on the oO! energy, which we found for the 
ys (018, 4n) reaction cross section, agrees within 
the limits of error with the results of Tarantin et 


al.8 (for this reaction), obtained by a different 
method. 
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FIG. 2. Excitation curves; light and dark circles indicate 
excitation cross sections corresponding to 7.4 and 7.9 Mev 
a activities; the solid curves are the calculated excitation 
functions for reactions yielding 4n, 5n, and 6n; the upper 
curve is the U?** fission cross section. 


Figure 2 also shows excitation curves for reac- 
tions yielding 4, 5, and 6 neutrons, calculated by 
Jackson’s statistical model.'* For these calcula- 
tions, the temperature T was assumed to be equiv- 
alent to 1.60 Mev. For this temperature, the posi- 
tion of the maximum and the half-width value coin- 
cide in the experimental and calculated Fm? ex- 
citation curves. The excitation curve for the 7.9- 
Mev a activity agrees well with the calculated 
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curve for 5-neutron emission, and agrees poorly 
with the calculated curve for the 6-neutron reaction. 
The dependence of the u?"8 fission section of on 
the O'* ion energy was taken from reference 15. 

Experiments to determine the half-life of the 
7.9-Mev a emitter were carried out at 98 Mev 
o'* energy. The same procedure was used as in 
finding the excitation curves. However, after the 
collector was exposed to the target, it was moved 
over to the photoplate not immediately, but after a 
certain fixed time interval. The irradiation was 
carried out in the following cycles: 22 —3— 22 —3 
sec; 50 —50—50—3 sec; 100 —100 —100 —3 sec; 
and 250 — 250 —250—3 sec. From these experi- 
ments, the half-life of the 7.9 Mev a activity was 
found to be about 150 sec, accurate to about 40%. 
Therefore the 7.9-Mev a activity cannot be as- 
cribed to the 36-sec decay of Em?’ 

In addition, the half-life of the 7.9-Mev activity 
was determined by the contact method, in which the 
stationary collector was irradiated at the target, 
removed from the vacuum system, and then moved 
into contact with the photoplate after 180, 300, 500, 
and 1000 sec. The 150 sec half-life thus obtained 
(Fig. 3) was in good agreement with the value ob- 
tained in the previous experiment. This experiment 
proves the absence of any significant contribution 
by long-lived a@ activities with ~ 7.9 Mev energy. 
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FIG. 3. Decay of the 
7.9 Mev & emitter. 
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All of the above data indicate the formation of 
the isotope Fm**?, However, since no chemical 
identification was made of the 7.9-Mev 150-sec 
@ activity, this set of experiments cannot be con- 
sidered conclusive. In fact, the interaction of 0'* 
nuclei with U?*8 may, for example, cause reactions 
involving major spallation and thus leading to the 
formation of neutron-deficient isotopes of Th and 
Ac having half-lives of the order of minutes. 
Ghiorso observed such reactions in the interac- 
tion of C* and N™ with u238,10 

The decay products of the Th and Ac isotopes 
have energies of the order of 8 Mev; the presence 
of isomers possessing half-lives and energies close 
to those we have measured is not excluded. Experi- 
ments were therefore undertaken to detect a- 
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particle pairs in photoemulsions from the succes- 
sive decay series i] 


Fm24? % Cf%45 *% Cm4t, 


The recording of such associated successive 
a -decay events, together with the determination 
of the half-lives of parent and daughter nuclei, 
obviously permits the determination of the Z and 
A of the original nucleus, provided that the prop- 
erties of the daughter nucleus are well known. 
Using our technique, it is possible to record a- 
particle pairs if the half-lives of both nuclei lie 
within the limits of several days to one or two 
seconds. If the 7.9 Mev a@ activity is explained 
by Fm2*? decay, then, since the daughter nucleus 
cf? emits an a particle in 34% of decays, the 
number of a-particle pairs under these conditions 
is three-fold less than for the decay series 


249 % (68 a 240 
ehage ee ees Crane 


where the daughter nucleus cf24* ig B-stable. 

In order to observe such a@-particle pairs, 
special measures were adopted regarding the 
positioning of the collector and photoplate, insur- 
ing reproducibility of the collector position to 
within 10y. The accuracy of collector positioning 
was verified optically before and after irradiation. 
No deviation exceeding 10 uw was detected during 
the entire course of the work involving such posi- 
tioning of the collector. 

Since the probability of accidental coincidences, 
which could give a false reading, is directly propor- 
tional to the square of the distance from the photo- 
plate to the collector, this distance was decreased 
to 100—150y. This distance was established within 
an accuracy of 30u. The irradiation was performed 
on a regular cycle of 22 —3—22—3 sec. At the end 
of the irradiation, the collector was left next to the 
photoplate for another 60 to 90 min, in order to per- 
mit decay of the 45 min cf?” daughter nuclei. Pho- 
toplate tracks with energies 7.9 + 0.3 Mev and 7.1 
+ 0.3 Mev were recorded, and then the dip angles 
8q and azimuth angles gq were determined for 
these tracks. In all, 95 qa particles with energies 
of the order of 7.9 Mev were found in four photo- 
plates. Four a-particle pairs were found. 

The number of accidental coincidences was cal- 
culated with the aid of Poisson’s distribution. This 
number was found to be equal to one for all four 
experiments. The probability of all four a -par- 
ticle pairs having occurred by accidental coinci- 
dence is less than 2%. 

Thus, after subtracting the background, we have 
three a pairs. For Fm, we would expect to 
find four occurrences of successive a decay 
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among 95 a particles of 7.9 Mev. Therefore the 
observed a-particles pairs support our hypothe- 
sis concerning the formation of Fm”!?, 

The fortunate circumstance that the half-life of 
Fm4° is 150 sec, while the cross section can be 
as high as 4 x 107°! em?, permitted us to perform 
the following experiment. The target and adjacent 
collector were irradiated for 10 min with a 0.5 — 
0.7 wa beam of O' ions of maximum energy. Then 
the collector was quickly removed from the vacuum 
chamber and quickly pressed between two layers of 
photoemulsion. The photoplates were exposed for 
three hours. A total of 17 a-particle tracks with 
about 7.9 Mev energy were found; in two of these 
cases, @ particles of about 7.1 Mev energy were 
observed to start from the same point of the foil. 

Here the probability of accidental coincidence 


_ is very small, since the distance between the layers 


did not exceed 15 yu. The number of a-particle 
pairs found in the close-contact experiment coin- 
cides with that expected for Fm”*® decay. 

Specific determination of the half-life of the 
7.1 Mev a activity was not possible, but evalua- 
tion of the results of the previous experiments, in 
which the short-lived 7.9 Mev .@ activity was de- 
tected, places the 7.1 Mev a activity half-life 
within 20 — 60 min. 

Thus, experiments on the detection of associ- 
ated successive a@-decay events have shown that 
the decay of Fm’ apparently does occur. 

Other evidence for the occurrence of Fm 
decay is the a-particle spectrum found when using 
the cycle 22 — 3 — 22 —3 sec for O'* of 98 Mev en- 
ergy (Fig. 1, curve a), which shows that the 7.9- 
Mev line has 2—3 times more tracks than are 
found for the energy interval 7.1 + 0.3 Mev. 

The results of all the above experiments indi- 
cate the formation of the new fermium isotope 
Fm, having a 150 sec half-life and an a -particle 
energy of 7.9 + 0.3 Mev. 

In conclusion, the authors wish to express their 
deep thanks to V. V. Volkov, D. M. Parfanovich, 

S. M. Polikanov, A. M. Semchinova, and N. I. Ta- 
rantin for their help in the work and for profitable 
discussions. 
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Results of experiments on paramagnetic resonance and paramagnetic relaxation in liquid solu- 
tions of salts of the iron group are compared with the existing theories. 


‘Tie paramagnetic resonant absorption in solu- 
tions of salts of the iron group has been under in- 
vestigation in our laboratory for several years. 

In the solutions investigated one can observe either 
a discrete line or a spectrum due to the hyperfine 
structure. No resolution of the fine structure of 
the lines is observed, but the fine structure may 
influence the line widths. The following quantities 
were measured: the position of the line (the ef- 
fective g-factor), the line width or the width of 
the discrete components of the hyperfine structure, 
and the distance between the peaks of the hyperfine 
structure. 

Measurements have also been carried out re- 
cently on the nonresonant paramagnetic absorption 
in solutions. This absorption is observed when the 
static magnetic field Hp) is parallel to the high- 
frequency field H;. From these experiments we 
determined the spin-lattice relaxation time and 
the constant of magnetic specific heat b. 

The main purpose of the present work was the 
verification of the theories of paramagnetic reso- 
nance and paramagnetic relaxation in solutions. 
Furthermore, some information was obtained on 
the structure of the solutions. 

We assume that the lifetime of solvate com- 
plexes of paramagnetic ions is sufficient for them 
to be considered as solid formations in experiments 
on paramagnetic relaxation and paramagnetic reso- 
nance. The structure of the magnetic complex is 
connected with the spectrum of paramagnetic reso- 
nance and with the relaxation through the electric 
field created by the ligands on the magnetic ion. 
The spectral and relaxational characteristics are 
sensitive to the symmetry and strength of this field; 
these depend on the geometry and composition of 
the magnetic complex. Thus, from the spectrum 
of the paramagnetic resonance and from the data 
on relaxation measurements, several conclusions 
can be drawn regarding the structure of electro- 
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lytic solutions. In particular, the absence of a 
measurable resonance absorption in aqueous solu- 
tions of simple salts of Ti?* and Co2*, and the 
presence of this effect in aqueous solutions of 
Cr** and Cu2*, show unequivocably that complexes 
of these four ions cannot have a tetrahedral struc- 
ture — a conclusion which agrees with the results 
obtained by other methods of investigation (cf., e.g., | 
reference 1). 

Let us consider the structure of some hydrated 
ions in greater detail. 

Cu2*. Calculations in agreement with experi- 
ment enable us to assume that the complex Cu?*Y, 
has the structure of a bipyramid, stretched as a 
result of the Jahn-Teller effect? along one of the 
fourfold symmetry axes. Kozyrev® has shown that 
in the case of six water complexes of copper in 
liquid solutions this effect has a dynamic character 
(as in the case of solid hydrated copper salts with 
trigonal symmetry). The essence of the dynamic 
effect is as follows. At a given orientation of 
ligands on the axes of a rectangular coordinate 
system, the bipyramidal complex may be stretched 
along any of the three coordinate axes, and all 
states of the complex will be energetically iden- 
tical. For a transition from one state into another 
the system has to overcome a potential barrier 
which for the hydrated complex equals approxi- 
mately 1000 cm™. It was calculated that this 
transition takes place with a frequency of ~ 10!! 
sec"!, The rebuilding of the electron density of 
the magnetic ion has the same frequency. The 
latter causes averaging of the g -factor, isotropy 
of the hyperfine structure constant, and a decrease 
in its value, which agrees with our experiments on 
the aqueous solutions of Cu’* nitrate.4 The stronger 
the complex, the greater its mass, and the lower its 
symmetry, the smaller is the transition frequency 
and, consequently, the lesser the extent to which the 
hyperfine structure should be averaged.’ This ex- 
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_ plains the possibility of observing the hyperfine 


structure in the solutions of complex salts of cop- 


_ per, revealed for the first time by McGarvey.® The 
_ Same is confirmed by the experiments of Rivkind 
_ and one of the authors® on paramagnetic resonance 


in solutions containing ethanolamine and diethanola- 


mine complexes of Cu?* in water and acetylacetonate 


and nitrate Cu?+ complexes in dioxane. The nitrate 
complex — as far as we know — was discovered by 
us for the first time. It is unstable because the hy- 
perfine structure constant in it is very small. 

Cr**. In the violet modification of Cr** salts, 
the octahedral complexes [Cr(H,O),]** are some- 
what distorted. The electrical field on the ion has 
mainly a cubic symmetry with minor additions of 
fields of lower symmetry due to the action of par- 
ticles of the second coordination sphere. The 
fields created by those particles, apparently, fluc- 
tuate rather slowly.* The presence of such fields 
is confirmed by comparison of the observed line 
width in solutions of chromium salts with data on 
spin-lattice relaxation time for the 0.1M solution 
(AH = 200 gauss, pj ~ 107® sec). These fields 
are weaker than the axial field in solid chrome 
alums because the full spectrum width in powder 
alums is much greater than the width of a discrete 
line observed in a solution. In the green modifica- 
tion of the Cr** salts the lines of paramagnetic 
resonance are much broader; this means that in 
this case the distortion of the octahedron is con- 
siderably greater; this is natural because the 
complex [Cr(H,0)4X,]* as such is less symmetric. 

Mn?*, Magnetic complexes of manganese in di- 
lute aqueous solutions have almost pure cubic sym- 
metry. On the other hand, in nonaqueous solutions 
of manganese chloride, at a given relaxation time, 
very broad resonance lines are observed. This is 
explained by the presence of a strong axial compo- 
nent of the crystal field, caused apparently by the 
presence of ionic molecules, for example of the 
type X°—Mn—-X'. 

The measurements of paramagnetic relaxation 
in parallel fields Hy ||H, at frequencies near 10! 
cps were conducted in solutions of Mn?* salts at 
concentrations ranging from several moles per 
liter up to 0.25 mole/liter.2 These experiments 
have shown that the effect of spin-lattice relaxa- 
tion is well described by the phenomenological 
theory of Casimir and DuPre? with Shaposhnikov 
correction for the spin-spin absorption. The de- 
pendence of pj on the field intensity Hj) agrees 
with the formula of Brons-Van Vleck." 
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*The presence of a rather stable second coordination 
sphere was recently proved by experiments on electron para- 
magnetic resonance in nonaqueous solutions of complex ions 
of divalent copper.’ 


ee! 


To explain the mechanism of spin-lattice re- 
laxation, i.e., the nature of interactions between 
the magnetic complex and the surrounding liquid, 
two theories were put forward. Both are based 
on an assumed existence of stable solvate com- 
plexes. According to Al’tshuler and Valiev” the 
conversion of the energy of the magnetically ex- 
cited particles into energy of thermal motion is 
due to the normal vibrations of the complex, which 
modulate the electric field that acts on the elec- 
tron cloud of the paramagnetic ion. According to 
a second theory proposed by McConnell,! this en- 
ergy conversion is due to the magnetic anisotropy 
of the complex, which rotates in the liquid relative 
to the field Hp. 

The experimental values of p7, for a given 
value of Hy, increase slowly with dilution: by 
approximately 50 —60% as the concentration N 
is varied from several moles/liter to 0.25 M in 
the case of aqueous solutions of manganese chlor- 
ide, manganese sulfate, and manganese nitrate. 
Neither does the anion have a substantial effect 
on the value of p ie This is not in contradiction 
with the theory of Al’tshuler and Valiev, although 
the dependence of pj on concentration and on the 
nature of the anion is not explicitly accounted for 
in this theory. The same is true of McConnell’s 
theory. The most important factor when deciding 
upon the choice of theory is the clarification of 
the dependence of pj; on the temperature. In Mn?+* 
salt solutions this dependence is in full agreement 
with the theory of Al’tshuler and Valiev, which 
predicts a maximum on the pj;(T) curve. Meas- 
urements of pz(T) were carried out ina 2M 
solution of Mn(NO3),. In this case pj has prac- 
tically no dependence on the concentration of Mn?*, 
thus creating most favorable conditions for check- 
ing the theory. It appears that pjz(T) actually 
passes through a maximum at 290 —300°K (cf. 
Fig. 1). The position of the maximum corresponds 


to a natural frequency Hwy ~ 200 cm“. 
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FIG. 1. Tempera- 
ture dependence of the 


spin-lattice relaxation 
time p; in a 2M aqueous 
solution of Mn(NO,),. 
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In addition to relaxation times, the experiments 
in parallel fields yielded the values of magnetic 
specific heat constant b, or more accurately of 
their ratio to the Curie constant c. As shown by 
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Tishkov and Vishnevskaya® the magnetic specific 
heat constant depends substantially on the anion 
and greatly decreases with the dilution of the so- 
lution. The greater the dilution the closer are the 
values of b/c in different salts. The decrease of 
b/c with dilution depends on weakening of local 
magnetic fields, and also, apparently, on the grad- 
ual transition of the Mn(H,0),X, type complexes 
into more symmetrical Mn(H,0)?* complexes. To 
the latter complexes should correspond lower val- 
ues of axial field constant D and consequently a 
smaller b/c. In our opinion, the presence of 
mixed complexes [e.g., of the Mn(H,O),Cl, type | 
in concentrated solutions is also confirmed by the 
fact that the value of b/c for the solid salts 
MnCl, °4H,O and MnSO,°4H,O fits quite well on 
the curves of the corresponding solutions. 

Solid manganese nitrate is surrounded by six 
molecules of water and for this reason the depend- 
ence of its b/c on the dilution is weakest and, ap- 
parently, determined mainly by the decrease in the 
magnetic dipole interactions. 

Let us indicate the results of measurements of 
py in water-glycerine solutions of manganese 
chloride.'* It is shown in reference 14 that p7(N) 
has a pronounced maximum, corresponding approx- 
imately to a content of 1 mole of glycerine per mole 
of manganese chloride in the solution. Such a de- 
pendence of b/c on concentration can be explained 
by the presence of mixed water-glycerine solvate 
shells in the ions of Mn?*. These shells should 
decrease the symmetry of the electric field acting 
on Mn?* and thus increase the value of b/c. 

Besides the values of pj, the experiments in 
parallel fields also yielded the values of pg for 
different concentrations of Mn?* salts in aqueous 
solutions. This enabled us to establish that the 
width of paramagnetic absorption curves in per- 
pendicular fields at low frequencies (~10' eps), 
within the errors of measurement, is equal to the 
sum of reciprocal values of p; and pg. 

Measurements of the widths of the resonance 
lines in solutions of Mn?*, Cr®+, Cu2* salts were 
carried out by Garif’yanov and Kozyrev at A = 3.2 


cm and temperatures from ~ 20°C to ~ 200°C, em- 


ploying a specially developed method. The inves- 
tigated solution of the paramagnet (cf. Fig. 2) was 
sealed in a barometric tube which was then in- 
serted in the antinode of magnetic lines of a rectan- 
gular Hi 3 cavity. The solution was heated by di- 
rect current flowing through platinum wire. The 
temperature was measured with a thermocouple 

in contact with the solution but not with the heater. 
As pointed out above, the widths of resonance lines 
are determined by the sum of reciprocal values of 
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FIG. 2. Sketch of a 
device for the measure- 
ment of paramagnetic 
resonance in solutions at 
elevated temperatures: 
1— barometric tube, 
2—thermocouple, 3 —rec- 
tangular cavity resonator, 
4—platinum wire. 


the spin-lattice and spin-spin relaxation times. 
The spin-spin relaxation due to the interactions 
between the magnetic ions should become longer 
with increasing solution temperature, owing to 

the averaging action of the Brownian motion in the 
liquid. The dependence of spin-lattice relaxation 
on T, on the other hand, may, according to the 
theory, vary for different ions. 

Experimental AH(T) curves for Mn?* (where 
AH is the width of a discrete hyperfine component) 
show the presence of a minimum at T * 340 — 
350°K (cf. Fig. 3). The difference between this 
temperature and that of the maximum pz (T © 
290 —300°K) corresponds to the expected value 
and can be attributed to the contribution of the 
spin-spin relaxation time to the line width. Thus, 
the resonance experiments on the Mn?* solutions 
agree also qualitatively with the theory of Al’- 
tshuler and Valiev. 

The width of discrete hyperfine components in 
solutions of Mn?* salts, as can be seen from Figsod 
depends on the nuclear magnetic quantum number 


BH,6 
100 


75 


25 


FIG. 3. Temperature dependence of the width AH of com- 
ponents of hyperfine structure absorption lines in 0.05M 
aqueous solution of MnCl, at 9400 Mcs: 1) m = +5/2, 2) m = 
+3/2, 3) m = 41/2. 


PARAMAGNETIC RESONANCE AND PARAMAGNETIC RELAXATION 


-m: AH diminishes between the extreme peaks 


towards the center. This may easily be explained 
by taking into account the second-order terms in 
the Hamiltonian 
H = gH, S + AIS. 
In the violet aqueous salt solutions of Cr?* 
[ Cr(NO3)3*6H,O] a narrowing of the line is ob- 
served up to approximately t ~ 150 —180°C; 


_ with further increase in temperature the width 


becomes constant and, at not too high concentra- 
tions (0.5 mole/liter), near 200°C, it starts to 
rise (Fig. 4). This also agrees qualitatively with 
the theory of Al’tshuler and Valiev. According 

to this theory the probability of relaxation transi- 
tions for Cr** is given by 


Am ~ T~“coth (ho /2kT) (<0 <1), 


where w, is the natural frequency of the complex 
vibrations. With increasing temperature, this for- 
mula gives shortening of pz for values of hw) /2kT 
sufficiently small compared with unity. Finally, the 
monotonic increase of AH with temperature for 
aqueous solutions of noncomplex salts Cu?* (cf. 


FIG. 4. Temperature 
dependence of absorp- 
tion line width AH in 
aqueous chromium ni- 
trate solutions at 9400 
Mcs. 1) 2M Cr(NO,),, 

2) 1M Cr(NO,),, 3) 0.5M 
Cr(NO,),. 


200 7°C 
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Fig. 5) also agrees with the predictions of the 
above mentioned theory. 

This is not the case for the above mentioned 
solutions of complex copper salts.6 At v ~ 10!° 
cps the width of a discrete component of hyperfine 
structure increases with increasing Iz. As the 
frequency is reduced to 10° cps the spectrum be- 
comes more symmetrical and the line resolution 
improves. Both these facts agree qualitatively 
with the McConnell theory and are not explained 
by the other theory. The same apparently holds 
true for the solutions of vanadium salts. 

Thus, the theory of Al’tshuler and Valiev de- 
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FIG. 5. Temperature dependence of absorption line width 
AH in 1M aqueous solution of Cu(NO,), at 9400 Mcs. 


scribes the spin-lattice relaxation in those cases 
when we deal with magnetically isotropic ions 
(Mn?*, Cr°*, hydrated Cu** ion). For ions with 
strong magnetic anisotropy, however, the Mc- 
Connell theory is more effective. 
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The Raman spectrum of oxygen has been studied at pressures between 7 and 125 atmos. Broad- 
ening of lines in the rotational band of O, is of collision nature at these pressures, the effective 
collision broadening parameter being py = 4.43A. The parameters that characterize the width 
of the Raman rotational lines are identical with those for O, measured on the basis of absorp- 
tion in the microwave region. Unlike the lines of the rotational band, the Q branch of the vi- 
brational transition of O, does not broaden with varying pressure. The observed width of the 

Q branch is explained by splitting of the Q branch with respect to J, owing to the interaction 


between vibrations and rotations. 


Tae pressure variation of the Raman scattering 
of a gas is directly connected with processes that 
occur during the molecule collisions. Specifically, 
the most important result of such an investigation 
is information on collision itself, gained by deter- 
mining the connection between the spectrum and 
the phenomena that occur during impact. 

Initially the investigation of Raman spectra of 
gases at various pressures was performed by the 
author on Np;! the present work is a continuation 
of this study. . 

The Raman spectrum of oxygen was investigated 
in the pressure range from 7 to 125 atmos at 
+27°C. At each point of the investigated pressure, 
3 to 4 photographs were taken for the spectrum. 
The mean error is approximately 15% in the 
measurements of line width and 3 —5% in the 
measurement of intensity. The apparatus and 
the experimental conditions were described in 
detail elsewhere.! 

The Raman spectrum of oxygen consists of O 
and S branches of the rotational band, located on 
both sides of the excitation line, and of a vibra- 
tional band (O, Q, and S branches). 


ROTATIONAL BAND OF THE OXYGEN RAMAN 
SPECTRUM 


The rotational band, corresponding to the transi- 
tions Av=0, AJ =+2, consists of individual equi- 
distant lines spaced Aw © 11.5 cm7! apart, with 
typical thermal distribution of intensity in the band. 
The rotation band lines were observed up to com- 
ponents corresponding to transitions with J = 25 
in the O branch and J=35 inthe S branch. 

At low pressures, the rotational band lines are 
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sharp. As the pressure is increased, at 25 atmos, 
these lines broaden and start overlapping, and at 
higher pressures they merge into a continuous ban¢é 
with weak maxima (Fig. 1). The considerable sepa- 
ration of the oxygen rotational lines permitted a sut- 
ficiently detailed study of its variations. Quantita- 
tive measurements yielded the following results. 

1. The frequencies of the rotational lines do not 
change over the entire pressure range investigated 
and coincide, within the measurement errors 
(40.2 em), with the values calculated for O, 
with the nonrigid-rotator model.” 

2. The rotational lines have a disperse form, and. 
their width 2y,,) depends linearly on the pressure 
over the entire range from 7 to 125 atmos, while the: 
relative broadening is y,) /p = 0.0555 cm! atmos™! 
(see table and Fig. 2). At all the investigated pres-. 
sures, Yy is independent of J within the limits of 
experimental error (15—20%) (3<J< 15). 

The dispersed form of the lines, the linear varia- 
tion of y,)(p), and the fact that the distance be- 
tween the rotational levels is greater than the maxi- 
mum observed line width indicate that the theory of 
impact broadening of spectral lines® can be applied 
to the rotational band. According to the impact 
theory, the line width 2y is determined by the 
relation. 

ax = Noye1p"/C, 
where N is the number of molecules per unit vol- 
ume, Vye] is the relative velocity of the colliding 
molecules, p is the effective collision radius, and 
c is the velocity of light. For oxygen at 300°K this 
relation leads to the following formula for the rela- 
tive broadening: 


21 / P= (Lose) p° = 5.64, 
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FIG. 1. Rotational band of the Raman spectrum 
of oxygen at pressures 7, 25, 75, and 125 atmos, 
temperature 27°C. 
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Width of the lines of the rota- 

tional band (2y,)) and of the G 
Q branch of the vibrational band 

(2yQ) of the Raman spectrum 


of oxygen at various pressures 
10 
P, atmos 2ye cma 276. cm 
7 0.75-40.4 — 
13) 1.3 +0.5 3.2 
25 2,4 +0.8 2.9 5 
50 6.6 +1.2 Dil 
75 8.6 +0.7 Deals 
100 10.8 +0.9 Dea) Hiky 
125 14.0 +1.2 es : 
Average — 2.65 


* Average for all J. 
**Observed width of the Q branch 


25 50 75 100 


125 p, atmos 


of Hg 4047 A, including the apparatus 
function. 


FIG. 2. Dependence of the line widths of the rotational band (2y ) and of 
the Q branch of the vibrational bands (2yg) of Raman scattering of oxy gen on 
the pressure. The two series of points for the widths of the rotational lines 
correspond to different data-reduction methods. 


where 2y is the total width of the line in cm“, p 
the pressure in atmospheres and p the effective 
radius of collision in Angstroms. Using the ex- 
perimental value y, /p = 0.0555 cm! atmos”!, we 
obtain for the effective collision radius, which de- 
termines the broadening of the O, rotational lines, 
avalue py =4.43A. The measured value of py 
is somewhat greater than the gas-kinetic diameter 
of O, (dy = 3.61A), similar to what was found ear- 
lier for No: pw ¥5.15—3.95A and dy =3.68A.'* 
From py we can determine the upper limit of the 
range of action of the impact broadening, deter- 
mined by the condition 27p’N « 1. It follows hence 
that the impact theory is correct in the region 
p < 70 atmos, i.e., the investigated region is at the 
limit of applicability of the impact theory. 

The results of this investigation of the broaden- 
ing of rotational Raman lines of O, in the range 
from 7 to 125 atmos are in good agreement with 


analogous measurements in the range 3 — 10 atmos:* 


Yw/p = 0.0504 (cm-atmos)™!, p, =4.35A, and 
Yw(J) remains constant within the limits of errors 
(~ 15%). 

The results of the investigations of Raman scat- 
tering are in excellent agreement with the results 
of measurements of the width of rotational lines of 
O, based on absorption in the microwave band at 
pressures 1—8 mm Hg: y,/p = 0.0505 (cm- 
atmos)~!, p,, =4.35A, and the variation of yy (J) 
does not exceed 15% of the total width. 

The full agreement of the experimental data on 
the broadening of the rotational lines of O, in 
Raman scattering and in the microwave band allow 
us to assume that the nature of broadening is the 
same in both cases, and to apply to Raman scatter- 
ing the same impact-broadening treatment of rota- 
tional lines as used for absorption in the micro- 
wave band. The quantum-mechanical theory of im- 
pact broadening in the microwave band was devel- 
oped by Anderson® and was applied to microwave 
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absorption of O, in reference 6, where the corre- 
sponding semi-empirical formula is given for the 
relative broadening of the rotational lines of Oy: 


yf p=Cy+C,J~*4+ Celi J +2) +f UV —2)I. 


Here the term C, = 0.033 (cm-atmos )~! is due to 
inelastic impacts that lead to quenching of the rota- 
tion. The second term is connected with the quad- 
rupole and induced-polarization interaction of the 
colliding molecules, C, = 0.011 (cm-atmos )7!. The 
last term is due to induced rotational transitions 
with AJ =+2, C3 =0.050 (cm-atmos)~!, and f(J) 


is the number of molecules in the state J. This for- 


mula gives the correct value of y/p, coinciding 
with experiment both for microwave absorption and 
for Raman scattering. 

3. The distribution of the integrated intensity 
over individual lines in the rotational band obeys the 
thermal law and does not change over the entire in- 
vestigated pressure range. The redistribution of 
the intensities in the band due to transfer to the 
central line can occur only once the levels overlap.’ 
For the investigated region of pressures, the maxi- 
mum observed broadening still does not lead to an 
overlap of levels, and this explains why the distri- 
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FIG. 3. Q branch of the vibrational band of Raman | 


scattering of O,(Av = 4358 A) at pressures from 15 to 1 
125 atmos. i 
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bution of intensity in the band is retained. | 


VIBRATIONAL BAND OF THE RAMAN SPECTRUM | 
OF OXYGEN 


In the vibrational band of oxygen (Av =1) one 
observes one sharp line with frequency Av = 1555 
em7!, corresponding to the Q branch (AJ =0); 
usually no O or S branches are observed, and 
only at considerable exposures and pressures does ~ 
a weak and highly blurred skirt appear at the loca- 
tion of the S mode. 

The @ branch of O, (Fig. 3) has an asymmetri- 
cal shape with a skirt in the violet side, and its true 
width remains constant at 1.8 cm7! in the investi- 
gated pressure range (see table and Fig.2). No fre- 
quency shift was observed for the Q branch. 

The fact that the Q branch of O, is independent 
of pressure, as was also observed earlier for No, in- 
dicates that its impact broadening is small. Unlike 
the O and S branches of the rotational band (tran- 
sitions Av = 0, AJ =+2), the Q branch consists 
of transitions without: change in the state of rotation 
(AJ =0). It is therefore very probable that the 
width of the Q branch is influenced only by disturb- 


FIG. 4. Rotational structure and calculated form 
of the Q-branch contour for O,. 
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ances in the oscillations upon impact and the rota- 
tion perturbation has no effect. 

The observed width and shape of the contour of 
the Q branch for O,, like that for Nj, is well ex- 
plained by its rotational structure. The change in 
the moment of inertia of the molecule during vibra- 
tion changes the distance between the rotational 
levels, and therefore the rotational components of 
the Q branch do not overlap exactly, but are split 
somewhat.’ The resultant rotational structure of 
the Q branch is shown in Fig. 4 (individual lines). 
Starting from this structure, we have calculated the 
observed contour of the Q branch for which each 
component is broadened by a Gaussian apparatus 
function of width 1.6 em~! (shaded contour in Fig. 4). 
Comparison of the computed contour with the ob- 
served one (Fig. 3 solid curve — calculated, dots 
— experiment) shows that the width and shape of 
the Q branch are fully explained by its rotational 
structure. 

The author expresses his gratitude to Prof. P. A. 
Bazhulin for attention and guidance of this investiga- 


LLL. 


tion, to I. I. Sobel’man, whose valuable advice he 
used numerous times, to V. I. Malyshev and S. G. 
Rautian for discussions in the evaluation of the 
work. 
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Elastic scattering of 8.7-Bev protons by photoemulsion nuclei was studied with a special 
method. The measured angular distribution of the scattering is in good agreement with that 
calculated from the optical model if the refraction in the nucleus is taken into account. 


Syaag of the elastic scattering of high-energy 
particles is a convenient way of studying nuclear 
structure. Unfortunately, the relevant experiments 
require measurement of very small scattering 
angles. Thus, for example, in scattering of 9-Bev 
protons by photoemulsion nuclei, the range 0 — 1° 
includes a large part of the angular interval to be 
studied. In the present work a method was em- 
ployed which made it possible to investigate the 
angular distribution right down to angles ~ 0.2°, 
in a way analogous to that employed in measuring 
multiple scattering. 

The work was carried out with emulsion cam- 
eras, irradiated with the internal beam of 8.7-Bev 
protons of the proton synchrotron of the High- 
Energy Laboratory, Joint Institute for Nuclear 
Research. Camera No.1 was composed of layers 
of photoemulsion NIKFI-R of thickness 450u. The 
intensity of radiation was about 10‘ particles/cm?. 
The proton beam, which had an angular spread of 
about 0.2°, traversed the camera at an angle of 
0.7° to the plane of the emulsion. The search for 
tracks and subsequent measurements were car- 
ried out with microscopes using a magnification 
Oia LO. x 155. 

Because of large distortion in the photoemul- 
sion, measurements of angles were relative. Pairs 
of tracks were chosen, and the distances between 
tracks were measured in the eyepiece scale at two 
points along the track, distant 1=2 mm from 
each other. The difference of the measured dis- 
tances gave the projection of the angle @ between 
the tracks on the plane of the emulsion. Pairs of 
tracks satisfying the following conditions were 
chosen: 1) relativistic ionization, 2) the projection 
of the angle between the track and the axis of the 
beam should be less than 2°, 3) the distance be- 
tween tracks should not be more than 50 — 60, in 


*A preliminary account was given at the Geneva High-Energy 
Conference.’ 
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the plane of the emulsion, nor more than 25 — 30u 
in depth, 4) the track should have no visual incli- 
nation to the plane of the emulsion.* 

By this means, 601 pairs of tracks at a distance 
R=95 mm from the edge of the emulsion camera 
were measured. The angular distribution so ob- 
tained is shown in Fig. 1.f The root-mean-square 
error in the measurements was A@ = 0.03°. 

In the same way, the angular distribution of 
572 pairs of tracks (Fig. 2) was measured for R 
=5mm. Taking these as initial data, it is possible 
to calculate the form of the angular distribution at 
R=95 mm, taking into account multiple Coulomb 
scattering and single and double nuclear elastic 
scattering. The contribution of triple nuclear 
scattering was small for R=95 mm and was, 
therefore, not included. 

The differential and total cross sections for 
elastic scattering (do/dQ2)g and og were calcu- 
latedt from the optical model? 


(S cz 
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jee) 
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*In the selection it is desirable not to introduce discrimi- 
nation connected with the angle of inclination of the track 
relative to the plane of the emulsion, since this can cause dis- 
tortion in the measured distribution of horizontal angles. In 
fact, it turned out that some ambiguity inherent in condition 4 
has no substantial effect. 

tIn order to exclude the background of secondary particles, 
the tracks of pairs with angle @> 1° were followed backwards. 
Out of 19 cases with 0 > 1°, in 5 cases one of the tracks turned 
out to be a secondary particle. These cases were not included 
in the distribution shown in Fig. 1. The background for @ < 1° 
was evaluated from the angular distribution of secondary rela- 
tivistic particles in nuclear interactions; the expected number 
of background particles was 17. 

tThe calculations were carried out mainly by S. M. Bilen’kii 
and R. M. Ryndin, to whom the authors would like to express 
their gratitude. 
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FIG. 1. Angular distribution at a dis- 
tance R = 95 mm from the edge of the 
emulsion camera: a—calculated from 
the initial angular distribution at R =5 
mm taking multiple Coulomb scattering 
into account, b—calculated from the 
initial angular distribution taking mul- 
tiple, Coulomb, and nuclear elastic 
scattering (for k, = 0) into account, 

c — measured. 
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FIG. 2. Angular distribution measured at a distance R= 5 
mm from the edge of the emulsion camera. 


where the meaning of the various quantities is as 
in reference 2. 

In these formulae, the real part of the index of 
refraction in nuclear matter was assumed to be 
unity. In other words, in the expression for the 
wave vector of the proton inside the nucleus 


k=ky-- ky ik /2 


where k) is the wave vector of the proton outside 
the nucleus and K is the absorption coefficient, 
k, was taken to be zero. 

The quantity o (total cross section for scatter- 
ing of the proton by nucleons of the nucleus, aver- 
aged over protons and neutrons) was chosen so 
that the cross section for inelastic interactions 

Sage \ (1 —exp {— 269 S (0)}) bdb 
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corresponded to the mean free path Ly = 34.7 cm 
obtained from inelastic interactions of 8.7-Bev 
protons with photoemulsion nuclei.*? The value 
obtained* o = 34 mb, is in agreement with results 
of the theoretical analysis of Grishin and Saitov° 
and with direct measurements of the cross sec- 
tions for inelastic and elastic p-p interactions 
at 8.71 Bev, oj) = 21 mb, caj— 10 43 mbssron] 
= 10 4amb;. Gal = 8.4 21.0 mp. 

In carrying out all calculations, it was assumed 
for simplicity that the distribution of nucleon den- 
sity in the nuclei was 


( Po for r<fo 
0(7) = } po (ra — 7) / (11 10) for fro<r<r, 
a0. for PSS 


where ry = (1.14A¥3 — 1.49) x 107 om, r, 
= (1.14A¥3 + 1.49) x 107 em. These expressions 
obtained for py) and S(b) are practically the 
same as results of calculations using a more com- 
plicated form for the distribution.” 

The angular distribution at R= 95 mm calcu- 
lated from multiple Coulomb and nuclear scatter- 
ing has the form 


F (8) = a oF y (8) + oF (8) + a2Fs (8). 


where 


—t/L 
Che os 


i= a = (t/ Lae "4, 


Oe = 1 — (a% + a) 


denote the probabilities of traversing t = 90 mm 
without nuclear interaction and with one and two 
scatterings, respectively; Lg is the calculated 
value of the mean free path for elastic scattering 

of protons by photoemulsion nuclei, equal to 72 

em; F)(@), F,(@) and F,(@) are the angular 
distributions at R= 95 mm, calculated from the 
initial distribution at R=5 mm under the assump- 


*An analogous result was also obtained by Barashenkov and 
Huang Nen-Ning.* 
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tion of: the absence of nuclear scattering (F ), 
one scattering (F,), and two scatterings (F 2). | 

The distribution F(@) is given in Fig. 1, to- 
gether with the curve of F)(@) for comparison. 
The agreement with experimental data is unsatis- 
factory. 

An analogous result was obtained by another, 
more sensitive method. The plate was placed on 
the microscope stage so that the axis of the beam 
was parallel to the direction of motion of the stage. 
A pair of tracks was chosen, according to criteria 
more or less the same as those above, for meas- 
urement at R=10mm. The angle 6 was meas- 
ured twice for each pair, at distances /=2 mm. 
The first measurement was carried out at R= 10 
mm, the second at a distance “=10mm from 
the first. In case one of the tracks went out of 
the field of view or out of the emulsion before 
L=10mm, then the second measurement was 
made at smaller £. Measurement of the angle @ 
at distance £ gave the value of the projection of 
the scattering angle g. The accuracy of measure- 
ment was Ag = 0.09°. 

In all, 2276 pairs of tracks were measured, out 
of which all pairs with angle gy > 0.2° (108 cases) 
were measured once again for £=1=1mm with 
an MBI-8 microscope using magnification 90 x 15 
x1. The error in the measurement was Ag = 0.03°. 
As a result of the repeated measurements, it turned 
out that 31 pairs had angle @ < 0.2° and one pair 
had angle g >1.7°.* Thus, 76 pairs had angles 
lying in the interval 0.2°< @ < 1.7°. 

Analogous measurements were carried out with 
another emulsion camera (No. 2) of better quality, 
also composed of layers of NIKFI-R emulsion of 
thickness 450 and irradiated under the same con- 
ditions.t As a result, 48 cases of scattering through 
angles between 0.2 and 1.7° were observed. Thus, 
a total of 124 cases of scattering in this angular 
interval were observed in the two cameras. Out 
of this number, it was necessary to discard cases 
connected with a) inelastic scattering inside the 
camera, b) inelastic scattering outside the camera, 
and c) distortion in the emulsion. 

Cases of inelastic interaction inside the emul- 
sion either accompanied by charged particles or 
without them, were excluded by visual scanning 
back along the path up to the point where it left 
the emulsion. Cases of rather slow secondary 


*Cases of scattering through angles > 1.7° were not regis- 
tered, since the efficiency of detection depended on the angle 
of scattering. 

tIn camera No. 2, 76 cases were observed in 2733 cm of track 
length. The value of the mean free path L, = 36.0 + 4.1 cm 
agrees well with that obtained in ref. 3. 
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particles produced either inside or outside the 
camera, were excluded by measurement of the 
multiple Coulomb scattering. 

Measurement of multiple scattering was car- 
ried out using a cell length of 2000p, in the major- 
ity of cases by following the tracks into the neigh- 
boring layer of emulsion. In each case, the mean 
second difference D was found in units of divi- 
sions of the eyepiece micrometer (1 division 
equal to 0.0925). Results of the measurements 
are shown in Fig. 3. The mean value was D 
= 7.1 + 0.3 divisions in all cases in which D < 20 
divisions. The 11 cases with mean second differ - 
ence D > 20 divisions (pfc less than 2 Bev) were 
connected with secondary particles and inelastic 
collisions, and these were not included in the sta- 
tistics. 


20 


SS 
oS 


Number of cases 
Ss 


Dy 


au nie ete 
é 20 es 35 4 OD 


FIG. 3. Distribution of mean second differences. 
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Cases arising from distortion in the emulsion 
occurred, in spite of the relative measurements, 
in so far as the distance between the tracks of a 
pair could be rather large (~300y). The effect 
of distortion was mainly excluded by secondary 
measurements on several neighboring tracks. The 
cases were connected with distortion and discarded 
if results of the secondary measurements differed 
from the first ones by more than 0.1°. There were 
17 such cases in camera No.1 and 19 in camera 
Nowa. 

Final results are given in Tables I and II and 
on Fig. 4, where, for comparison, the curve calcu- 
lated from the optical model is given. The experi- 
mental points lie higher than the calculated curve 
for angles g > 0.3°. The number of cases of scat- 
tering through angles y > 0.3° was 62, whereas, 
according to the optical model it should be 31. 
This disagreement persists in the large-scale 
region. For angles gy >0.5°, the numbers of 
measured and expected cases were 22 and 9, 
respectively. 

It should be kept in mind that elastic scatterings 
through large angles by C, N, and O nuclei, 
were accompanied by nuclear recoils, which were 
observed. The corresponding cases (about five) 


SCATTERING OF 8.7-Bev PROTONS BY PHOTOEMULSION NUCLEI 


TABLE: I. Results of measurements on 


MBI-8M microscopes 


nes 
Number of cases 


Camera Camera 
No. 1 No. 2 Sum 
o<= 022° 34 14 45 
oy peed eat ee 1 4 7) 
Mean second difference 8 3 14 
D > 20 divisions 
(pBe < 2 Bev) 
Distortion 47 19 36 
Elastic scattering through J we 
angles 0.2° <@<1.7° a 26 7 
Total length of measured 
tracks, cm 4381 2873 7254 
TABLE II 
Number of cases 
Calculated for a 
Angular track length of 
interval, 72.54m 
degrees | Samet | Came | Sun 
for k,=0 | for k,40 
0.0—0.4 — —_ — 26.4 40.0 
0.1—0.2 —- — — 23.6 36.0 
0.2—0.3 9 6 15 19.6 PAE) 
0.3—0.4 18 6 24 13.8 Pip \ il 
0.4—0.5 8 8 16 8.6 43.9 
0.5—0.6 7 a 9 4.7 8.3 
0.6—0.7 1 3 4 22 4.8 
0.7—0.8 4) —_ 4 0.9 2.9 
0.8—0.9 — = — 0.6 Tics 
0.9—1.0 2 — 2; 0.3 te9 
4.0—1.4 — —_— — O32 aN) 
4.4—1.2 3 —_ 3 Ort 1.0 
{.2—43 1 4 2 — 0.7 
13 — 1.4 — — — — 0.3 
14125 = a eae = — 
ARS ta — 4 ae = Bo 
4.6—41.7 4 1 == 4 _ _ 


were discarded together with inelastic interactions. 


In the angular region 0.2 —0.3°, part of the cases 
of scattering might have been thrown out as a result 


of the selection system employed. Some cases may 
have been lost through exclusion of distortion. The 
contribution of these effects, according to a rough 
estimate, was 9 cases. If we take this correction 
into account, then the number of cases in the inter- 
val 0.2 —0.3° was 24 +12. This correction was 
not introduced into the distribution shown on Fig. 4. 

The effect of Coulomb scattering was consid- 
ered in an approximate way. For angles ¢ >0.4° 
it was negligible. In the interval 0.2°—0.3°, the 
cross sections for Coulomb and nuclear scattering 
were equal in magnitude. It is not excluded that 
in this angular region some interference between 
Coulomb and nuclear scattering exists. Clarifica- 
tion of this would demand substantially better sta- 
tistics. 

The results of the measurements show that the 
cross sections for elastic scattering of 8.7-Bev 
protons on photoemulsion nuclei are in poor agree- 
ment with predictions of the optical mode, if the 
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FIG. 4. Angular distribution of nuclear elastic scattering. 
The histogram gives the measured distribution. The smooth 
curves were calculated from the optical model with (k, 4 0) 
and without refraction (k, = 0) in the nucleus. 


real part of the wave vector of the proton inside 
the nucleus is unchanged (k, = 0). Therefore, it 
is natural to assume that k,; #0. Then, because 
of the relation 


ky = (2n0 (r)/ ko) Ref (0) , 


the real part of the amplitude for nucleon-nucleon 
scattering at zero angle, Ref(0), also differs 
from zero. This latter conclusion is in agreement 
with results of measurements of inelastic proton- 
proton scattering at 8.5 Bev,® from which one can 
obtain* 


10-8 cm. 


Ref (0) = 15- 


This value was used in calculating k,. 

If the quantity k, differs from zero, then the 
expressions for the differential and total cross 
sections for elastic scattering take on the following 
form 


d | — : 2 
eG = | Ro \ (1 — e-FPS (4) eas ) Te (Rob sin 6) bdb 
0 


-- | Ry \ e-20S (6) sin WJ y (Rod sin 8) bdb , 
0 


3,=2n \ (1 — e-%05) cos $)? bdb + 2n \ e2eS() sin? b bdb, 


0 0 


where 
@ = (4x / Ro) poS (6) Re f (0). 


*In obtaining this result, possible effects of spin-depend- 
ent interactions were not considered. The value of Ref (0) is 
given in the laboratory system. 
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The angular distribution calculated taking ky 
into account is given in Fig. 4.* It is in satisfac- 
tory agreement with the measurements. The num- 
ber of cases of scattering through angles ¢ > 0.3° 
was equal to 58, with the experimental number 62. 
In the angular interval gy >0.5°, the calculated 
and measured numbers of cases were equal to 23 
and 22, respectively. 

Below are given the values for the elastic and 
total cross sections for both light and heavy emul- 
sion nuclei, calculated taking k, into account. 


s tot? mb Fev ap 
Heavy nuclei 1830 888 
Light nuclei 407 156 


The results of these measurements agree quali- 
tatively with the data from measurements of scat- 
tering of 4.5 Bev neutrons by C, Cu and Pb?. 

The agreement between the measured angular 
distribution and the calculated one supports the 
choice of the value of k, and, consequently, the 
real part of the scattering amplitude Re f(0) 
differs from zero and is near to 15 x 107! cm. 
The quantity k, obtained from this value of 
Re f£(0) under the assumption of a uniform dis- 
tribution of nuclear matter, was 1.5 x 10 cms 
Using this number, one can calculate the effective 
potential for the nucleon-nucleus interaction 


V = aBck, ~ 30 Mev. 


For 1.4-Bev neutrons, a value V = 26 Mev was 
obtained for the potential.!” Analogous results 
(V ~ 30 Mev) were obtained for protons with en- 
ergy in the region of 1 Bev.!!*!2 Thus, the effec- 
tive interaction potential in the energy interval 
1 to 9 Bev apparently remains constant. 

The authors would like to take this opportunity 
to thank I. M. Gramenitskii for valuable advice and 


help in the work, P. K. Markov and EON, Tsygankov 


for useful discussions and V. M. Gorbunkov and 


*In the calculations, the following values were assumed: 
tp = (1.08 A* ~ 1.49) x 10-9 cm, r, A4% + 1.49) x 107"? cm. 
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A. I. Rodionov, who carried out part of the calcu- 
lations. The measurements were carried out by 
L. I. Aver’yanova, Z. P. Golovina, T. A. Zhurav- 
leva, N. V. Kirsanova, M. P. Koteneva, ADE 
Maklachkova, G. A. Nurusheva, and G. P. Tyupi- 
kova, to whom the authors are deeply grateful. 
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ELASTIC SCATTERING OF 390 Mev 1* MESONS FROM PROTONS 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1583-1586 (December, 1959) 


Nuclear emulsions were used to study the angular distribution of, (390 + 25 Mev) 7* mesons 
elastically scattered from hydrogen. The differential scattering cross section is given by 
formula (1). The phase shifts in the Fermi solution are a3 = —34°, a5 = 151° and a3; = — 16°, 
assuming that only S and P states are involved in the scattering. 


ff XPERIMENTS on the elastic scattering of posi- 
tive m mesons from protons show that up to an 
energy of 300 Mev S and P states account for 
most of the cross section. Until recently, none 
of the experiments allowed conclusions to be drawn 
about the contributions of higher states, although 
phase analyses were carried out taking D waves 
into account./*? That these attempts were unsuc- 
cessful seems to indicate that the D phase shifts 
are small compared to those in the S and P states. 
Presumably, the scattering of D waves would be 
more important at higher energies, and this lends 
interest to experiments with m mesons having 
energies in the range 300 — 400 Mev, a range 
which has not yet been studied in sufficient detail. 
In the work being reported upon here, we stud- 
ied the angular distribution of 7* mesons having 


energy 390 + 25 Mev scattered from hydrogen in 


nuclear emulsions. The measurements were made 
with emulsions NIKFI-R, 400y thick. The arrange- 
ments for irradiating the emulsions have been de- 
scribed previously.! The energy of the 7* mesons 
was determined by a magnetic meson spectrometer 
and also by measurements of the energy possessed 
by those recoil protons from elastic m*-p scatter- 
ing events which stopped in the emulsion. These 
two complementary measurements of the meson 
energy gave results in good agreement with each 
other. Beryllium filters were placed in front of 
the emulsions to slow down protons in the 1” 
meson beam. 

The plates were scanned with a microscope of 
630 x magnification. A good fraction of the area 
of the emulsion was scanned a second time at the 
same magnification. The usual kinematic criteria 
were used to identify elastic scattering events of 
m+ mesons on hydrogen: angular correlation be- 
tween the scattered meson and the recoil proton 
and coplanarity. In those cases where the recoil 


proton stopped in the emulsion, we made the rea- 
sonable requirement that its energy had to agree 

with the calculated one. The results are shown in 
the table. 


Differential cross section for the scat- 
tering of 7* mesons of energy 
390 + 25 Mev by protons 


interet a Number of | Corrected Differential 
mesons are scattering | number of | cross section 
scattered events scattering 10?7-da/dQ 
c.m. degrees| observed events cm?/sterad 
10—30 32 40 9.35-++1 34 
30—50 o4 62 7.720.941 
50—70 48 48 4.538-+0.65 
70—90 2A 21 1.78+-0.38 
90—110 5 if 0.57-40.20 
110—130 4 6 0.56-L0.21 
130—150 +) 6 0.82-++0.30 
150—170 il 2 0.52+0.33 
Total 167 192 | 


Since the counting efficiency at different angles 
dom. depends differently on the aximuthal angle ¢, 
corrections had to be made as shown in column 3. 
The differential cross sections were normalized 
to a value 34 mb for the total cross section.? The 
errors quoted are statistical. 

Expanding the experimental results in powers 
of cos ¥, we find that the differential cross sec- 
tion can be satisfactorily described by the formula 


do / dQ = [(1.12 + 0.22) + (4.27 4 0.84) cos # + (4.68 + 1.08) 
(1) 


cos? 9] x 10-2? em? /sterad, 


which is the solid line in the figure. Phase analy- 
sis of the scattering gives the following phase 
shifts, assuming that only S and P states need 
be considered: 


I. a =— 34°, 
II. a, = — 34°, 


Ase — voile 


d33 = 160°, 


ap ee 


Koy — 33 
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Angular distribution of 390-Mev 7* mesons scattered from 
hydrogen. 


One of these corresponds to the Fermi solution, 
the other to that of Yang. At high energies, these 
two solutions are quite close to each other. To 
decide which corresponds to the Fermi solution, 
of whose validity there is no doubt at the present 
time, it is necessary to make an analytic continu- 
ation of the phase shifts a 33; and a3, from the 
low to the high energy region. 

Approximate phase shifts a3, and a3, (for 
an SP analysis) over the energy interval 270 — 
360 Mev! to 390 Mev show that the choice I cor- 
responds to the Fermi solution. 

The quantity 

a, 9;)—o 9 72 

Vee x —_ ( aI j 
measures how much the cross section f(a, j) 
calculated from the phase shifts differs from the 
experimental one. Its value is 9.8, which is to be 
compared with the expected value M =5, which 
is the difference between the number of experi- 
mental points and the number of free parameters. 
The observed value 9.8 is almost twice as big as 
the expected value 5. The observed value of M 
depends strongly on the last point, for the angles 
150 — 170°, where the statistics are very poor; 
only one scattering event was actually observed 
to fall in this range of angles — the correction for 
counting efficiency brings this one event up to two. 
There can be no doubt that this point could be quite 
uncertain. Ifthe interval 150 — 170° is excluded 
from the analysis, the observed value of M be- 
comes 4.3, which is quite close to the expected 
value 4. Hence our data can be satisfactorily 
accounted for by S and P scattering only; i.e., 
from an objective point of view there is no need 
to introduce D waves. We noted the same situa- 
tion earlier for 7 mesons having an energy 360 
Mev.! 

It should be noted that when the angular distri- 
bution data has limited statistical accuracy, it is 
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difficult to draw firm conclusions about the D- 
wave phase shifts, even though the data is fitted 
better when D waves are taken into account than 
when they are not. This is especially so when the 
D wave phase shifts are small; in addition, for 
large scattering angles (% > 90°), which are par- 
ticularly sensitive to D waves, the statistics are 
poorest; the overwhelming proportion of mesons 
go into forward directions. 

The most effective measure of how much D 
and higher states contribute is in the polarization 
of the recoil protons. Such measurements for 
m* meson energies of 307 Mev have shown‘ that 
the D phase shifts at 307 Mev are small, less 
than a few degrees. Taking both measurements 
of recoil proton polarization and the angular dis- 
tribution of 7* mesons scattered at 360 and 390 
Mev into account, we can say that the D phase 
shifts are small up to ~ 400 Mev. 

Our results on elastic m*-p scattering at 390 
Mev confirm a conclusion, drawn previously,‘ that 
for energies greater than 200 Mev, the phase shift 
a3 as a function of meson momentum 7 in the 
center-of-mass system does not satisfy Orear’s 
linear dependence @3 = — 6.3°n,° although the 
phase shift does obey this rule at energies less 
than 200 Mev. The value a3 = —34° at 390 Mev 
is considerably bigger, in absolute value, than the 
value —16° computed from a3 = —6.3°n. 

The above phase shifts can be used to calculate 
the real part of the forward scattering amplitude 
D,, which turns out to be — 1.29 x 107" em. This 
can be compared with the value D, = —1.35 
x 1078 em computed from the causality condition 
and the coupling constant f* = 0.08 for meson- 
nucleon scattering. The two amplitudes are in 
satisfactory agreement. 

We should like to thank L. B. Parfenov for his 
help in irradiating the emulsions. 
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The differential cross section Onp(%) for elastic n-p scattering was measured at angles J 
= 11 —180° in the c.m.s. for a mean neutron energy 630 Mev. Within the limits of error, the 
data thus obtained was identical with results of measurements carried out previously with neu- 
trons of mean energy 580 Mev. The dependence of Opp (%) on angle in the neighborhood of 3 
= 180° was used to determine the pion-nucleon coupling constant by Chew’s method.’ A value 


f? = 0.06 + 0.02 was obtained. 


iG A NALysis of data on the scattering of neutrons 
_ of energy ~ 600 Mev by protons!~ leads one to 
conclude that there is already a need for improv- 
ing the accuracy of these data and continuing meas- 
urements at higher energies. For example, it 
would be possible to check Chew’s method‘ of de- 
termining the renormalized pion-nucleon coupling 
constant from nucleon-nucleon scattering data only 
if the differential cross section is measured at 
more angles in the regions near 0° and 180° (c.m.s.). 
We meet the same needs in trying to determine 
from known angular distributions the maximum 
effective angular momentum lmax where, at 
given energy, the interaction effectively ceases. 
in addition, for future simultaneous analysis of 
-n-p and p-p interactions it will be necessary to 
have data on elastic n-p scattering at 635 Mev, 
where the data of Golovin et al.° on polarization 
in n-p scattering already exist. It shouid be 
noted that it would also be very desirable to im- 
prove the existing data by employing either a 
more monoenergetic beam of neutrons or using 
a narrower part of the available spectrum of the 
neutron beam in the experiments. 
The circumstances noted above necessitated 
a measurement of the differential cross section 
for n-p scattering for mean effective neutron 
energy of 630 Mev. The measurements were car- 
ried out on the synchrocyclotron of the Laboratory 
of Nuclear Problems of the Joint Institute for Nu- 
clear Research. 


EXPERIMENTAL ARRANGEMENT 


The high-energy neutron beam used in the ex- 
periments was obtained by charge-exchange scat- 
tering of 680 Mev protons by a beryllium target. 
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The energy distribution of neutrons in the beam 
was studied by Kiselev et al.® In the present ex- 
periments the part of the spectrum corresponding 
to neutrons of energies En = 600 Mev was used. 
The mean effective energy under these conditions 
and with the assumption of a constant total cross 
section for n-p scattering between 600 and 700 
Mev turned out to be 630 + 15 Mev. 

Measurement of the differential cross section 
for the elastic scattering of neutrons by protons 
was carried out by two different methods for angles 
vo =11—180° (c.m.s.). 

1. In the angular region where the scattered 
neutron transfers a substantial part of its initial 
kinetic energy to the proton, the differential cross 
section was determined by detection of recoil pro- 
tons. To do this, the differences in the number of 
charged particles from scatterers of polyethylene 
(CH,) and graphite, placed alternatively in the 
beam, were measured for recoil angles of © 
= 0—70° (laboratory system). In order to ob- 
tain the total number of recoil protons for agiven 
angle, corrections were introduced into the data 
so as to take into account the loss of recoil protons 
by nuclear absorption and multiple scattering in 
the filters that set the threshold of the detector, 
and also corrections for admixtures of charged 
mesons and electrons. The polyethylene and car- 
bon scatterers were cylinders of equal stopping 
power for protons. The thickness of the scatterer 
was chosen so as to minimize the loss of protons 
through multiple scattering in the material of the 
scatterer. In the angular intervals ® = 0 — 20° 
and 20° — 70°, the thicknesses of the polyethylene 
scatterers were 2.7 and 0.9 g/em?, respectively. 

Scintillation counters connected in coincidence 
were used to detect the recoil protons. Their con- 
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struction differed, depending on the angular inter- 
val studied. For angles ® > 10°, where the back- 
ground of random coincidences did not exceed 1 or 
2%, the detector was a telescope of three scintilla- 
tion counters as shown in Fig. la. The energy 
threshold of the detector was determined by filters 
of tungsten or copper placed between the final two 
counters. The thicknesses of the filters for vari- 
ous angles were chosen so that the detector counted 
only those recoil protons corresponding to neu- 
trons of energy greater than 600 Mev. The angular 
resolution of the detector was 2°. 

In the angular interval @=0—10°, especially 
at 0° when the detector is in the primary neutron 
beam, the main sources of background are charged 
particles knocked out of the scintillator of the first 
counter, and also slow protons from the scatterers 
which overloaded the front counters and, in this 
way, increased the background of random coinci- 
dences. In order to decrease effects from the 
above sources of background, four scintillation 
counters (Fig. 1b) were used as detector in this 
angular interval. Here, the first counter was 
placed right at the scatterer, and filters determin- 
ing the threshold of the detector were placed be- 
tween the second, third and fourth counters. This 
decreased the solid angle which the last counters 
subtended at the scintillator of the first, and de- 
creased the counts in the last three counters. The 
background from the scintillator of the first counter 
and the background of random coincidences then 
decreased substantially. The angular resolution 
in this case was determined by the dimensions of 
the scintillator of the second counter and consti- 
tuted 1°. 

Corrections for nuclear absorption and multiple 
scattering of the recoil protons in the filters were 
determined from the 660-Mev extracted beam of 
protons from the synchrocyclotron. For this, a 
polyethylene scatterer was placed in the proton 
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beam and using two telescopes in coincidence 
(method of conjugate telescopes ) elastic p-p | 
scattering events were registered. The angle of 
the “defining” telescope relative to the beam axis _ 
was chosen so that the energies of the registered | 
protons were the same as the mean energies of 
recoil protons in elastic n-p collisions at those 
angles ® for which corrections for absorption 
were measured. Here the measurement of cor- 
rections reduced to a determination of the ratio of © 
numbers of elastically scattered protons fegleiooal 
by the detector with and without filter. 

A kinematic analysis of inelastic processes in 
the collisions of 630 Mev neutrons with protons | 
showed that, because of the high threshold of the | 
detector, corrections due to the admixture of 
charged m7 and uw mesons in the angular interval | 
® = 0 —25° were practically zero. For angles ® 
= 30 —70°, determination of the proportion of me- | 
sons in the total number of charged particles reg- 
istered by the detector was carried out by sepa- 
rating mesons from recoil protons either by veloc- 
ity using a Cerenkov counter (angular interval ® 
= 30 -—60°) or from their ranges (® = 60°). 

II. For angles ’ <= 35°, measurement of the 
differential cross section for elastic n-p scatter- 
ing was carried out by direct determination of the 
number of neutrons scattered through the given 
angle. These experiments were carried out em- 
ploying a neutron detector used earlier by the au- © 
thors in studying n-p collisions at 580 Mev. A 
cylindrical glass Dewar filled with liquid: hydrogen 
was used as scatterer.’ | 

The neutron detector consisted of five scintilla- 
tion counters and a “converter” of polyethylene of 
thickness 5.6 g/cm? placed between the first two 
counters (Fig. lc). Neutrons from elastic n-p 
collisions impinged on the converter and under- 
went charge-exchange scattering in it. The recoil 
protons coming out of the converter were detected 


FIG. 1. Experimental arrangement: a,b—detectors for 
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registering recoil protons, c—neutron detector. Notation: 
n—neutron beam, M— monitor, P— scatterer, Py; — Dewar 
with liquid hydrogen, 1,2,3,4,5 —scintillation counters, 

® — filter, K— converter, C — coincidence scheme, AC — anti-. 
coincidence scheme. 
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_ by the four final counters of the detector, con- 
| nected in coincidence. The first counter was in 
anticoincidence with the remaining ones, so as to 
) exclude charged particles from the target. The 
| energy threshold of the detector was determined 
| by copper filters placed between the third, fourth, 
_ and fifth counters. 

In calculating the thicknesses of the filters for 
scattering angles @ = 15, 10, 5° (l.s.) it was as- 


sumed that the mean energy loss in charge exchange 


of the neutron in the light material comprised 15% 
of the initial energy. The angular resolution of 
the neutron detector was 2°. 

Under working conditions, the background — 
i.e., the rate at which the neutron detector counted 
with the converter between the first and second 
counters, but without scatterer — was 50% of the 
counting rate with scatterer present for the angles 
6 =15 and 10°, and was 70% for 6 = 5°. Investi- 
gations showed that neutrons undergoing diffrac- 
tion scattering on the end of the steel collimator 
defining the neutron beam were the main source 
of background. 

The angular distributions of scattered neutrons 
from elastic n-p collisions obtained by the two 
methods in the angular intervals # = 180 —35° 
and 35 —11.5° (c.m.s.) were joined together at 
35°. The absolute values of the differential cross 
section were determined by normalizing the angu- 
lar distribution to the total cross section for elas- 
tic neutron-proton scattering uae This cross 
section was found from the works of Dzhelepov et 
al.’ and Prokoshkin and Tyapkin® by taking the dif- 

_ ference between the total cross section oyp 
= (3744) x 107%" cm? and the summed cross 
section for ma meson production in collisions of 
640-Mey neutrons with protons, Say (eh 1,2 4.2) 
x 107?" em*. Here anh turned out to be (25.8 
= 4.5) x 10°74 cm”. It should be noted that the 
value of ond employed was obtained by compar- 
ing cross sections for production of 7 mesons 
in p-d and p-p collisions and, possibly, differs 
somewhat from the true value of the cross section 
for inelastic n-p scattering. However, this dif- 
ference does not, apparently, exceed the limits of 
error of the value given, since approximately the 
same value of ol is obtained if one uses the ex- 
periments carried out at 580 and 970 Mev.!*? 


RESULTS OF MEASUREMENTS 


The measured dependence of cross section on 
scattering angle is shown in Fig. 2. The errors 
indicated in the figure are standard deviations. | 
The error in measurement of the total elastic 
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FIG. 2. Differential cross sections for elastic n-p scattering. 


oO —data of references 2 and 3, E, = 580 Mev; x —data of refer- 
ence 4, E, = 590 Mev; e—data from the present work. 


cross section (19%) from which the curve was 
normalized is not included in them. For com- 
parison, Onp(%) for 580 Mev is shown on the 
same figure. From the figure it can be seen that 
the Onp(#) at 580 and 630 Mev are the same, 
within the limits of error. 

The data obtained were used to determine the 
pion-nucleon coupling constant using the method 
proposed by Chew.’ As is well known, Chew called 
attention to the fact that the real part of the am- 
plitude for scattering of neutrons by protons, ex- 
pressed in terms of the square of the momentum 
transfer A?, has a pole in the nonphysical region 
at the point A’? = =i where wu is the mass of 
the mt meson. Thus, the renormalized pion- 
nucleon coupling constant f is determined by an 
extrapolation to this pole. Unfortunately, at pres- 
ent it is not possible to construct the n-p scatter- 
ing amplitude from experimental data. Conse- 
quently, Chew proposed to use, instead of the 
scattering amplitude, the experimentally known 
dependence of the cross section for elastic n-p 
scattering Opp(#%) in the angular region near 
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3 = 0° or 180°, assuming that the presence of the 

pole at A* = —y? will have a considerable effect 

on the character of the dependence of oOnp(¥%) on 

angle near the limits of the physical region (J = 0 

and 180°). The procedure for determining f, 

which he recommended, leads in essence to an 

analytic continuation of the function Opp (+) 

x (A? + py? )* into the nonphysical region up to the 

point A? = —p2 and consists in practice of the 

following: the measured cross section dyp (3) 

is multiplied by the quantity 
ai + sat cos yee 

(k is the momentum of the particle in the c.m.s.), 


then the values of onp (3) x? so obtained are fitted 
to a power series of the form 


A+ Bx+C4+... (1) 


by the least squares method. The coefficient A 
obtained from this extrapolation of the function 
Onp (3) /4k2 to the point A? = —p? is, according 
to meson theory, directly expressible! in terms 
of the constant f: 


A = firme (m? + b°), 


where m is the nucleon mass. The interval of 
angles suitable for determining f? is given by the 
radius of convergence of the series Eq. (1) and is 
determined by the expression 


—l<cos?<—1-+ uk. 


In order to determine f? by the above method 
from the experimental values of opp (w) x’, 
curves were constructed from several trial func- 
tions (from a linear function to a parabola of 
fourth order) by the least squares method. The 
results are given in the table where 


4 
n—Il 


M= 


Di {lene (®) 270s — [erp (9) 2°13? 


is a coefficient characterizing the goodness of a 
given solution, (0pp(+) ve )oi is the calculated value 
of the function at the i-th point, (Onp (8) x”); is 
the measured value, wj is the statistical weight 

of the given measurement, n is the number of 
points at which the scattering cross section was 
measured, J is the number of coefficients in the 
given trial function, and x) = y*/2k? is the value 
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of the quantity x at the edge of the physical re- 
gion. iH 
The values of f? so determined fluctuate be- | 
tween the limits 0.04 and 0.085. The mean value, 
found taking the goodness of fit into account, was 
f? = 0.06 + 0.02. Here the linear dependence was 
not included, since A <0 for this function, and I 
such a value is physically meaningless. It should | 
be noted, however, that in order to improve the i 
choice of the most suitable out of the functions giver 
above, it would be very desirable to increase the 
number of experimental points in the interval of 
angles employed. 

It is interesting to note that the curve for f 
= 0.85, which must be analytically continued into | 
the nonphysical region (Fig. 3, curve 2), is sym- | 
metrical about the edge of the physical region | 
(A = (0). If one assumes that this property holds 
also at lower energies, and, without resorting to 
the procedure of analytical continuation, takes the 
relevant values of Onp (3) x? from the branch of 
the curve in the physical region at A? =+y?, it 
turns out that the values of f? obtained fluctuate 
between 0.08 and 0.1 in a wide interval of neutron 
energies between 90 and 630 Mev. 

The authors would like to take this opportunity 
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FIG. 3. Determination 
of the renormalized pion- HO 
nucleon coupling constant 
according to Chew’s method. 
I—limit of the physical re- 
gion. II — limit of applica- 
bility of the method. Curve “ 
1—0,,(8)x? = A + Bx?; 
2— o,)(9)x? = A + B(x—x,)? 
+ C(x—x,)*. 


Trial function | M | f? | Trial function M | fe 
At Bx 2 — A+ Bx + Cx? 3 0.07-L0.0 
; -009 
A+ Bx 0.7 0.04+0.006 | A + B(x — x9)? + 12 0.085°E0.01 
A+ Bx3 1.8 0.05-+-0.007|| + C (x — xo)4 a 
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ANGULAR DISTRIBUTION OF SHOWER PARTICLES IN EXPLOSION SHOWERS PRO- 
DUCED BY HIGH-ENERGY COSMIC-RAY PARTICLES 


. MISHAKOVA and B. A. NIKOL’SKII 
Submitted to JETP editor July 10, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 87, 1594-1603 (December, 1959) 


The angular distribution of shower particles in showers with an energy of 10" =10' ey was 

investigated in the c.m.s. Experimental and theoretical results are presented for the varia- 

tion of the number of shower particle pairs with the angle between the particles of the pair. 

It is concluded that a collision of the primary particle with a nucleus leads to a symmetric 

angular distribution of the shower particles in the c.m.s., and that there is no correlation | 
| 


between the angles of shower particle pairs. 


1. INTRODUCTION 


A large number of experiments have been devoted 
to the study of the angular distribution of shower 
particles in explosion showers produced by high- 
energy cosmic-ray particles. The main result of 
these investigations is in the conclusion concerning 
the anisotropy of the angular distribution of shower 
particles in c.m.s.: the greatest particle density 
corresponds to angles close to 0° and 180° in c.m.s., 
the velocity of the c.m.s. being determined by as- 
suming the angular distribution of shower particles 
to be symmetrical with respect to the angle 6a mg. 
= 1/2. This symmetry of the angular distribution 
should, in fact, occur in nucleon-nucleon collisions, 
in view of the symmetry of the system. A symmet- 
rical distribution is, however, not evident if the 
collision is between a nucleon and a nucleus, which 
is usually the case for explosion showers observed 
in emulsions. 

In our earlier investigation,! much experimental 
material on the angular distribution of shower par- 
ticles in showers of 10!°—10!% ev was obtained. It 
was shown that, by a direct transformation from 
the laboratory system (l.s.) to c.m.s., asymmet- 
rical angular distributions F(9¢.m.s.) with re- 
spect to the angle 0¢.m.s. = 7/2 are obtained, 
viz.: the number of shower particles at angles 
close to 180° in the c.m.s. is much greater than 
the number of particles traveling at angles close 
to 0°. It should be mentioned, however, that the 
observed effect of an asymmetrical angular dis- 
tribution in the c.m.s. may follow from systematic 
errors that distort the function F(@). The main 
reasons for a distortion of the angular distribution 
of shower particles are errors in the determina- 
tion of the direction of the shower axis and the en- 
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suing “smearing” of the function F(6) in the re- 
gion of small angles. The direction of the shower 
axis is usually defined as the direction of motion 
of the primary particle or as the direction of the 
center of gravity of all shower particles. It is 
clear that the direction of the center of gravity 
does not coincide exactly with the direction of the 
shower axis. It remains, however, the only method 
of shower-axis determination if the primary par- | 
ticle is a neutron. It is also impossible to deter- 
mine in practice the angular distribution of shower _ 
particles with respect to the direction of the pri- | 
mary particle with a sufficient degree of accuracy 
in the case where the primary particle moves at 

a large angle to the surface of the emulsion. It 
should also be mentioned that if the shower devel- 
ops in the plane of the emulsion, then the accuracy 
in the determination of angles between the primary 
and the secondary-particle paths in the c.m.s. is 
often insufficient to keep the smearing of the angu- 
lar distribution in the region of small angles within 
the limits of A@ ~ 5°. 

In the present article, as in reference 1, the 
angular distribution of shower particles is con- 
structed with respect to the center of gravity, in 
order to use as large a number of showers as 
possible. The angular distribution obtained in 
this way is not good enough in the region @ < 10°. 
The angular distributions of roughly half of all the 
showers were also analyzed taking the direction 
of the primary particle as the direction of the 
shower axis. 

Another experimental quantity, which substan- 
tially supplements our information on the angular 
distribution of shower particles, is the angle be- 
tween the shower particles. In the present experi- 
ment, the experimental variation of the number of 
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TABLE I. Principal characteristics of the showers 


No. of} Primary * 9 = 
shower! particle | "A + %g Ms Ye» Ye (1) Ye A) Y y, ev 
degrees ig } 
4 n o+8 3 1.05 54.5 254 iS 39.8 3.16-1022 
2 p 2+3 27 2.28 20.2 32.4 28.8 1.65-10!2 
2 a 1+2 35 10.7 0.3 4.73 5.04 or Oad ze 
4 p 5+2 23 D8) Aird, 13.0 LOmoOm ale LOL 
a) p O-+0 10 1.03 59)) 48.3 51.9 Dood OL 
‘6 z 1+1 20 8.30 6.97 7.4 7.18 i O3% 4OU 
7 p 3-+4 15 3.28 AN) 44.4 16.0 Dail oilOrs 
8 P I+3 13 adi “tts 10.23 10.66 2.26-401 
9 Pp 3+2 Wii SGP 9.68 13590 11.81 2,78-4011 
10 p 5-+38 15 9.63 5.9 6.06 5.98 7,12-1010 
vol p 124-7 24 8,26 6.97 6.41 6.69 8.93 -1010 
12 p 11--13 15 0.57 98.0 74.0 86.0 1,47-1018 
13 p 5+3 27 2.37 24.0 16.6 20.8 8.2 -104 
14 ?P 9-+-7 14 4.4 13.0 10.89 11.94 2:82-10U 
415 fe] 1243 42 8.95 6.35 6.44 6.38 8.4 -10¢ 
16 p 13+10 19 4.03 14,2 V3.7 13.99 3.88-1011 
17 p {12 29 7.45 7.67 6.19 6.93 YO ohOV 
18 p 114 12 9.82 0.82 5.80 5.83 6.77-101° 
19 p 2+2 27 4.42 40.5 41.6 41.05 3.44.10 
20 p 10-6 35 6.07 9753 9.45 9.49 Aa) Fle 
zd a, 7+3 33 2.33 24.0 20.9 22.45 LOM OL2 
22, n 74-5 32 5.50 9.60 9.05 Wes, 1,74-104 
23 p 1+-1 20 2,03 ei) 20.4 Dao 1.18-1012 
24 Pp 5+4 9 0.316 180, 109.8 144.8 418-1018 
25 Pp 6-+4 20 W92: 30.0 17.6 23.8 eto 
26 n 10 10 2.82 20.3 13.5 16.9 o.7 «4011 
27 p 1+2 19 5.43 L059 8.27 9.68 1.9 .1011 
28 2 8-+26 87 WIAs 4.6 3.94 4.27 3.64-1010 
29 p 146 23 145 4:9 4.77 4.83 465-1010 
30 p 10+ 29 Da) Qed 10.05 9.87 1.94-1012 
31 p 1+2 43 Aen) 42.0 38.4 40.2 3.22-10% 
32 Zz 4-0 53 DANG 19.4 15,85 17.62 6.2 -404 
33 p 713 37 13.0 4.37 6.25 9.34 5.6 1010 
34 p 15+-7 74 6.93 8.24 7.73 8.0 1,27-108 
35 p 13+6 29 4.68 NP Opa 10.62 2-24-1011 
36 Pp 6+14 17 2.01 28.4 Done 28.3 1.6 -10! 
37 a 6-++8 of 4.78 12.0 10.4 11,05 2.44.10" 
38 a 24+7 40 8.33 6.85 5.56 dare. 2.0 101 
39 Zz 4-12 70 0.00 10.3 10.24 10.27 + 2.09-401 


as a ny —number of black and grey tracks in the shower. 


pairs of shower particles with the angle between 
them has been obtained. The comparison of the 
results with the theoretical variation calculated 
assuming the absence of a systematical angular 
correlation between the shower particles enables 
us, for a given experimental accuracy, to obtain 
more reliable data on the angular distribution of 
shower particles in the region of small angles. 
This is due to the fact that from a change of the 
number of particle pairs with a given opening 
angle information is obtained on the angular dis- 
tribution of particles irrespective of the direction 
of the shower axis, the measurement of which is 
subject to a large error. The experimental re- 
sults on the angular correlation of shower par- 
ticles may, in principle, indicate that a large 
energy fraction is concentrated in short-lived 


unstable particles. 
In the present article, the conclusion is reached 


that the experimental data on the variation of the 
number of pairs of shower particles with the angle 
between the particles are in agreement with the 
assumption of a symmetrical angular distribution 


of shower particles in the c.m.s., and that a sys- 
tematic correlation between the angles of shower 
particle pairs is absent. 


2. EXPERIMENT 


The results presented here are based on the 
analysis of 39 showers found in the scanning of 
emulsion chambers irradiated at 283 —27 km 
altitude during 1956 —1957. Data on the majority 
of these showers (32) have been published earlier.! 
The showers were found by surface scanning, and 
those events with a number of relativistic particles 
ng >5 and half-angle %/ = 13° (the angle con- 
taining half of all shower particles) were selected. 

The angular distribution of shower particles in 
the 1.s. was measured by finding the coordinates 
x and y of the points of intersection of the tracks 
of shower particles with a plane perpendicular to 
the shower axis, as described in reference 1. The 
coordinates in the plane of the section of the shower 
axis were determined by the formulas 
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TABLE II. Experimental number of pairs of shower particles 
N(q@) and the probabilities w(a@) as a function of the 
opening angle a of the pair 
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@ 
pyc i z resis 0—0,1 0.1—0.2 0.2—0.3 0.3—0.4 0.4—0.5 
Sie - © | 0.0078 0.0145 0.0172 0.0192 0.0930 

te one iy NY lo. Gbrds oc oteaal Seeozsulla-azdel oe es | 
oe" a x 0.0085 0.0140 0.0282 0.0223 0.0208 

o 00073-L| 0.0150-+] 0.0220-L] 0.0240-+| 0.0238-+ 

OFF | +0 00065|-+-0.0009 |-0.0042 |4+0.0012 | +0.001 

| 

Xo = Dyxi/Ns, — Yo = Di yilMs, experiment, only pairs of particles with an open- | 


where ng is the number of shower particles and 
Xj and yj are their coordinates. In finding x) 
and yo, it is reasonable to exclude particles trav- 
eling at large angles to the shower axis. The in- 
clusion of such particles in showers with a rela- 
tively small number of particles (ng ¥ 20) would 
lead to a considerable spread of the directions of 
the center of gravity with respect to the direction 
of the shower axis. In the present experiment, 
therefore, only shower particles with angles Jj 
<1.4 P4172 were used in the final determination of 
coordinates x) and yy. The distance L from 
the point of initiation of the shower to the section 
was chosen in such a way that the error in the de- 
termination of the angle of a shower particle 6% 
was smaller than 0.1 31/2 for a given shower (6% 
= AL, where A ®& 1p is the experimental error in 
the determination of coordinates xj and yj). The 
mean value of the error in the measurement of the 
angle ¥ for the showers under consideration was 
equal to 63/347 = 0.04. For 16 showers it was 
possible to construct the angular distribution with 
respect to the direction of the primary particle. 

The basic features of the showers studied are 
presented in Table I. The energy of a shower in 
the l.s. is y =2y,-1. The tabulated values of 
the energy of the showers in the c.m.s., Wes 
1/V1—- 6% .m.s. » were obtained assuming a sym- 
metry of the angular distribution of the shower par- 
ticles F(8g.m.s.) with respect to the angle 7/2, 
by means of the relations 


In y- (4) = —Intan9= 2. (1) 
As mentioned above, the relative angles between 
shower particles were also measured, Evidently, 
the total number of all possible particle pairs ina 
shower with a number of shower particles Ng 
amounts to ng (ng —1)/2. However, in the present 


Ye (D3/,) =cot Dip, 


ing angle n = 0.5%,/, were considered. The sum~ 
marized data on the distribution of these pairs as 
a function of the opening angle a@ = n/S+/2 are 
given in Table II. Table II also gives the values 
of the probability that a particle pair with the give 
opening angle a is observed, as given by 


o (#) = N (a)/di ins (ns— 1), (2)) 


where N(q)- is the number of pairs with opening | 
angle a, and )yng(ng—1)/2 represents the total 
number of pairs in all showers. The errors of the 
values of w(qa@) shown in the table represent sta- 
tistical deviations. 

From Table II it is clear that the experimental 
values of w(a@) vary only little with E). This 
justifies the averaging of w(a@) over all showers 
in the energy range under consideration. The ac- 
curacy of the determination of the angles a = n/}, /t 
amounts to 6@= 0.02 for a =0.2, and was equal! 
to d~a=0.04 for a>0.2. The errors 6a lead ta 
a distortion of the function w(a@). Corrected val- 
ues of w(a@) from the data obtained for all show- 
ers are also presented in Table Ilas weory. In 
determining wo oy; the error in the determination 
of P12, has also been taken into account. This er- 
ror is due to the statistical fluctuations of the 
angular distribution of shower particles. The mean 
value of the error 6.4/. has been found by the 
Monte-Carlo method, and is equal to 0.4312, 0.3 O4/z 
and 0.29172 for showers with Ng = 10, 20, and 40 re: 
spectively, 


3. ANGULAR DISTRIBUTION OF SHOWER PAR- 
TICLES IN THE C.M.S. 


The direction of motion of a particle in the l.s., 
¥, is related to the direction of motion in c.m.s., 
6, by 


ANGULAR DISTRIBUTION OF SHOWER PARTICLES 1133 


(dN/do) . ns.’ arbitrary units 


FIG. 1. Angular distribution of particles in the c.m.s. ; 
(dN/do — number of events per unit solid angle), con- 
structed with respect to the direction of the center of 
gravity of shower particles: O—all showers; x, A — 
nucleonic showers with E, > 10" ev and E, > 10’? ev 
respectively. For a comparison, data of other authors 
(black points) on the measurements of F(@) with re- 
spect to the primary particle for showers with small 
number of ny, + n,(E, > 10** ev) are included. 


cos 9 +5, 1.3/8 
sin 9 


cot? = x, ; (3) 


where 8 is the velocity of the particle in the c.m.s. 


For the particles under consideration, we can as- 
sume with a good degree of accuracy that Bo.m.s. 
= 681. Equation (3) then becomes 


cotd = x, cot (6/2). (3’) 


The angular distribution F(6@) of shower par- 
ticles in the c.m.s. obtained by means of this ex- 
pression is shown in Fig. 1. It can be seen from 
Fig. 1 that the angular distribution obtained is 
asymmetrical for angles @ < 10° and 6 >170°. 
As has been mentioned above, this asymmetry 
may follow from errors in the determination of 
the shower axis from the center of gravity. In 
fact, as has been shown in a calculation by the 
Monte-Carlo method, the mean value of the angle 
between the direction of the center of gravity and 


the shower axis 9 is equal to 2 =1.174 and 
Q= 0.13 3/2 for showers with ng = 20 and ng 

= 40 respectively. Such an error in the determi- 
nation of the direction of shower axis (angle 2) 
can substantially distort the angular distribution 


for angles 9 < 10°, if we assume that the real 


20 4) 60 80 100 120 /40 160 /80 
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form of F(@) for smali angles is as different 
from the isotropic distribution as for angles close 
to 6 ~ 180°. 


(dN/d0). mes.’ arbitrary units 
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Measurements of the angular distribution of 
shower particles with respect to the primary par- 
ticle (see Fig. 2) confirm the assumption of a sub- 
stantial distortion of the function F(@) for small 
6 if the direction of the center of gravity of shower 
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particles is taken as the direction of the shower 
axis. As can be seen from Fig. 2, if the shower- 
particle angular distribution is constructed with 
respect to the direction of the primary particle, 
the number of particles in the region of small 
angles is greatly increased. Moreover, it can be 
seen that the angular distribution obtained in such 
a way is Symmetrical within the limits of errors 
with respect to the angle 6 = 7/2. 

For comparison, Fig. 1 shows values of F(@) 
obtained from the data of other authors* who meas- 
ured the angular distribution of shower particles 
with respect to the direction of the primary par- 
ticle. It should, however, be noted that these data 
have been obtained for showers with a small num- 
ber of nh +ng, i.e., a large fraction of these show- 
ers originated in nucleon-nucleon collisions for 
which, from physical considerations, the distribu- 
tion should be symmetrical with respect to @ = 7/2. 

Additional information on the angular distribu- 
tion of shower particles can be obtained from data 
on the number of pairs of shower particles with a 
given opening angle (see Table II). The probabil- 
ity that two shower particles will have an opening 
angle 7 is, obviously, given by the formula 


wn) = | F Ox) F (2) dordon, (4) 
(A) 
where f() is the angular distribution of shower 
particles in the l.s., and the integration is over a 
region A, determined by the relation 


cos y =cos J, cos By + sin 9, sin B, cos (~; — 92). 


It can be shown (see Appendix) that if f (.) 
is given as a function of the relative angle 8/S1/2, 
then the expression for w also depends only on 
the ratio a = nl 31/2. Thus, from a comparison 
of the calculated and the experimental functions 


*Data from the laboratories in Warsaw, Krakov, Budapest, 
Prague, and Berlin (private communications of M. Miesowicz, 
Petrzilka, Fenessy, Lanius, et al.). 


FIG. 3. Ratio of a, / ipa as a function of 
of the angle @ = n/%,,. ‘Curves 1, 2, 3, and 4 cor- 
respond to different functions F(@) shown in Fig. 4. 
Standard deviations, roughly similar for all curves, 
are shown. 


04 
(06 n/9 


w(a@), one can draw conclusions about the func- 
tion f ( 3/34/2)- The quantity w(a@) is especially 
sensitive to the form of the function f (3/4 /2) for 
small angles #/%/,. The ratio Wexp/theor is 
shown in Fig. 3 as a function of the angle a cal- 
culated for various functions f(%/%/). The c.m.s. 
shower-particle angular distributions correspond- 
ing to these functions are shown in Fig. 4. These 
distributions are different only for small angles 6, 
first, because the function F(@) is determined 
well enough experimentally for large angles, and 
second, because the function w(qa) is sensitive 
to the shape of the angular distribution only in the 
region of small angles. 


(dN/do) 


enoee? relative units 


\ 


5 
NOE 
a ee 


0 2 @ 60 8 10 10 Wp 160 wp 


0. Nore degrees 


FIG. 4. Angular distribution F(@) in c.m.s. used for cal- 
culating the theoretical values w(@) (see Fig. 3). 


It can be seen from Fig. 3 that the best agree- 
ment between the calculated and the experimental 
values of w(a@) is obtained for curves which cor- 
respond to a symmetrical c.m.s. distribution. The 
experimental curve of the angular distribution in 
the c.m.s., constructed by defining the direction 
of the shower axis as the center of gravity of the 
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TABLE III. Comparison of the experimental number of pairs 
Nexp with the calculated* Ntheor for a < 0.1 


| ; 
# Nexp N theor | ev Noxon Noacu 
| | 

0,00—0,04 2 iu O105=-0-061 a. 3 18,8 
0,01—0,02 6 ack 0,06—0,07 28 One, 
0,02—0,03 8 8,6 0,07—0,08 15 20,6 
0,05—0, 04 10 12,0 0,08—0,09 28 29,1 
0,04—0,05 17 15,4 0,09—0,10 44 32,9 


*The calculated numbers are normalized so that D3 pa 


range & = 0—0.10. 


ets aN ea for the 


shower particles, is in substantial disagreement 
with the value Wexp in the region of small angles 
a. The values of wtheor obtained for a symmet- 
rical angular distribution in the c.m.s. are in good 
agreement with Wexp also for considerably smaller 
opening angles a@ (see Table III). 

The difference between wWexp and wtheor ob- 
tained for an asymmetrical c.m.s. angular distri- 
bution may also result from a systematical corre- 
lation between the angles of shower particle pairs. 
However, such an assumption is doubtful since, in 
that case, the correlation would not depend on the 
shower energy (see Table II), which is difficult to 
explain if one considers that the correlation is a 
result of the decay of short-lived particles. The 
assumption about the existence of a correlation also 
contradicts the variation of w(qa@) for small angles, 
which is characteristic for non-correlated particle 
pairs. Thus, from all that has been said above, 
one can conclude that the measurements of the 
angles between shower particles indicate a sym- 
metrical c.m.s. angular distribution, but do not 
indicate an angular correlation of shower particle 
pairs. Experimental results on the measurements 
of the angular distribution of shower particles with 
respect to the primary particle direction also con- 
tradict asymmetry of F(@) inthe c.m.s. 


CONCLUSION 


Through an analysis of the experimental errors, 
the present experiment leads to the conclusion that 
a distortion of the angular distribution of shower 
particles takes place in the range of angles @ < 10°. 
The distortion of F(@) is the result of errors in 
the determination of the direction of the shower 
axis, which are especially large in constructing 
the angular distribution of shower particles with 
respect to the direction of their center of gravity, 
and amount to a quantity of the orderof dv) ~ (0.15 
to 0.20) 3/2. In the case where the direction of the 
primary particle is taken as a direction of the 
shower axis, the experimental errors 6) can be 
considerably smaller. This second method of con- 


structing F(@) is, however, only applicable for 
showers produced by charged particles, and which, 
in addition, are advantageously placed in the emul- 
sion layer. The distortion of F(6@) leads to the 
lowering of the number of shower particles for 
small angles 6, which can be seen by comparing 
Fig. 1 and-Fig. 2. 

Additional information on the angular distribu- 
tion of shower particles has been obtained through 
the study of the correlation between pairs of shower 
particles. It follows from the data obtained that 
the observed number of pairs of shower particles 
with a small opening angle corresponds to an an- 
gular distribution in the c.m.s. which is symmet- 
rical with respect to the angle 6= 7/2. It should 
be mentioned that experimental data on the varia- 
tion of the number of pairs of shower particles 
with the angle between them may be related to the 
angular distribution only in the absence of a sys- 
tematic angular correlation of shower particles. 
The assumption about the existence of such a cor- 
relation is, however, not very probable, since the 
effect of an angular correlation would be independ- 
ent of the shower energy, which is difficult to ex- 
plain if one considers that the correlation would 
be a result of the decay of short-lived particles. 
The assumption of a correlation between shower 
particles is also contradicted by the experimental 
data on the dependence of the particle pairs on the 
opening angle of the pair. Thus, one can consider 
that the data presently available confirm an angu- 
lar distribution of shower particles produced in 
the collision of fast particles with nuclei which 
is symmetrical in the c.m.s. No correlation be- 
tween the angles of particle pairs is observed in 
the showers. The symmetry of F(@) in nucleon- 
nucleus collisions, but at high energies of the in- 
cident particles, follows from the hydrodynamical 
theory of Landau and Belen’kii.? 

In conclusion, the authors express their deep 
gratitude to Prof. I. I. Gurevich, L. M. Barkov, 
and V. G. Vaks for helpful discussion in the course 
of the work, and to G. V. Ryzhova and V. B. Fedo- 
rov for their help. 
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APPENDIX 


DETERMINATION OF THE FUNCTION w(a@) 
ASSUMING THE ABSENCE OF ANGULAR 
CORRELATION OF SHOWER PARTICLES 


As has been shown in Sec. 3, in the case where 
the angular distribution of shower particles is de- 
scribed by the function f (+), the probability that 
two particles of the shower have an opening angle 


n is given by the relation (7) = \ f (83) f (82) doydog, 
(A) 
where the region of integration is given by the ex- 


pression 


cos 7 = cos 9, cos By + sin 9, sin 92 Cos (91 — $2)- 


We shall introduce an auxilliary function g(n) 
which is defined in the following way: 


2m 2m Tv Tv 
2) = \ doy \ dos \sin 9, F (91) d%\ sin 9f (92) dd_-6 [cos 7 
0 0 0 0 


— COS 9, COS By — sin 9, Sin 9, Cos (~1 — G2)] - 


This function is related to w(7) by the obvious 
equation 


o (4) = g (m) sing = g (4) 9, 


since, in the showers under consideration, n <« 1. 
Thus, the problem of finding the distribution 
w(7) in the absence of a systematic correlation 
between shower particles is reduced to the deter- 
mination of the function g(7). 
Introducing ~ = 91-2, we can transform 
g(n) to the form 


; dd. 
Oo = 47 i} 
g (7) = 42) \F @:) sin sf (.) sin, a OS 
where 
COS % = cos 7 — cos 4; cos 92 cos 7 — cos 9; cos 9, 7 


sin $; sin 95 : sin 9; sin 


We shall make the following substitution: 
o + 9,= 2x, 3,—%,= 2y; 

The integration region is then given by the expres- 

sion 


O<x+y/2<x, | 2 cos n — cos 2x — cos y 


0<x—y/2<7x, | cos y — cos 2x <1, 


and the function g(7) by the expression 
g (7) ee 4n\{ f(x + y/2) f (x —y/2) dxdy. 


SiN 
2 cos) — cos2x —cosy| | 2 sin®x + y?/2 — x? 1 
cos y — cos 2x as | 2 sin2x — y?/2 ans 


Hence, it follows that y<7n and 2x>vn, since n 
is small (n <1). Furthermore, we have 
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; 4 sin?x — 7) (1? — 9”) 
sin? Do ae 1 — Cos* Go = a . 
Thus, g(7) is transformed to the following form: } 
‘TT nN 
g(n=4n\ de\ Fx + y/2) F(x— ¥/2) 


te 4) 


(2 sin?x — y?/2) dy 
V (9? — 9?) (4 sin®x — 7%) © 


Making the substitution 2x/n = and y/n=k, 
we obtain the following expression for g(7): 


c= ee) @\0[26 +9] 0[3 6-9] ata 


1 0 


where ®(x) =xf(x). From this expression, it 
is clear that, in the case where @(x) is given as 
a function of the relative angle 30/3; jr &(nN) also 
is a homogeneous function of D4/2> i.e., depends 
only on the ratio a = n/%/.. However, for such 

a definition of the function ®(x), the expression 
for g(n) should be multiplied by a certain nor- 
malization factor. In fact, the determining func- 
tion g(7) of the angular distribution of shower 
particles £(.%) should be normalized to 


| 
| 
| 
| 


\ f (8) 2xsin 3d9 = 1. Therefore, determining 6 ( 8/34/2) 


from the experiment with the normalization 
\® (9/9) d (8/9) =1 g(n) should be multiplied by 
(4134/2). Hence 

© (4) Ay = 1 (n/9p) (y/%)) d (n/91)), 


where 
1 


8: (1/91) = gy (@) = = (a \® LF Sak | 
1 


0 


% a 7 dx 
on lz Sm *) | V@—hi—)- 
Thus, w(7)dn is also a homogeneous function of 
01/2, and can be written as w(a)da, where a 
= n/91/2- 

The given expression for w(q@) can be repre- 
sented in a simpler form by expanding the function 
@ ina series of terms of a small parameter xk. 
However, such an expansion does not make it pos- 
sible to obtain a good approximation for w(a) for 
an arbitrary function $. Therefore, in the present 
article, w(a@) has been computed by numerical 
integration of the formulas given without any further 
simplification. 
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The production of fragments in nuclear disintegrations induced by 280-Mev 7* mesons is 
studied with the aid of photographic emulsions. The angle, charge, and energy distributions 
of the emitted fragments are measured. An analysis of the experimental data and compari- 
son with the results of theoretical calculations show that in the case under consideration the 
particles responsible for formation of the fragments are protons produced by absorption of 
m™* mesons by quasi-deuteron pairs, and also recoil nucleons produced in scattering of pions 
by separate nucleons of the nucleus. Some suggestions are made concerning the mechanism 
of formation of such fragments, based on an analysis of the energy spectra of the fragments 


produced by particles of various energies. 
INTRODUCTION 


Mile hypotheses have been advanced to explain 
the process of production of multiply-charged par- 
ticles (fragments) among the products of disinte- 
gration of complex nuclei, induced by high-energy 
particles. Not one of these, however, can explain 
fully the entire aggregate of experimental data. 
One hypothesis is that a substantial role is played 
in this process by the mesons produced in the nu- 
cleus when the incident particle is of sufficiently 
high energy.! A study of fragmentation induced by 
mesons is therefore of particular interest and can 
be quite important to the understanding of this 
process. 

Recently certain data have been obtained on the 
production of multiply-charged particles induced 
by high-energy negative pions. Blau and Oliver? 
observed fragments in disintegrations of emulsion 
nuclei by 750-Mev m mesons, and a paper by one 
of the authors of the present article’ contains pre- 
liminary data on the production of such fragments 
in interactions between 280-Mev 7m* mesons and 
emulsion nuclei. It is noted in that paper that ab- 
sorption of a meson is not at all essential to the 
production of multiply-charged fragments, and 
that fragment production may be partially due also 
to fast nucleons produced in the scattering of a 
meson by individual nucleons of the nucleus. 

It is the purpose of the present paper to study 
this process further, to investigate its principal 
characteristics (such as charge, energy, and 
angular distribution of the fragments produced 
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by 280-Mev positive pions, and to compare the 
data obtained with the results of investigations 
of fragmentation by high-energy protons. 


EXPERIMENTAL PROCEDURE 


Two types of emulsions were used in the experi- 
ment: relativistic, type P-R, capable of registering 
charged particles with minimum ionization, and 
type P-9, which is less sensitive (proton sensitiv- 
ity limit 35 —40 Mev).* The first of these emul- 
sions gives a more complete picture of the disin- 
tegration. However, it is difficult to obtain with 
it sufficiently large statistics of the events, since 
this emulsion can be exposed to only a small meson 
current. The principal characteristics of the frag- 
ments, such as their angular and charge distribu- 
tions, the spectrum, etc., were obtained by ob- 
serving stars in the P-9 emulsion, which was ir- 
radiated with a sufficiently larger (by approxi- 
mately 10 —15 times) meson current than the 
relativistic emulsion. 

The plates were exposed in the extracted 300- 
Mev 7m*-meson beam of the synchrocyclotron of 
the Joint Institute for Nuclear Research. Entering 
the emulsion were the 280-Mev mesons that passed 
through a copper absorber, which separated the 
protons of equal momentum from the beam. 

The plates were scanned by area under a micro- 
scope and the stars with multiply-charged particles 
were counted. Fragments of charge Z> 4 were . 


*The P-R and P-9 emulsions were prepared in the laboratory 
of Professor N. A. Perfilov. 
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reliably identified visually. The angle of emission 
of each fragment was measured relative to the in- 
cident meson, and its charge and energy were de- 
termined (where possible). 

The charge was estimated by measuring the in- 
tegral length of the track.’ Calibration histograms 
were first prepared for each type of emulsion by 
using a -particle tracks and tracks of Li? and Bes 
which are well separated, owing to decay into two 
@ particles (hammer-like tracks). In addition, 
we used the tracks of the N#* ions, with which the 
type P-9 emulsions were specially irradiated. It 
follows from the resultant calibration histograms 
that the charge discrimination is sufficiently reli- 
able for fragments with ranges greater than 20u 
at a fragment-track dip angle in the undeveloped 
emulsion not greater than 30°. The energy of the 
fragment whose charge was measured was esti- 
mated from the ranges and from the range vs. 
energy curves given by Papineau for multiply- 
charged particles.° 

Disintegrations with fragments found in the rela- 
tivistic emulsion were studied further to detect the 
entering fast pion (E > 40 Mev) and the emitted 
fast protons (E > 50 Mev), and the angular dis- 
tributions of these particles were measured rela- 
tive to the emitted fragment. 


EXPERIMENTAL RESULTS 


In all, 223 fragments were found in the stars 
produced by 280-Mev positive pions. Of these, 61 
cases were observed in the P-R emulsion and 162 
in the P-9 emulsion. About 60% of all observed 
fragments are attributed to pion interactions with 
heavy nuclei, and 40% to interactions with light 
nuclei (the separation criterion is analogous to 
that used in references 6 and 7). The charges of 
the track-producing particles were determined 
for 158 tracks. The charges of the remaining 
fragments were not determined, since their tracks 
either had too large a dip angle or passed outside 
the sensitive layer. 


Charge Distribution 


The charge distribution is shown in Fig. 1 sepa- 
rately for disintegrations of the heavy and light 
emulsion nuclei. For comparison, the same figure 
shows the results obtained with high-energy pro- 
tons." It is seen that in a case of heavy nuclei 
the relative yields of the fragments of different 
charges are almost independent of the bombarding- 
particle energy. There is a certain difference be- 
tween our data on fragments from light nuclei and 
the results of the work by Lozhkin and Perfilov.’ 
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Number of fragments, 7% 


Wp Gh CL WG AL by 4 6 2 
a b 
FIG. 1. Distribution of the fragments by charges: a — inter- 
action with heavy emulsion nuclei, 0 — 280-Mev 7+ mesons 
(solid curve), x — 660-Mev protons,’ @ — 6.2 Bev protons® 
(dotted curve); b — interaction with light emulsion nuclei (same } 
symbols). 


| 
Energy Distribution 


Figure 2 shows the individual energy spectra of 
fragments with charges 4, 5, 6, and 7, emitted from 
the heavy emulsion nuclei. The arrows indicate the 
heights of the potential barrier of the nucleus for 
emission of particles of the particular charge.* 
The same diagram shows the corresponding frag- 
ment energy distribution, obtained by Lozhkin and 
Perfilov’ at bombarding-proton energies of 660 


60 
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FIG. 2. Energy distributions of fragments with charges 4, 5, 
6, and 7; solid line — fragments produced by 280-Mev 7+ mes- 
ons, dotted — by 660-Mev protons.’ 


*In the calculation of the barrier, account was taken of the 
fact that the nuclear cascades and a particles leave the nu- 
cleus earlier than the fragment, and the value of the charge and 
mass of the residual nucleus is correspondingly reduced. 
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FIG. 3. Histogram of distribution of frag- 
ments by energies: a — for heavy emulsion 
nuclei, b — for light emulsion nuclei. Solid 
line — due to 280-Mev z+ mesons, dotted — 
due to 660-Mev protons.’ 


Number of cases, % 
SS 


D 10 20 30 40 50 60 10 80 90 100 110 120 130 EMev 


Mev. All the histograms were normalized in area. 
It is seen from these histograms that the fragments 


produced by 280-Mev mesons have approximately 
the same energy distribution as fragments of cor- 
responding charge produced by 660-Mev protons. 
Inasmuch as the statistic for each determination 
of charge is small, Fig. 3 shows histograms of the 
energy distributions of all multicharge particles 
with Z=4, produced in the interaction between 
m™™ mesons (solid curve) or protons (dotted) and 
heavy (a) or light (b) emulsion nuclei. 

In addition to the foregoing comparison with the 
data of Lozhkin and Perfilov,' the energy distribu- 
tion of the fragments emitted from light emulsion 
nuclei under the influence of 7* mesons can be 


compared with the data of Ostroumov and Yakovlev, 
who measured the energy distributions of fragments 
emitted from carbon under the influence of 660-Mev 
protons. In this case, too, there is sufficiently good 


agreement between the energy distributions. Fig- 
ure 4 shows the energy distributions calculated 
for one fragment nucleon, for interactions between 


280-Mev mesons or 660-Mev protons’ and the silver 


and bromine nuclei. 
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FIG. 4. Energy distribution per nucleon of multiply-charged 
fragment: solid line — interactions with 280-Mev 7+-mesons, 


_ dotted — with 660-Mev protons.’ 


From an examination of the foregoing data we 
conclude the following rather important fact: al- 
though the bombarding particles differ in nature 
and have different energies, the energy spectrum 
of the emitted fragments is the same. 
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Angular Distribution of Emitted Fragments 


In an earlier paper by one of the authors? it is 
shown that the emitted fragments produced by 280- 
Mev m~* mesons are highly directional. Figure 5 
shows the angular distributions, separate for heavy 
and light nuclei, obtained in the present experiment 
for 223 fragments. As can be seen from the histo- 
gram, the directivity of the fragments emitted from 
light nuclei is somewhat more pronounced. In the 
case of heavy nuclei the number of fragments 
emitted in the forward hemisphere is 2.5 times 
that emitted in the backward one, while the corre- 
sponding factor for light nuclei is 3.4. 


40 
FIG. 5. Angular distribu- 
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Fast Protons and Pions Accompanying the Emis- 
sion of Fragments 


In the investigation of stars with fragments by 
means of relativistic emulsions, special attention 
was paid to the emitted scattered pions, fast pro- 
tons (E > 50 Mev) and the correlation between the 
latter and the fragments. Figure 6 shows the dis- 
tribution of angles of emission of multicharged 
fragments and the fast protons of the disintegration. 
It is seen from the curve that in most cases the 


FIG. 6. Distribution of the 
number of events with respect to 
the angles of the fragment and of 
the fast proton (E > 50 Mev): 
solid line — events on heavy 
emulsion nuclei, dotted — on 
light emulsion nuclei. 


Number of events 


Projection of angle, deg 
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fragment and the fast proton are emitted at angles 
120 —180°, and this correlation is more sharply 
pronounced on light nuclei. 

In 18% of all the cases found in the relativistic 
emulsion, an emitted pion with energy > 40 Mev 
is observed. Consequently, as already indicated,? 
the process of fragment production is not neces- 
sarily due to the absorption of a pion. 


Cross Section 


The cross section for production, by 280-Mev 
m™ mesons, of fragments with Z = 4 has been 
estimated for heavy and light emulsion nuclei from 
observations made in the relativistic P-R emul- 
sion. The cross section for fragmentation was 
found to be oy = (1.4 + 0.5)mb on heavy emulsion 
nuclei and o7 = (0.56 + 0.3)mb on light emulsion 
nuclei. 

The value of o, obtained by us is somewhat 
higher than that given in reference 3, which, ap- 
parently, is undervalued because of insufficiently 
clear identification of the disintegration cases, 
since the fragment charges have not been deter- 
mined in that investigation. 


DISCUSSION OF THE RESULTS 


In studying the process of fragment production 
induced by 7* mesons in complex nuclei it is nec- 
essary first to attempt to ascertain whether in this 
case the production of the fragments is due to the 
mesons directly or to the fast nucleons produced 
in the nucleus as a result of scattering and absorp- 
tion of the pions; in the latter case it is of interest 
to estimate the relative contribution of these two 
groups of nucleons to the fragmentation process. 
According to modern notions, fast mesons can in- 
teract with individual nucleons of a complex nu- 
cleus. Both elastic and inelastic scattering, scat- 
tering with charge exchange, and absorption of 1* 
mesons, predominantly in the interaction with the 
(n, p) pair, are all possible. Of all the foregoing 
processes, the most probable are absorption and 
scattering, and consequently, the probability of ap- 
pearance of fast nucleons in the nucleus is quite 
large. Let us therefore consider the possibility 
of production of fragments through such fast nu- 
cleons. Let us attempt to compare the angular 
distribution of the emitted fragments obtained in 
the present investigation with the distribution cal- 
culated on the basis of some model for their pro- 
duction. 

We assume first that the emission of multiply- 
charged fragments in meson stars is due only to 
fast nucleons that arise when a meson is absorbed 
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by a pair of nucleons (n, p): 
x*+d—>p+p. (1) ° 


In our case, when the energy of the incident 
meson is 280-Mev, the absorption results in two 
protons, each of 210-Mev energy. It is possible 
to calculate the angular distribution of the frag- 
ments if the distribution of the protons produced 
in reaction (1) is known, and also if the angular 
distribution of the fragments emitted in the disin- 
tegration of nuclei by protons of corresponding 
energies (~ 200 Mev) is known. 

Data on the angular dependence of the cross 
section of reaction (1) at 280 Mev meson energies 
are taken from the paper by Neganov and Parfenov,”. 
as the average results of experiments made with 
316- and 260-Mev mesons. These values should 
be corrected for the motion of the quasi-deuteron 
in the nucleus. We assume its kinetic energy to 
be 10 Mev. We assume further that the variation 
of the differential cross section for fragmentation 
by protons produced in accordance with scheme 
(1) coincides with the differential cross section 
for the production of fragments on emulsion nuclei - 
under the influence of a proton beam of approxi- 
mately the same energy. The latter can be ob- 
tained by investigating stars with multiply-charged 
particles in an emulsion irradiated by a parallel 
beam of 200-Mev protons. A calculation of the 
differential cross section for the production of 
fragments under the influence of protons, which 
in turn have an angular distribution relative to a 
specified direction of the bombarding beam of 
positive pions, is carried out without segregating 
the disintegrations of heavy or light emulsion nu- 
clei. 

Figure 7 shows the experimental angular dis- 
tribution of fragments from m* mesons (histo- 
gram) and the calculated angular distribution 
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FIG. 7. Three-dimensional angular distribution of the emitted 
fragments produced by 280-Mev positive pions (for all emulsion 
nuclei). Histogram — experimental data; solid curve — calcu- 
lated with allowance for only the absorption proton; dotted — 


calculated with allowance for absorption protons and recoil 
nuclei. 
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(solid curve). The discrepancy between the two 
is considerable. The choice of another value of 
quasi-deuteron energy in the nucleus (for example, 


9 or 15 Mev) does not change this relationship sig- 


nificantly. We assume further that the emission of 
fragments is due to a considerable extent also to 
the recoil nuclei, produced during the scattering 
of mesons by large angles, in accordance with the 
reaction 


r+ N--+>r+WN (2) 


(N — nucleon). Such nucleons, with energies on 
the order of 100 — 200 Mev, are emitted with over- 
whelming probability into the forward hemisphere 
relative to the incident meson. Therefore the cal- 
culated curve should be shifted towards angles less 
than 90°. A  y? test has disclosed that the best 
agreement [P( x?) = 0.68] between the calculated 
and the experimental relationship is obtained if it 
is assumed that the contribution of the scattering 
nucleons from reaction (2) to the fragmentation 
process amounts to 70% of the contribution of the 
protons from reaction (1), i.e., ~ 60% of all the 
fragments are produced by absorption protons (1) 
and ~ 40% by recoil nucleons (2). A differential- 
cross section curve corrected with allowance for 
this effect is shown in Fig. 7 (dotted) and is in 
sufficiently good agreement with the experimental 
data. 

A sufficiently convincing confirmation of the 
important role played in the fragmentation process 
both by absorption protons and recoil nuclei can be 
gained also from the analysis of our other experi- 
mental data. The correlation shown in Fig. 6 be- 
tween the emitted fragment and a fast proton (E 
> 50 Mev), which indicates the preferred emission 
at an angle 120 — 180°, is more sharply pronounced 
for light nuclei. This should actually take place, if 
the fragments are formed to a considerable extent 
by one of the absorption protons, considering that 
the fragment travels preferably in the direction of 


E mev 


FIG. 8. Dependence of the fragment en- 
ergy on the angle of emission relative to 
the incident 7* mesons. Straight lines — 
calculated dependences for Li, Be, and B, 
under the assumption that they are elas- 
tically knocked out by the mesons. 
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motion of the proton that has led to its production. 
In addition, observation of simultaneous emission 
of a fragment and pion, which discloses that the 
emission of fragments need necessarily not be con- 
nected with the absorption of a meson, and the ob- 
served large angular directivity of the fragments 
emitted from the light nuclei, also indicate the sig- 
nificant role that recoil nuclei play in the fragment 
production process. 

The probability of absorption of a meson by a 
nucleon pair (n, p) in the emulsion nuclei can be 
estimated from the values obtained for the relative 
participation of the absorption protons in the frag- 
mentation process. The mean energy of the scat- 
tering nucleons [reaction (2)] is somewhat less 
than the energy of the protons produced in absorp- 
tion [reaction (1)]. Unfortunately we do not know 
exactly the variation of the probability of fragment 
production with energy of incident particles in the 
100 — 200 Mev region. Therefore our estimate of 
the probability of 7*-meson absorption is made 
under two extreme assumptions, when the ratio 
of the fragmentation cross sections for these two 
groups of nucleons (absorption and scattering) 
is taken to be 1 and 3. This yields a range of from 
45 to 70% for the absorption probability. Conse- 
quently, it can be stated that the ratio Wq/(Wq +Wp) 
for 280-Mev m* mesons on emulsion nuclei is 0.6 
[Wg — probability of absorption by the pair in ac- 
cordance with scheme (1), Wp — probability of 
scattering in accordance with scheme (2)]. Our 
estimates of the values of Wq/(Wq+ Wp) agree 
with the results of other investigations .10,11 

On the basis of our experimental data we cannot 
deny emphatically the possibility of direct knock- 
out of fragments by mesons, but we consider the 
probability to be low. It is seen from Fig. 8 that 
there is no correlation whatever between the angle 
of emission of the fragment (relative to the inci- 
dent meson) and its energy, and a complete lack 
of correspondence is observed with the curves cal- 
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culated under the assumption of elastic impact be- 
tween the pion and a given substructure in the nu- 
cleus. It can be noted that if the complex of nucle- 
ons with which the meson collides has a momentum 
of its own, perhaps a considerable one, and if this 
process has been preceded by acts of meson scat- 
tering by single nucleons, the picture of the elastic 
(or quasi-elastic) impact may be greatly distorted 
and the unique correspondence between the angle of 
emission and the fragment energy may be disturbed. 
However, the form of the spectrum shown in Fig. 3 
for the heavy emulsion nuclei does not agree with 
the assumption of the knock-out of a considerable 
fraction of the fragments by mesons, since the 
maximum energy transfer in the latter case is 
quite small (for example, it amounts to 37 Mev 

for Be}). 

An examination of Figs. 2, 3, and 4 leads to the 
conclusion that the energy spectrum of the frag- 
ments that arise in nuclear disintegrations is inde- 
pendent of the nature of the bombarding particles. 
From the foregoing analysis of fragmentation by 
pions it follows that in this case the fragment pro- 
duction is under the influence of neutrons with en- 
ergy ~150—200 Mev. 
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FIG. 9. Energy distribution of fragments with charge 4 (Be). 
Solid line — fragments produced by 280-Mev 7+ mesons, dotted — 
fragments produced by 6.2-Bev protons.°® 


Figure 9 shows the energy spectrum for Be 
atoms from heavy emulsion nuclei, produced by 
280-Mev 1* mesons and 6.2-Bev protons.® It is 
seen that in this case, too, as in the comparison 
with the energy spectrum due to 660-Mev protons, 
the distributions do not differ substantially. This 
signifies apparently that the fragments are not 
produced by direct knock out by primary nucleons, 
but are due to secondary nucleons which are pro- 
duced in the nuclear cascade.* In all cases the 
most effective are nucleons ‘of approximately the 


*The conclusion that cascade nucleons play a substantial 
role in the fragmentation process was also made in references 6 


and 12. 


IVANOVA, OSTROUMOV, and PAVLOV 


same energy (less than 150 —200 Mev), which 
yields, in spite of the different energies of the 
primary particles, approximately the same frag- 
ment spectrum. The number of such secondary 
nucleons in each act of disintegration will indeed 
determine the cross section for fragmentation at 
a given energy of incident particle and increases | 
with increasing energy of the particle. At primary 
nucleon energies, when the meson production in 
the nucleus becomes considerable, the absorption 
of this meson by a (n, p) nucleon pair increases 
the number of nucleons that contribute to fragment 
production, and thus influences the fragmentation 
cross section. | 
In conclusion, the authors consider it their duty _ 
to express gratitude to S. A. Tartakovskaya for help | 
in scanning the photographic plates and to Profes- 
sor N.A. Perfilov for continuous interest in this 
investigation. 
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Experiments are described which have been undertaken in order to determine whether or not 
y photons generate particles with mass (M) from 6 to 25 electron masses with production 
cross sections predicted by the electromagnetic theory of pair production. For this purpose 
fast coincidence circuits were used to measure the time of flight of particles between two 
scintillation counters. The particles were produced in a lead target located in the brems- 
strahlung beam from a synchrotron. A comparison was made of the theoretical and experi- 
mental coincidence counting rates corresponding to detection of particles with the expected 
mass for the apparatus parameters. In each set of experiments the ratio of the electron 
counting rate to the background counting rate was also measured. The results indicate that 
the cross sections for the production of particles with unit charge, spin 4, and mass ranging 
from 6 to 25me by vy photons are not in accord with those predicted by electromagnetic 


theory. 
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1. INTRODUCTION 


In electromagnetic theory there is no restriction 
on the existence of particles with mass between 
the mass of the electron and the uw meson. 

In the first approximation the ratio of cross 
sections for the production of particle pairs with 
mass M and electron-positron pairs is equal to 
the square of the reciprocal of the mass ratio of 
the particles, i.e., 


Sg / On, (m, / M)?. 


Hence, the observation of particles of mass M 
is difficult either because the cross section is 
small (for M > me) or because the mass of the 
proposed particles is very close to that of the elec- 
tron (for M=nmg, where n is a number of sev- 
eral times unity). 

The problem of “heavy” electrons has been dis- 
cussed in connection with the anomalous scattering 
of 6 -particles close to radioactive sources!~? and, 
more recently, in connection with the penetrating 
particles in wide atmospheric showers. There is 
available a large body of contradictory experimen- 


tal data*~? which seems to favor the evidence against 


the existence of “heavy” electrons. In particular, 
the existence of particles with mass appreciably 
differing from the mass of the electron contradicts 
the picture of the development of cosmic showers 
obtained by cascade theory. Nevertheless, the 
analysis of earlier experimental cosmic-ray data 
does not give a definitive answer to the problem 
and the existence of these particles cannot be con- 
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sidered proved or disproved. In order to resolve 
this problem it is necessary to undertake special 
experiments with appropriate techniques. Using 
the possibilities offered by modern techniques it 
is possible to consider experiments which yield 
direct conclusions as to the existence of these 
particles within the framework of the present 
electromagnetic theory of pair production. 


2. EXPERIMENTAL ARRANGEMENT 


In order to determine the mass of a charged 
particle one must know any two of the following 
quantities: the momentum p, the energy E, or 
the velocity 8. Usually one measures either the 
energy loss and the range in matter or the curva- 
ture of the trajectory in a magnetic field, or the 
range and the curvature. Then one of the meas- 
ured parameters is used to compute the velocity 
B. Finally, the velocity and the second measured 
parameter can be used to determine the mass. 

It is also possible to use the scattering pattern of 
a particle and elastic collisions of a particle with 
electrons for this purpose. However, all these 
methods have a number of shortcomings;® the 
most important disadvantage is the inaccuracy 
due to the statistical nature of the quantities being 
measured. 

In recent years coincidence circuits with very 
small resolution times (tT © 107°? sec) have be- 
come available; thus it is possible to measure the 
velocity of relativistic particles directly, with 
good accuracy. We have used a metnod of this 
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FIG. 1. Experimental geom- 
etry: 1) synchrotron target, 
2) monitor chamber, 3) lead 
collimators, 4) direction of the 
bremsstrahlung beam, 5) lead 
target, 6) magnet, 7) scintil- 
lation counter, 8) vacuum tube, 
9) focusing lenses, 10) scin- 
tillation counter. 


kind to determine the velocity of a particle with 
a given momentum, i.e., to measure the momen- 
tum p and B=v/c. 

The experimental arrangement is shown in 
Fig. 1. Particle pairs are produced in a lead 
target 5 which is bombarded by the bremsstrahl- 
ung beam from the synchrotron 4. To obtain par- 
ticles with the desired momentum the target is 
located in a magnetic field 6. Further along the 
path of the particles there are two counters 7 and 
10 which are separated by a distance S; if the 
time interval between the arrival of the particle 
in the first and second counters is measured (by 
the delay in an appropriate coincidence channel ) 
data are obtained which can be used for determin- 
ing the mass of the particle. The difference in 
the time of flight of a particle with mass M and 
an electron with the same momentum is given by 
the relation 


t = S(1 —Bm) / cB. 


It is apparent that the basic disturbing factor 
in such an experiment is the electron background, 
which gives rise to spurious coincidences. Conse- 
quently, the possibilities of the experimental appa- 
ratus are limited by the ratio Np/Ne, where Np 
is the counting rate for spurious coincidences and 
Ne is the counting rate at the maximum of the 
electron delayed-coincidence curve. A particle 
of mass M can be identified if the following con- 
dition is satisfied: 


Np/Ne< No/Ne, 


where Ny is the counting rate at the maximum 
of the delayed-coincidence curve for particles of 
mass M. 

Using various values of M we can now esti- 
mate the ratio N\y/Ne; this quantity imposes 
definite requirements on the operation of the ap- 
paratus (in particular, the permissible level of 
the accidental coincidence background). If the 
system has the same detection efficiency for elec- 
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trons and particles of mass M the ratio NM /Ne 
is equal to the yield ratio for these particles and 
electrons. In the present case, as will be appar- 
ent below, this condition is satisfied; hence, we 
will refer to the ratio of the cross sections. 

We are interested in the cross section for the 
production of particle pairs for which one member 
of the pair has a fixed momentum, say p,. Since 
the apparatus detects particles over an angular 
range of +5° with respect to the direction of the 
primary y photons it is necessary to know the 
angular dependence of this cross section. It is 
also necessary to take account of the radiation 
spectrum of the synchrotron. A calculation of 
this kind is extremely difficult. However, at our 
request it was kindly undertaken by our colleagues 
of the theoretical division of the Institute of Phys- 
ics, Academy of Sciences, V. I. Ritus and L. V. 
Parifskaya; these calculations are for particles 
with mass M of 1, 8, 10, 16, and 20mg. 

The expression? 


was integrated over the spectrum for a fixed value 
of the parameter p, and with respect to the angle 
g ona “Ural” electronic computer. The angular 
dependence was approximated by a parabola; when 
this approximation is used the error is less than 
10%. 

In Fig. 2 are shown the angular distributions ob- 
tained for the quantity 
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do dk M\8 

F (6) poe G (Zaria meet (TE) 
where e, is the kinetic energy of the positively 
charged member of the pair, k is the momentum 
of the primary photon, ry is the classical radius 
of the electron, and the other quantities have the 
usual meanings. The area under a given curve is 
equal to the total cross section for the formation 
of particle pairs of a given mass with a fixed value 
of momentum. 
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FIG. 2. The quantity do/dQ as a function of the emission 
angle of the positively charged member of the pair 0, for par- 
ticles with M = 8, 10, 16, and 20 m,. 
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The true angular distribution of the detected 
particles differs from that which is obtained by 
this method because of scattering in the target. 

In converting from the angular distributions which 
have been obtained to the angular distribution in 
the plane we introduce a correction for scattering 
in the target. 

The experiments were carried out with a lead 
target 0.5 mm thick for M = 8 and 12me and 
0.25 mm thick for M=16 and 20mg. The mean 
angle for multiple Coulomb scattering in this tar- 
get is (cf. reference 10) 


f= 16nN Ske Aa re 

. Bp x Zhm,c s 
where x is the thickness of the target in g/cm’. 
The remaining quantities have the usual meanings. 


Calculations carried out with this formula give the 
following mean scattering angles: 


M/m, 4 4 8 10 16 20 
Thickness of the 

Pb target, mm OLD Oe25 0.5 ONS 0.25 0.29 
Oa, deg. 33 BV) Sid aie Sis 30.5 say 


For electrons which leave the target the angular 
distribution is described by the Gaussian function 


P (6) d8 = const-exp {— 62/62) do. 


For the heavier particles, we can take in the 
first approximation a Gaussian distribution of the 
form 


P (8) d8 = const-exp {—(%m — 9)?/67} a8, 


where 6? = 97+ 6%, and ¥%, is the angle corre- 
sponding to the maximum in the distribution and 3 
is the half width of the distribution. 

The angular distributions for particles emitted 
from the target, corrected for scattering and nor- 
malized for the total cross section, are given in 
Fig. 3. 


Diplo ole alee. 
~O2 0 020406 08 10-02 0 0204 06 08 10 120 
FIG. 3. Angular distributions of particles with M = 1, 8, 10, 
16, and 20 mg. The shaded areas indicate the operating angu- 
lar regions +5°. The thickness (b) for the curves: 1) b = 0.25 
mm; 2)b=0.5 mm; 3,4) b= 0.25 mm; 5,6) b= 0.5 mm. 
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From these curves we can estimate values for 
the ratio Nyw/Ne for particles of different mass. 
The results of these calculations are: 

Mim, 8 10 16 20 
Ny/N, {7-40-39 56-10-35 3s10-2 §473.40=4 

We now estimate the accuracy in the measure- 
ment of the mass of the particles by this method. 
Differentiating the relation 


Mc? = pcV 1 — 82/8, 


we have 


d (Met) = A= Fa (pc) + = db. 


wits 
It is clear that the quantity d(pc) is deter- 
mined by the width of the channel along which the 
particles move in the magnetic field from the tar- 
get to the first counter and by the strength of this 
field. The value of df is determined by the reso- 
lution time of the apparatus. If S is the distance 
between the counters and t is the transit time be- 
tween the counters, dv = Sdt/t?. Since d8 
= (1/c)dv, we have d@ =Sdt/ct? where dt is 
the inaccuracy in the determination of the transit 
time, i.e., the resolution time of the system T = dt. 
For the apparatus parameters chosen by us 
[pc = (1041) Mev, T=3 X10? sec], d(Mc?) 
varies from 30% for M=12mMe to 19% for M 
= 24Me. 


3. APPARATUS 


This work was carried out at the synchrotron 
of the Physics Institute of the Academy of Sciences, 
which yields a bremsstrahlung beam with a maxi- 
mum energy of 265 Mev. The y beam from the 
synchrotron passes through a monitoring ioniza- 
tion chamber 2 (cf. Fig. 1), two collimators 3, 
and strikes the target 5. The magnetic field is 
stabilized by an electronic system which stabilizes 
the excitation of the generator which supplies the 
magnet winding. 

Particles with the desired momentum are ex- 
tracted from the magnetic field along a channel in 
the lead shield and strike the first counter. The 
walls of the channel are made from aluminum in 
order to absorb electrons and low-energy photons 
produced as a result of showers in the lead shield. 
The channel is aligned by means of the current- 
carrying wire technique.!! 

The scintillator in the first counter is a thin 
(1 mm) plate of a solid solution of terphenyl- 
POPOP in polyvinyl toluene. The mean angle for 
multiple scattering of electrons in the scintillator 
is 4.5° and the mean energy loss is about 200 kev. 

The space between the first and second counters 
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TABLE I 
M, (VM) theor. (VM) exp. Ny Ne Nexp 
in units of Nb Nitoor: 

Me per 10° monitor counts 

8-2 570 3.6+1.0 5.74+4.5 3700 0,006 
1042 82 2.6-+0.4 2,3-+0.4 7480 0,032 
16-+-4 00.0 10.5+1.6 9.0+1.6 5900 0.19 
20-45 14 2.9-++0.6 2.6-++0.6 13400 0.21 


(15m) is enclosed in a vacuum tube 8. The input 
window of the tube is a brass foil 100 thick while 
the output window is the plastic scintillator of the 
second counter, a disc 10 cm in diameter and 2 cm 
thick. FEU-33 photomultipliers are used in both 
counters; this tube has an improved resolution 
time. The first counter is covered with lead and 
aluminum and the second is placed inside the con- 
crete wall in order to reduce the isotropic back- 
ground. 

In order to increase the solid angle of the ap- 
paratus particles passing through the first counter 
are focused in the desired direction by three mag- 
netic lenses 9, mounted on the vacuum tube. Since 
the focusing effect of the electromagnetic lenses 
depends only on the momentum of particles, the 
efficiency of the system remains equal for elec- 
trons and particles of mass M.” Pulses from 
the counters are applied to a double coincidence 
circuit!® with a variable delay in one of the chan- 
nels. 


4. MEASUREMENTS 


The measurements were made alternately at 
a point at which an effect due to particles of the 
expected mass was to be expected, and at a point 
where only background was to be expected. In 
order to measure the background the delay was 
chosen to correspond to particles of such large 
mass that any effect due to these particles was 
smaller than the background. The efficiency of 
the apparatus was checked periodically by meas- 
uring the counting rate at the maximum of the 
electron delayed-coincidence curve. 

The number of random coincidences, which de- 
termines the background of the system, is given 
by the expression 


Need as 2:N,N2/f, 


where 7 is the resolving time of the system, N, 
and N, are the readings of the counters (the 
number of recorded counts per unit time) and f 
is the duty cycle of the accelerator. N, and N, 
can be reduced by shielding the counters with lead 
and by reducing the intensity of the accelerator 


beam; the quantity f can be increased by artifi- 
cially stretching the synchrotron pulse to 3000 


usec. When these measures were taken the back- 


ground was reduced to the values shown in the 
fifth column of Table I. 

For the measurements in the region from 10 to 
25 electron masses we used a germanium -diode 
coincidence system with a resolving time T =3 


x 10-? sec. The resolving time sets the lower limit | 


on the masses which can be measured. In turn, T 
is limited by the duration of the pulses from the 
counters; hence, in searching for particles with 
mass (8+2)mg we used a differential coincidence 
scheme!‘ with a resolution time tT =1.5 x 107° sec. 


5. RESULTS 


The results of the measurements for particles 
with mass from 6 to 25 Me are shown in Table I. 
The theoretical values for different masses 
(NmM)theor obtained on the basis of the calcula- 
tions and measurements of the electron counting 
rates normalized to the same accelerator beam 
intensity are shown (10° counts of the monitor 
chamber) together with the experimental values 
(NM )exp- The background in each set of measure- 
ments and the ratio of the electron counting rate to 


the background counting rate are also shown. These 


data characterize the system. The last column 
gives the ratio of the experimental counting rate 
to the calculated counting rate. 


It is apparent from these results that y photons 


do not produce particles with unit charge, spin 3, 
and masses from 6 to 25mg with cross sections 
predicted by electromagnetic theory. If the pro- 
duction of these particles is possible at all, the 
probability that the cross sections are smaller 
than those given in the last column of Table II is 
99%. 

In conclusion we wish to take this opportunity 


to express our gratitude to Academician V. I. Veks- 


ler for his interest in this work, to our colleagues 
Engineer P. N. Shareiko, A. A. Rudenko, and A. D. 
Makov who helped in carrying out the experiment, 
and to the synchrotron operating crew, who were 
responsible for the operation of the accelerator. 
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TABLE II 
M, in units of ts a% 
Me °theor | °exp, lim 
842 | Boca 2.9 -10-28 
10252 LAO Os2e 3,8-10-?? 
16+4 1,45-10-27 Bos 
20-45 0,55-10-27 1,5-10-28 


*Computed from electromagnetic 
theory for p, = 10 Mev/c (with an ac- 
curacy of approximately 10%). 

**The experimental value of the 
upper limit of o for p, = 10 Mev/c. 
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A new extension of the WKB method is proposed, which is applicable to the solution of the 
radial Dirac equations for bound states of electrons in atoms. Approximate solutions of the 
Dirac equations are expressed in terms of the exact solutions of the analogous equations for 


electrons in hydrogen-like atoms. A method for representing the approximate solutions 
analytically is indicated. The fine structure of the M -terms of mercury is calculated in- 


cluding screening of the nuclear Coulomb field. 
1. INTRODUCTION 


Tae radial Dirac equations for a relativistic elec- 
tron moving in a centrally-symmetric field U (r) 
can be written in the form 


be, /he + dD,/dr —xO,/r = 0, 


,D,/nc — dD, /dr — ,/r = 0, (1) 


where 


y= WV mer—Ui(r); $,=W—me—U (r); 


Dili re (9; ®, (r) = rf (7); 


g(r) and f(r) are the large and small compo- 
nents of the electron wave function; W is the rela- 
tivistic energy of the electron (including its rest 
energy) and xk is a quantum number defined by 
the equations 


see (U1) fOr ft 251/ 


/ 2: 


aa SOT. f= Lt 


(2) 


A generalization of the WKB method which is 
applicable to the solution of equations (1) was given 
by Young and Uhlenbeck.! By analogy with the quasi- 
classical procedure for the radial Schrédinger prob- 
lem in the one-dimensional case, they propose to 
look for approximate solutions of (1) in the form 


@, (r) = [Ao (7) + Ai (r) +. . J exp [iy (r)/4]; 
@, (r) = [By (7) + AB, (r) +... .Jexp [iy (r)/A]. 


The Young-Uhlenbeck approximation describes the 
relativistic wave function of the electron quite ac- 
curately (especially at large distances from the 
nucleus ). 

However we should point out two difficulties 
associated with the Young-Uhlenbeck approxima- 
tion. The first of these arises when we are look- 
ing for limiting states of an electron in a hydrogen- 
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like field (i.e., states for which the principal quan-- 
tum number n=|x]|). Another defect is the fact 
that, when we go to the limit co, the approxi- 
mate solutions of (1) which are given by Young and 
Uhlenbeck do not go over into the quasiclassical 


| 
solutions of the radial Schrodinger equation, despite: 


the fact that there is such a limiting transition be- 
tween the two sets of equations. In fact, if in Eqs. 
(1) we eliminate in turn the small and large com- 
ponents of the wave function, we get the equations: 


20, 4, dO, , fpr) x(%ett) 4 ey ue 

dr? d, dr +] ee r2 dy r Oy UG) 
Gd, ') by dy Vip oe ee ee i 

dr? ve dr | ti r2 7 ve Fr | ®,=0, (4) 


where p(r) is the relativistic momentum of the 
electron, which is defined by 


c?p* (r) =[W —U (r) 2? — mect. 


The nonrelativistic approximation, i.e., the radial 
Schrodinger equation, is then obtained by making 
the transiton to c ~~ in (3). In doing this, we 
must set x =1 in (3) and drop Eq. (4), since the 
small component of the wave function vanishes in 
the limit. 

In an attempt to overcome the intrinsic defects 
of the Young-Uhlenbeck approximation, Good? sug- 
gested that, in constructing approximate solutions 
of the Dirac equations, one should start from Eqs. 
(3) and (4), using Bessel functions of half-integral 
order, which are the exact solutions of the radial 
wave equations for a free particle. However this 
new methof of Good does not give good results when 
applied to the motion of an electron in a field of 
Coulomb type. 

In addition, both the Young-Uhlenbeck method 


Sai Sage ng 


QUASICLASSICAL SOLUTIONS OF THE RADIAL DIRAC EQUATIONS 


and Good’s method lead to half-integral quantization 
rules in the nonrelativistic approximation. But half- 
integral quantization is not appropriate to the WKB 
method in all cases. The quantization rules for the 
WKB method, as was first pointed out by Petrashen’,’ 
depend essentially on the nature of the potential 
field in which the quasiclassical particle moves. 

In particular, for the motion of an electron in the 
self-consistent field of an atom, the most reason- 
able quantization rule is that given by Petrashen’: 


\ Vir) —T C+ 1) & =2n—VICF M1. (6) 


In the present paper we propose, in constructing 
approximate solutions of the radial Dirac equations, 
to use functions which are the exact solutions of the 
radial Dirac problem for an electron in the Coulomb 
field of the nucleus. This assures agreement of the 
approximate andexact solutionsfor U(r) ~- Ze’ /r; 
for this reason we get good agreement between our 
solutions and the true one-electron functions near 
a point nucleus. 


2. APPROXIMATE SOLUTIONS OF EQUATIONS 
(3) AND (4) 


' We look for approximate solutions of Eqs. (3), 
and in constructing the quasiclassical approxima- 
tion we use the exact solutions of the analogous 
equations for a Coulomb field, 


Te a u(et1)  % x]. 
where 


9, = E+ me? + Ze?/S; 


cP? (S) = (E + Ze/S)*— m'e'; >) 


S is the distance of the electron from the nucleus 
in a hydrogenlike atom (as distinguished from r, 
which is the analogous electron coordinate in the 
screened nuclear field) and G(S) is the large 
component of the relativistic wave function of an 
electron moving in the Coulomb field of a point 
nucleus, i.e., 


BS) = Alga) expt wad ra) 


x | n'F ( an +1; 2y -- 1; =) 
+ (N—») F(—a'; 2 +1; 7) (6b) 
where 
Nea Vire—2(n—k) (R—1) Wank, k= |xh; 
eae eee SE ime? ZAG ee 


ay is the Bohr radius of the hydrogen atom, @ is 
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the fine structure constant, and F is the confluent 
hypergeometric function. 


We try to find a solution of (3) of the form 
1 (7) = T(r) G[S(7)]. (7) 


Substituting (7) in Eq. (3) and using Eq. (6), we 
find 


BT SE a ee a ode Le or ae 
i Pea ner Izates aT 
+| mp2 — : | (s)? 
x [ap 49) % Lee 1) : . |\ro =(0, (8) 


If we choose T in Eq. (8) to be 
T(r) = (dilfiS')”* 5 (9) 


the problem of integrating (3) is reduced to the in- 
tegration of the equation 


Fira eT ee ee ee ar 
i ee +p Bal ie sree 7 | 
, = @. x 
LS | 2P2(S) —x (x + yst— |= (10) 


Noting that x(k +1) is of order n-? and x of 
order hi"! (in solving the radial Schrédinger prob- 
lem by the WKB method, the corresponding step is 
the formal assignment of the order h7! to the num- 
ber (1 +4), which is related to the replacement 
of 1(1+1) by (1+4)? and the introduction of the 
effective momentum ), keeping only terms of order 
f-2 and fii! in (10) and dropping all terms which 
are small compared to these, we arrive at the fol- 
lowing equation for determining the function S(r), 
which we shall call the screening function: 
x(x + 1) us v; x 
ig di 5 


hp? (r) = (S’)? 


x(e+t) % 


S2 Q) =|, 


x Lees (Ss) — 


from which 


CA 
= \V h*P? (S) 
Si 
where r;, and S, are the first zeros of the inte- 
grands (i.e., the roots nearest to the nucleus). 
The introduction of the corresponding roots Yr, 
and S, in (11) assures that the screening func- 
tion S(r) will be real over the whole range of r. 
The integrands in (11) have either two positive 
roots (for bound states with xk ~ —1), or one root 
(for s -states and states of the continuous spec- 


x (x-+ 1) cn x dS, (11) 


Se 91 S 
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trum ); in addition they have one simple pole at 
the points r=0 and S=0, respectively. 

We note that, in the transition to the nonrela- 
tivistic approximation, the approximate solutions 
of equation (3) for the large component, which are 
given by formulas (6b, c), (7), (9) and (11), auto- 
matically go over into the quasiclassical solutions 
of the radial Schrédinger problem which were 
given by the author in reference 4. 

Like the approximate solutions of (3), the ap- 
proximate solutions of Eq. (4) for the small com- 
ponent can be represented in the form 


®, (7) =Q 0 Gi1k 1, (12) 
where 
Q() = oe g, = E—me?+Ze?/R (12a) 


and G,(R) is the small component of the wave 
function of an electron moving in the Coulomb 
field of the nucleus, i.e., 

ZR 


=A (aS) exp (FR Gar) 
x {n’F (=n 41s Qy + 1; 2) 


2) 


The screening function R(r) for the small com- 
ponent is determined from the equation 


vm h-*p?(r) 


Os : 
=| |/ 2P2(R) —*  a, 
Ri 


Gy (R) a 


+ (N—»x) F (— ns Qn + (12b) 


x(x — 1) te x 
ee de 
re We 6 


mk (13) 


where, just as in (11), rj; and R, are the zeros of 
the integrands which are closest to the nucleus; the 
integrands have either two positive roots (for bound 
states with kK #1), or one root (for bound states 
with xk = 1 or for states of the continuous spectrum); 
in addition they have simple poles at the points 

r=0 and R=0 anda pole of order 3 at a finite 
distance from the nucleus. The location of the 

poles of order 3 is determined by the equations 
r¥o(r)=0 and R¢.(R)=0, and computations 
show that they lie beyond the zeros of the inte- 
grands, i.e., outside the region where the electron 
wave function behaves quasiclassically. 


3. EQUATIONS FOR THE ENERGY EIGENVALUES 


The equations for making an approximate esti- 
mate of the eigenvalues of the electron energy arise 
in our version of the WKB method from the require- 
ment that the screening functions determined from 
(11) and (13), should coincide with the screening 
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functions determined from equations analogous to | 
(11) and (13), but with the lower limits of integra- | 
tion taken to be either r, and S, (or R,) or zero. 
Here r, and S, (or R,) are the second zeros of | || 
the integrands of (11) and (13), i.e., the zeros which) 
are further from the nucleus. As Snow in refer- 
ences 3 and 4, this condition can be satisfied if: 

a) the energy parameter W, which enters in 
p°(r) and %,(r) is ‘chosen so that 


2 


: 
SEA: x (* se 1) d, yx 
\/ wpin—=A a aa 
a S2 ie = 
= x(x + 1) eee 
pe? \ V h-2P? (S) a = = dS (14a) 
Sy 


(for states with kK # — = or 


iV hp? (r) + riptiy + tear 


(for s -states ); 
b) the energy parameter W, which appears in 
p’(r) and y(r) is chosen so that 


Vr BES Narre 4 2 as, (14) 


re 


\V/ h*p? (r) a i = * dr 
: R, D 
a Ve h-*p?(R) —~GO 4. 2 aR (15a) 
Rt ‘ | 
(for states with kK #1) or | 
i _-——— R, 
\/ 2 aya . = dr a / h-2P? (R) + pe 2. dR (15b) 


0 


(for states with kK =1). 


Thus for each bound state of the electron in an 
atom, Eqs. (14) and (15) enable us to calculate two 
energy parameters W, and W2, one of which (W,) 
determines the large component of the wave function 
while the other (W,) determines the small compo- 
nent. It should be noted that Eqs. (14), which deter- 
mine the parameter W, of the large component, go 
over, in the limit c— ©, to the eigenvalue equa- 
tions (5), which one gets for the quasiclassical solu- 
tion of the radial Schrédinger problem, while Eqs. 
(15) have no nonrelativistic analogs. This fact com- 
pels us to choose the parameter W, for the eigen- 
values of the electron energy. In any case this 
choice is an academic matter, since the difference 
between W, and W, is insignificant. 

We have used the eigenvalue equation (14a) to 
compute the one-electron levels of the mercury 
atom for various states of the M-shell. The self- 
consistent field in which the radiating electron 
moves in a heavy atom was described using the 
statistical Thomas-Fermi potential, corrected at 
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Hal) 
TABLE I. One-electron levels of mercury 
Energy in Rydbergs Fine structure of the level 
3P 1, 3Pa/, 3Ds), 3D5/, SR 3Pa/, 3Day, _ 3Ds), 
Values computed 
from Eq. (14a) 249.4 PA eA 184.9 178.4 32.2 6.8 
Experimental é 
values ee a 209. 7 
Cae a 8 176.0 169.3 31.9 Oni 
from the fine 
Structure formula | 769 4 730.4 30.4 717.8 38.7 126 
small and large distances from the nucleus, aln (1 + 6r;) + er, = Sy, (17b) 
wae OPER pay Wee ain (1 = brs) cra Ss (17c) 


== e fr — (Z —A) oo (x) fr; for<o 
=P ye fort f==>.co, (16) 
where 
Re) p = 0.8853 a, / (Z — 1)%, 


A= (Gem Dla mean () (Xo)] i L255; 


and (x) is the universal function which appears 
in the statistical theory of the atom (cf. reference 
FD). 

The results of our computations and their com- 
parison with the experimental data® and the results 
computed from the Sommerfeld-Dirac formula for 
the fine structure are given in Table I. 


4. ADDITIONAL APPROXIMATION 


The approximate radial functions for a relativ- 
istic electron which are given by our proposed 
method are continuous over the whole region of 
the field, which makes them suitable for estimat- 

- ing matrix elements for various processes of inter- 
action of the matter with the radiation field. How- 
ever, as Eqs. (11) and (13) show, the screening 
functions S(r) and R(r) cannot be represented 
exactly in analytic form, which makes it impos- 
sible to represent the approximate wave functions 
analytically. Computations show that the approxi; 
mate analytic representation of the screening func- 
tion which we found? for the solution of the radial 
Schrédinger problem can also be used for approxi- 
mating the screening functions S(r) and R(r) 
of the relativistic one-electron wave functions. 

The screening functions for both the large and 
small components can be represented approxi- 
mately by analytic functions of the form 

aln(1+ 6r) + cr, (17) 
where 
c=[(l—2)/(Ul—e) 5 2 = W / me’, (17a) 


while the constants a and b should be deter- 
mined so that 


In the case of s -states [for the screening func- 
tion S(r) of the large component] and states 
with x = 1 [for the screening function R(r) of 
the small component] the value of S, (or R,) 
should be computed from Eq. (11) or (13) for any 
point r, (preferably as close as possible to the 
nucleus, but satisfying r, >a)/Z). Condition (17a) 
is a consequence of Eqs. (11) and (13), which de- 
termine the screening functions. 

For an electron in the mercury atom, in the 
3P37 state, the screening function S(r) for the 
large component, approximated by (17), has the 
form 


S (r) = 0.1224 In (1 4- 3.19287 / a) + 0.54687 /ay. (18) 


In Table II the approximate screening function (18) 
is compared with the exact function S(r) com- 
puted for this state from (11). 

As the comparison shows, the approximation 
of the screening function by functions of the form 
(17) does not cause any significant distortion of 
the wave functions, since the approximate screening 
function differs (and then only insignificantly) from 
the exact function only at large distances, where the 
wave functions have practically gone to zero. 


5. CONCLUSION 


The approximate one-electron functions found 
by our proposed method are continuous over the 
whole region of the field, so that there is no neces- 
sity for developing special connection formulas, as 
for example one does in the Young-Uhlenbeck method. 
In our proposed approximation, there is also no dif- 
ficulty in investigating limiting states; when we 
make the transition to the nonrelativistic approxi- 
mation, the equations for the eigenvalues coincide 
with the Petrashen’ quantization condition. A de- 
fect of the new approximation (which is shared by 
the Young-Uhlenbeck and Good approximations) is 
that the approximation introduces an unknown error 
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TABLE II. Screening function S(r) for the 3P3/2 state of Hg 


Approxi- Exact 


function 
pe mate . | Relative 
sees idl rQo function coe 
| puted | error 


from (17) from (11) 


Approxi- Exact | 
mate fupciegn Relative 
er) r/o function | ©O™ 
puted error 


from ( 1 7) from (11) 


0.03 | 0.0062 | 0.0056 {0.0056} 0.00 
0.10 | 0.0206 | 0.01914 |0.0190; 0.52 
0.20 | 0.04143 | 0.0377 10.0376] 0.26 
0.40 | 0.0825 | 0.0737 |0.0734] 0.44 
0.60 | 0.1238 | 0.1084 |0.1080} 0.37 
0.80 | 0.1654 | 0.1420 |0.1417} 0.24 
1.00 | 0.2063 | 0.1747 |0.1746; 0.06 
1.60 | 0.3804 | 0.2685 |0.2689/ 0.10 


into the wave function. Still we may state that the 
error introduced into the wave function by our ap- 
proximation is considerably less than that intro- 
duced by the Young-Uhlenbeck and Good approxi- 
mations. 
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A new method is proposed for investigating the group properties of the relativistically invari- 
ant equations Qgdg?) + KP =0. The basis of the method is the study of the algebra of the a - 
matrices, the so-called U(a@) -algebra. The commutation relations between the matrices, 
which completely determine the U (a) -algebra, can be directly deduced by the method. The 
structure of the U (q@) -algebra and the associated infinitesimal group ring is studied in detail. 
The conditions for irreducibility are examined. Examples of commutation relations are given, 
in particular those which are satisfied by the Ginzburg and Pauli-Fierz equations. The pro- 
posed method substantially simplifies the calculations for particles of higher spin. 


1. INTRODUCTION 


V Ve investigate the relativistically invariant 
equations* 


ooh + xp = 0, (1.1) 


where the wave function % transforms according 
to a finite-dimensional representation S of the 
Lorentz group in the space R,. 

A general investigation of the relativistically 
invariant equations (1.1) is of value primarily from 
the point of view of finding the possibilities of the 
theory, the study of its symmetry properties, and 
the restriction of the possible variants of the the- 
ory. A clear understanding of the general proper- 
ties of linear equations may also prove important 
for the construction of a nonlinear theory. It should 
also be noted that our investigations may also have 
an application to the phenomenological study of the 
interaction of various particles with nuclei having 
large spin values. 

In order for (1.1) to be invariant under the 
Lorentz transformation 


x= Gass 
the condition 


Picte = S08 (abs 74)) 


must be satisfied. 
Condition (1.2) is satisfied if the infinitesimal 


matrices Ij, defined by the equation 


y' me ¢ ie — feel a, (13) 
*A summation over Greek indices is assumed throughout 
the paper. Both Greek and Latin indices take on the values 


Ota, 
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and the matrices a satisfy the relations 


[iret ay lise 


‘ 
Oger + SL ej + be lir — Sel ai, 


(1.4) 
(1.5) 


[a:, Lip] = 8)" — dipot;. 


A consistent method for finding equations (1.1) 
which satisfy definite physical requirements was 
first developed in a paper of Gel’fand and Yaglom.! 
In their treatment they found the explicit form of 
the matrix dp. 

Another general method was considered by the 
author.? This investigation was carried out by 
using the direct product of generalized Dirac alge- 
bras. The matrices a, were expressed in terms 
of known matrices, in particular the Dirac matrices. 
We might refer to this method as the parametric 
method. 

There is still a third procedure. It consists in 
investigating the U (qa) -algebra, i.e., the algebra 
of the a-matrices, consisting of quantities 


(1.6) 


C= Cig COPE Og ICY Cn ee ee eee 


where the c’°° are complex coefficients. 

It is clear that studying relativistically invari- 
ant equations in the form of a U(q@) -algebra has 
considerable advantages over the other methods. 
We do not have to consider the problem of equiva- 
lent transformations; it is much simpler to find 
irreducible equations and to find equations with 
particular physical properties (such as definite- 
ness of charge or energy, definite spin or mass 
states ); it becomes easier to compute various 
physical processes for particles with large spins, 
etc. 

Earlier, Harish-Chandra® showed that the a, 
must satisfy the commutation relations 
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Ch bast, (2) = 0, (1.7) 


which completely determine the U (q@) -algebra. 
LeCouteur* found the transformation properties of 
quantities of the type ynGw~ (where 7 is the metric 
matrix), and pointed out some of the features of 
the U(a)-algebra. However neither of these au- 
thors gave a procedure for finding the commutation 
relations. To find the commutation relations by 
using the explicit form of the matrices is an ex- 
tremely difficult problem even for the simplest 
equations with maximum spin TE, and is practic- 
ally impossible for higher spins. In the present 
paper we examine the structure of the U(q@) - 
algebra and give a method for finding the commu- 
tation relations between the matrices a, for any 
finite-dimensional ~-function. 

In Sec. 2 we consider the general scheme of 
the method and investigate the structure of the 
U(qa@)-algebra. In Sec. 3 we analyze the structure 
of the infinitesimal group ring and give a method 
for investigating the irreducibility of the algebra. 
And finally, in the last section, the investigation 
is carried out using a convenient canonical repre- 
sentation. Examples of commutation relations 
are given, and the advantage of computing in the 
U (qa) -representation is demonstrated. 

We plan in the future to formulate the physical 
requirements on the equations in algebraic form, 
and to enumerate the algebras of all irreducible 
equations through spin 2. 


2. ESSENCE OF THE METHOD 


We consider the U(qa) -algebra, whose elements 
are given in general by (1.6). Let Up(@) be a lin- 
early independent basis of the U(q@) -algebra. The 
basis Up(@) transforms according to some repre- 
sentation of the Lorentz group:? 


Up (ia) = >) L3 ug (a). (2.1) 
q 
Then, according to (1.2) and (1.6), the representa- 
tions L and S are related by the equation 
Dd) Lh ug (2) = SY up (a) S(. 
q 
This means that the operators L(l) ina space 
R, form a representation of the Lorentz group 
which is equivalent to the direct product of the 
representation S and the adjoint representation 
S (cf. references 4 and 5): 


(2.2) 


E—SxS§ (2.3) 


The dimensionality of the space R, is the square 
of the dimensionality of the space R. 
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Thus all quantities of type (1.6) transform ac- 
cording to some representation of the Lorentz 
group. So, for example, the matrices of the Dirac |} 
algebra, for which S is the representation D (0 a) i 
+D(40), transform according to the representa- 
tion 
[D (0 */2) + D (/20)] x [D(0*/2) + D (C/29)I 

= [D (01) + D(10)] + 2D (/34/s)-+2D (00). 


In fact, of the 16 matrices of the Dirac algebra, 
Vivk —Ykyi transform according to the representa- 
tion D(1 0)+ pe 1); yj and yiys transform ac- 
cording to D(3 4); the unit matrix E and ys 
transform according to D(0 0). We also note that 
for essentially spinor representations S, for ex- 
ample D(%%)+D(01), because of (2.3), the 
matrices of the U(q@) -algebra transform accord- 
ing to a tensor representation 


[D (*/2*/2) + D(O1)] X [D G/e*/2) + D(10)) 
=[D @/2%/2) + D(/27/2)] + 2D (11) 
D (40) + D Ol) + 2D P/o¥/s) + D (00). 


Since from now on we shall consider only tensor 
representations, we introduce the following nota- 
tion for m #n: 


D (mn) + D (nm) 


(2.4) 


(2.5) 


= D(mnnm). (2.6) 


It is important to mention that, from equations 
of the type of (2.4) and (2.5), we can already state 
how many vectors, scalars, etc are contained in 
the U(qa@)-algebra. We have been using the proper 
Lorentz group. An analogous argument could also 
be given for the full group and we could thus deter- 
mine the number of pseudoscalars, scalars, pseudo- 
vectors, etc. 

Relation (2.3) enables us to determine some of 
the properties of the U(q@)-algebra. To find these 
properties we must examine the structure of the 
algebra in somewhat more detail. The matrix Qj 
transforms according to the representation D(% 4 
The product of two matrices aja, transforms ac- 
cording to the representation D($ 4) x D(34 
This expression can be resolved into irreducible 
representations: 


D(*2*/2) XD P2*/2) = D(11) + D(1001) + D (00). 


From the products of three matrices QUA a] 
we can construct quantities (symmetrizers) which 
transform according to the irreducible pasate 
tions ante which We can neee ye the product D(% 
xD(23) xX D(2 3) =([D(2 3) )*: 


[D C/o ¥/a)]® = D P/2°/2) + 2D (/a%/o4/a3/a) + 4D (4/y 4), 
(2.8) 


(2.7) 
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Similarly, 
D(?/*/2)\* = D (22) + 3D (2112) + 2D (2902) 
+ 9D (11) +6D (1001) + 4D (00), 


[D/a*/a)I® = D /25/2) -+ 4D P/2%/2/25/s) + 5D (5/5 3/y 1/4 /s) 


+ 16D (°/2*/2) + 20D (7/2 */2/2%/2) + 25D (/s 4/2), (2.10) 


etc. 


We have already stated that the commutation re- 


lations completely determine the U (aq) -algebra. 
In addition they must be invariant under Lorentz 
transformations. But this means that the quanti- 
ties Ckyko...Ky( @) which appear in (1.7) form the 
basis of some representation of the Lorentz group. 
Thus finding the commutation relations is related 
to the problem of finding all the irreducible tensor 
representations in the basis of the matrices a. 
But which representations of the Lorentz group, 
having as basis the symmetrizers of the matrices 
a, will give us the commutation relations (1.7)? 

The answer to this question is given by compar- 
ing formulas (2.7) — (2.10) with the formula for the 
representation L, according to which the matrices 
of the U (a) -algebra transform in the space R,. 
We first write some formulas for the representa- 
tion L, which we shall use later on. 

If S corresponds to D($ 3)+D(00), L 
corresponds to 


[D (*/s*/2) + D (00))? = D(11) 
+ D (1001) + 2D (#/,3/2) + 2D (00). (Zot) 
Similarly, for S ~ D(3 3) + D(1001), 
L ~ D (2002) + 2D (3/2 1/2 4/2 /2) + 3D (11) + 2D (1001) 
+ 4D (*/2*/2) + 3D (00); 
for S~ D (1001) + D (@/,3/2) + D (00), 
L ~ D (2002) + 2D (3/2 */2*/2*/2) + 3D (11) + 4D (1001) 


46D (Jy /2) + 4D (00); (2.13) 


(2.12) 


for S~ D($003)+D(1351) (the representa- 
tion S which occurs in the investigation of the Pauli- 


Fierz equation ), 
L ~ D (2112) + D (2002) + 2D (/2%/2) + 4D C/2*/2*/2°/2) 
+ 6D (11) + 5D (1001) + 8D (/2*/2) + 4D (00); (2.14) 


for S~ 2D(40034)+D(1321) (which is the 
representation of the equations of Ginzburg, Frad- 
kin, Ulehla, cf. reference 2), 


L~ D (2112) + D (2002) + 2D (*/2°/2) + 6D (9/2 /27/2°/2) 


4+. 10D (11) + 10D (1001) + 18D (/s1/s) + 10D (00). 
(2.15) 


(2.9) 
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Comparing Eqs. (2.7) — (2.10) and (2.11) — (2.15), 
we seé that for the existence of an algebra of ma- 
trices transforming according to the representation 
L, it is necessary that the particular symmetrizers 
which do not appear in (2.11) — (2.15) and which 
transform according to an irreducible representa- 
tion of the Lorentz group, be equal to zero (or be 
expressed in terms of symmetrizers containing a 
smaller number of matrices a). So for (2.4) it is 
obvious that the symmetrizer corresponding to 
D(11) is equal to zero, etc. Thus we could enu- 
merate all the commutation relations if we could, 
first, give all the irreducible representations of 
the Lorentz group in the basis of the symmetrizers 
of the matrices a; and second, if we could state 
which symmetrizers are independent (if, when the 
basis of one representation is equal to zero, we 
could say for which other representations it will 
also be zero), and thirdly, in case the basis is 
zero only for part of a set of identical representa- 
tions, we could state which ones these are. 

Let us proceed to the solution of these problems. 
For this purpose we first define the infinitesimal 
operator Jj, in the space R». Using (1.3) and 
(2.3): 


Nee G = lee G]. (2.16) 


Irreducible representations in the space R, must 
be invariant under the transformation (2.16). 

In order to find the decomposition of the tensor 
space of matrix products Ok, @ky +++ Uky into irre- 
ducible spaces, we make use of the standard appa- 
ratus of the permutation group (cf. reference 5 
and especially reference 6, Chapter IV). In doing 
this we must remember that we are resolving into 
invariant subspaces of products of matrices a, 
and their order plays an essential role because of 
the noncommutativity of the matrices. For this 
reason we must take account of the order of the 
cells in the Young patterns which enable us to de- 
termine the irreducible representations of the per- 
mutation group. This is the distinction between 
our problem and the case of symmetrization of 
commutative vectors, where representations with 
differing order of the cells are equivalent. 

We make this clear on an example. Suppose we 
have a Young pattern consisting of four cells (cf. 
the figure). The numbers on the cells show where 
the corresponding matrix should stand. The sym- 
bols ijkl are the indices of the matrices which 
are permuted according to this particular scheme. 

Sometimes Young patterns are designated by 
abbreviated symbols like [4°, 2] (i.e., there are 
three rows of four cells and one row of two’). 
Young patterns with a fixed enumeration of the 
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fields or with a definite arrangement of indices 
will be written starting with the top row, from 
left to right. The rows will be separated by 
commas. The numbers of the fields will be given 
in boldface type to distinguish them from the per- 
muted indices. Thus the pattern shown in the fig- 
ure can be written as 


Pao s2alloe mle stot ke (2.17) 
We give the corresponding symmetrizer: 
Oh zOL jOL py — gO pO Hj - Oj pH pz — Mj j,% Hp 
EW pO zl yO j — Ob fy Ot Oz f= Oh Ol jOl Oh fp — Hg HAO; 
06 plz — HfL {pH y - OH fh jpO% 7 — Hj p~M;. (2.18) 


However, not all the patterns with different enu- 
meration of the fields are independent. If, as 
usual,® we define the symmetrizer associated with 
the Young diagram to be 

c(s) = >. dap, 
PY 
where p is a row-preserving permutation and q 
is a column-preserving permutation, then the equa- 
tions 


c(sp)=c(s), (qs) = 8q¢ (S). 


are valid for c(s). This also means that only cer- 
tain patterns are essential. For example, in the 
pattern of (2.17) the order of the cells 1 and 2 has 
no significance. 

We now consider the Young symmetrizers 
J (Ak Ak ++ ky)» which are quantities analogous 
to (2.18). According to what we said above, the 
functions J ( Ak, @k,---Qk,), corresponding to a 
definite Young pattern, occur in some one irreduc- 
ible representation of the Lorentz group. Linear 
combinations of these functions constitute a basis 
of this representation. 

Under transformations of the Lorentz group all 
the functions are transformed among themselves. 
In order to determine a basis of an irreducible 
representation, we must find those linear combina- 
tions of J -functions which are preserved under 
Lorentz transformations and transformed into one 
another. This can be done by using formula (2.16). 

Below we shall enumerate all the irreducible 
representations of the Lorentz group in the basis 
of the symmetrizers of the a-matrices, up to and 
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including products of four matrices. The basis 
elements are written in terms of J-functions. The 
number of basis elements is given in the slant 
brackets; the number of identical representations 
is given in curly brackets. The order of the cells 
is not given. The symbol oo means Ag, ioo 


means QjQAgQg, etc. 
Unit matrix E, D(00), /1/. (2.19) 
One matrix aj, D(*/2*/2), /4/- (2.20) 


Products of two matrices: 
D007) 311215015 
A CHa) 4 oh (x7) ==] (aj) . 


D (00), oc, /1/. (2.21) 
(2.22) 


D (11), [2], /9/; 


Products of three matrices: 
D /2°/2), [3], /16/; {2}, D P/2*/2*/2/s), (2, 1], /16/; 
DiGs*}a) LPT, [a6 {3}, D ?/.4/2), ioc, /4/. (2.23) 
J (ju?) —J (apa?); J (a?) —J (ami). (2.24) 


J (%% p07); 
Products of four matrices: 


D (22), [4], /25/; {3}, D (2112), [3, 1], /30/; 


{2}, D (2002), [27], 105 2 13)..D (a) ease 


D (00), [14], /1/; {6}, D(11), sick + oki, sici — ckcok, /9/; 


{6}, D (1001), soik — scki, /6/; {3}, D (00), capp, /1/. (2.25) 
J (7% ~01%m); ul (i101 0m) a (cio 1% ma); a (70% 1m) —J (afm); 
J (apai) —J (akaG) —J (aap) + J (azar); 


J (a!) —J (a30%) + J (8). (2.26) 

The further process of recording symmetrizers 
and the corresponding relations between J -func- 
tions is analogous and presents no difficulties. 

Thus we can write any symmetrizer using the 
rules formulated here. But this means that, for 
any matrix aj, we can give the whole set of com- 
mutation relations corresponding to representations 
which are not contained in (2.3). The bases of such 
representations are equal to zero. In particular, it 
is easy to see that just the requirement of the oc- 
currence of a maximum spin causes the basis of 
the completely symmetrized representation for 
the corresponding number of matrices to become 
equal to zero. For maximum spin $ — D(11); 

1 =D"); 4 —"D @ 2)e ete: 

Thus we have given the complete answer to the 
first question. On the basis of what we have said, 
the answer to the second question also is clear. A 
symmetrizer of lower rank is equal to zero. This 
will be the case if and only if we can, in the Young 
pattern of the first symmetrizer, separate out a 
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part corresponding to the symmetrizer of lower 


rank, with the cells numbered in the same sequence. 


So, for example, from the fact that the basis of the 
representation corresponding to [23, 1] is zero, 
it follows that the symmetrizers are zero for the 
Young patterns: 


(234,1]; [34,21]; (3562, 14]. (2.27) 


To determine which of the symmetrizers of 
identical representations enter in U(q@), we must 
orthogonalize their bases. To do this it is neces- 
sary that they have no common basis elements, as, 
for example, for the patterns [28,1], [jk, i] and 
[13, 2], [jk, i]. 

The necessary condition for orthogonalization 
is that when we reverse the order of the indices, 
the basis element is changed only by a constant 
factor. Thus the basis elements corresponding 
to the patterns 


are orthogonal. In these formulas the order of the 
indices ijk no longer matters. 

In Sec. 4 we shall give a systematic procedure 
for obtaining commutation relations, using orthogo- 
nalization of bases in a suitable canonical repre- 
sentation. Here we mention only that, for the sim- 
plest equations, the separating out of identical rep- 
resentations can be done using the rules we have 
formulated for the Young patterns and the require- 
ment that the commutation relations obtained in 
this way be free of contradictions. Thus, it is not 
hard to show that for (2.13), the basis vectors (2.29) 
are equal to zero while those in (2.28) are not. In 
resolving’ identical representations a direct check 
is alse possible, but it is also important to use 
certain relations which come from the infinitesi- 
mal group ring, whose structure we shall now ex- 
amine. 


3. INFINITESIMAL GROUP RING. QUESTIONS 
OF IRREDUCIBILITY. 


To investigate the structure of the infinitesimal 
group ring, we apply the method of Sec. 2. The 
linear closure of the infinitesimal operators of the 
Lie group form a subspace in the space R,, which 
is invariant with respect to the representation L 
=sx§ (cf. reference 3). In our case this invari- 
ant subspace forms a basis of the representation 
D(1001). Any product of infinitesimal matrices 
is contained in U (oye Consequently the space in 
which the infinitesimal group ring is defined is 
contained in Rg». 
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The direct product of two matrices Ij;  Ipg 
breaks up into symmetrizers according to the 
formula 


D (1001) x D (1001) = D (2002) 


+- D (1001) + 2D (11) + 2D (00). (3.1) 


Analogous formulas can be written for three or 
more matrices. However, because of the commu- 
tation relations (1.4), only certain of the symme- 
trizers of type (3.1) are different from zero and 
independent. 

Omitting the simple computations, we enumer- 
ate these symmetrizers by giving the correspond- 
ing Young patterns. 


1 matrix: 
D (1001); [17]; (3.2) 
2 matrices: 
E2002) 271 Data nest 
D (00), 114]; DOO), Ivy, "e]. (3.3) 
3 matrices: 
D (3003). [37]; D(2112)3 2 van Ssels D100) phicctoyy, 
D (ROOT), (225171: (3.4) 
4 matrices: 
D (4004), [47]; .D (2002), [. .2z, .. oe]; 
DASVAS) eee a eaees 
Dh), |s00; wear]? =D (22)... . eto): 
D (00), [ostt, vvpp]; D (2002), [3?, 17]; D (00), (24); 
D1) fee § 2 She 9) 200) | ese ee me tCumntonay 


It is not difficult to enumerate the patterns for 
larger numbers of matrices. In each of the cases 
there will be 6, 21, 55, 126 independent quantities, 
respectively [in agreement with (1.4)]. 

We know that the infintesimal operators for a 
given maximum spin satisfy the equations 


[Esa eat, Tes (lis +1) = 0, 


(17, + 4/4) (12, + 9/4) =0 ete. (3.6) 
In order to satisfy these relations it is necessary, 
for the case of maximum spin 3, that the independ- 
ent symmetrizers contain one cell in each row; for 
spin 1 there must be two cells, etc. In the general 
case we have: 

maximum spin 3, independent symmetrizers: 


Ee Glee ols (3.7) 


maximum spin 1, independent symmetrizers: 
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E, [2°]; [..,99]; [pp, 99]; 

Boa Bel tae oa Fea bel can lel (3.8) 
Ler 

From the system of relations defining the infini- 

tesimal group ring, we can obtain corresponding 
restrictions on the U (qa) -algebra, by using the 
operation (2.16). Thus, by using only (3.6), we 
find for maximum spin 3, 


lor, Tes + sl = 21505 — a = 0. 
From this we find 
Ot-p+aa,=0, a-—az?=0. (3.9) 
For maximum spin 1, we have 


[a,, fs + Isl => ‘See — 1,34, = 0. 


Multiplying the second equation on the right and 
left by a, and ag, and canceling terms in the 
highest power of Iyg, we get the equations 


2 2 
Ts (Xs — Or) = Ars + HsOty, 


Ts (ts, + 0,05) = — a2, (3.10) 


From this we find the relations between the mat- 
rices a, corresponding to D(*4 %4), [3]. 

Similarly, from the other minimal equations in 
(3.6), we find that the corresponding symmetric 
representation is equal to zero (cf. also Sec. 2). 
Equating the various symmetrizers to zero, we 
can find the corresponding U (a) -algebra. 

By means of the infinitesimal group ring, we 
obtain both reducible and irreducible equations. 

To find the irreducible equations, we make use of 
the following theorem. 

If a matrix A commutes with all the elements of 
an algebra, and the algebra is irreducible, then the 
matrix is either a multiple of the unit matrix or is 
equal to zero.° 

For an irreducible algebra, the center consists 
of the unit matrix. So, for example, for the algebra 
(3.9), a, commutes with all the matrices. Conse- 
quently a, =c. Thus, for maximum spin 3, for 
irreducible equations, we must have 


Kite + Op; = 285. (3.11) 


For the algebra corresponding to (2.13), as was 
shown in Sec. 2, the basis of the representations 
D(*% %4), [3] and (2.29) is equal to zero, which 
corresponds to the commutation relations 


c= = AAs => Ots0tp Ord, AghsXq = UpLsh,, 
Ap AsOq + Ag%sX, = 0 (3.12) 
We have two commutators 


Ky = HA p% ihe, Ky = (010g + Ogi) &pos0y. (3.13) 


For irreducible equations, they must be equal to 
constants c, and cy. Then U 


2 2 
OL j0b 4 iM fe (Xp%q + Mg%;) = C2%j 


and, consequently, 


2 2 
{Og + gOg = (Co/C1) %; 


Finally we obtain the relations determining the 
U (a) -algebra: 


Ojo ae Cet ==,(C3/Cq) O, ho — Oph = (C2/Cy) &s, 


Ge "(Cn Cz), — =O (3.14) 


Thus we have as many commutators as there 
are arbitrary constants in the relativistically in- 
variant equation. This technique can also be used 
to investigate the irreducibility of a given U(@) - 
algebra. 


4, THE CANONICAL REPRESENTATION. TRACES. 


For the practical problem of finding the U(a@) - 
algebra, it is convenient to use a canonical basis 
formed from the matrices a@. The connection be- 
tween the natural basis, which was considered in 
Sec. 2, and the canonical basis is given by the for- 
mulas?® 


Ti ue = (1/2) (—i 1a, +a a), tee ys = (/V 2) (% + ins), 


wef, = (1/V 2) (—%9 + ite), uy y, = (1/V2) (iy + arg). 
(4.1) 
To construct symmetrizers containing products 


‘of the matrices a, we must use the Clebsch- 


Gordan formulas 


Ofer = dy (PrPapip2 | Pp)(Q1Q29142| Qq) ubiet whie?. (4.2) 
Pr+P2=p 
Us+-92=4 


For example, 


1/i1 1 
Un = wap Way, (4.3) 


oo TF wise ull, ee uli ual. (4.4) 
Analogously, we can express the basis elements of 
any representation in terms of the quantities ul/2 1/ 2 
and go over to the natural basis by means of formu- 
las (4.1). For a complete characterization of the 
representation, we need, in addition to the angular 
momenta and their projections, to state which and 
how many of the quantities ul/2 1/2 form the repre- 
sentation. The basis elements will then be com- 
pletely defined. 

For example, the quantity (4.3) can be written 
symbolically as ut; the quantities coresponding to 
(2.28) can be written as 


rye [@/2/s) (10) a (10) Cs)) 
taitéoq* [(t/at/2) (10) + (10) (4/52/2)] 
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4 [where the symbols in the square brackets on the 


right fix the order of construction of the quantities 
ube using (4.2)]. In this notation, the commutation 
relations of the Dirac algebra have the form 


u ; 
(24pg = 0; Galo) = 410) Ug) = 4E. (4.5) 


_ Here there is no longer any need to use the J- 


functions. Each component of the canonical basis 
is simply resolved into components with a smaller 
number of matrices [m] and the same symmetry. 
In the general case the commutation relations can 
be written in the form 


PQ PQ 
[mJUupg = > An{nUpg - 
n<m 


(4.6) 


They are completely equivalent to the relations 
treated in Sec. 2. 

Earlier we remarked that a necessary condition 
for orthogonality of the bases of identical represen- 
tations is that, when the order of the matrices is 
reversed, each basis element is left unchanged ex- 
cept for a constant factor. The representations 
214 pq? saya ¥2 and other completely symmetric 
representations, as well as [)jUpy, (Ug) satisfy 
this condition. For the others we must perform a 
symmetrization. We thus orthogonalize the spaces 
corresponding to the identical representations. 

For the product of three matrices, we can ob- 
tain the following relations: 


uj” [/o4/2) (11) + (11) C/ot/2))] 
=p, [C/eh{2) (10) — (10) @/2/)1, 
upa’* (2/o2/2) (11) — (11) (/24/s)] 


= uga" [(2/51/s) (10) + (10) (/24/2)]- 


We thus have two orthogonal subspaces. Going 
over to the natural basis, we get formulas (2.28) 
and (2.29). 

The products of three matrices also contain 
bases corresponding to the four representations 
D(3 4). We give the result of the symmetrization 
directly in the natural basis for the individual 
basis elements. We have 


eae 


2 2 ; 
4) HjHs te Ag; = 40,40; %o; 


(4.7) 


(4.8) 


2 De 
3) H%jXe + Ae%e5 


5) jor + ata; —Qa.%;%5; (4.9) 


2 2. 
2) Ao%; — X05; 


but the elements 3, 4, and 5 are not independent. 
They can be expressed in terms of two independent 
orthogonal basis elements: 

l) a (Cee L o2an;) 1 bah ih, 


Q) a’ (aja + a50;) + D’a.% ite. (4.10) 


The constants a, b, a’, b’ depend on the repre- 
sentation according to which ~ transforms, and 
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on the constants in the equations. For the Duffin- 
Kemmer equation. (spin. 1); .a1— 0sabu= 0. 

Similarly we can get the formulas for products 
of four matrices. We shall give the orthogonal 
bases in natural form (for each of the vectors). 
First we introduce the notation 


3 2 2 
Ob g (Oy — 01043 — 049014 09 — Otg01) = Ay; 
2 2 
Hy A y%y — 1% Q%qg — gM yyy — Ay%y%o% = Ao; 
2 att. 2 Ee 
Oy (Hq + Hy%y) — Og (gH +E Chin) ee AGE 
(0640.94 Ee Oy y01%y) — (Gy %gOo%q —E Oe yMots) = Vis 
+. 
Gy (Hg $+ %y%y) Oy — Ay (H%g% + Hyg) Ho = Zr; 
2 2 2 2 x. 
(301% st %y%y%s) — (gay + %yMta%s) = Vi; 
2 +: 
Og (Otg0y = Ags) = Xz> 


+ 
Nag XeXo te Neh hohs — Va 5 


a 2 2 ae 
Og ( Gg%y tt Hyg) He =Le; ghey + A_Aets = Ve. (4.11) | 


We shall use the symbol ~ to denote reversal of 
the order of the matrices, e.g. 


Xf? = (dg0%9 + a a5) 5. 


We then have the following formulas for the bases 
of the representations: 


D (22) A, + Ay + A, +As; 

a) (A, + A;) — (Ae + Ad), 
b). a (Ay — Aj) + a (Aa — Ad), 
C) a3 (Ay — Ay) + a4 (A, — A); 


a) (Xe Xp) 2 


(4.12) 
D (2112) 


(4.13) 
D (2002) 


b)(xXb XP ZA eV p—2v Fa Vy: 
(4.14) 


D(11)[2,12]a) (Xr + Xy)— (Wr + 7), | 
bra OX me Xe a ae 

+-a.(¥; —Y¥; +2; —Vy), 
Chiao I han Gs oe eel am 

+ a3(¥y —Yr + Z; —Vi); 


(4.15) 


a) dy (Xi — Xs) + a (V2 —Y2), 
b) Qn (xz — oh) + Aye (ai aa Vane (4.16) 


D(A) a) ais(XP + XP) +t au V2 + YP) 
at CAS aE Gove (4.17) 


and bases b), c), d), analogous to a), but with 
different constants; 


D (1001) a) a; (Xz + Xz) + aus (V2 + V2), 
b) aio(Xz + Xz) + aao(Yo + Yo); (4.18) 

D (A001a0%a) Gh Xs AX) Ea ee) 
+ Ao3Z, + AoaVo . (4.19) 
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and bases b), c), d), analogous to a), but with 
other constants; 


D (00) a) [14], 


b) ee o,aca. 
C) aps (ace 1 0 2) Ag6% po po, 


A) hay (che Pie ign) MK Aneta ta. (4.20) 
We can express the individual basis elements using 
the formulas of Sec. 2. Thus, for example, a) and 

b) of (4.14) and a) of (4.13) correspond to the pat- 

terns 


[234,1] + [324,1] —[423,1], [jal, i]. 


In constructing the commutation relations, it is 
important to know whether the U (qa) -algebra con- 
tains the bases of representations which are iden- 
tical with the one being considered, and which have 
the same symmetry and lower [m]. If such repre- 
sentations are not contained, the canonical basis 
vectors are equal to zero; if they are, the basis 
vectors are resolved according to formula (4.6). 

So for the Duffin-Kemmer equation (spin 1). 


2 2 
We j%o = A%;, oh; + HK, = AyM;. (4.21) 


In separating out the repeated representations 
we can use the symmetry of the ¥% -function under 
space reflection and charge conjugation. 

If the U(a@) -algebra can be represented as a 
direct product U(a’) x U(a@”), then by multiply- 
ing term by term in the canonical basis we imme- 
diately obtain the independent basis elements. The 
fact that various commutation relations are satis- 
fied can be checked using the simplest parametric 
representation. For example, for (2.15) aj = yj 
+ bBj; for (2.14) aj = yj + by B4i, etc. 

Finding the independent basis vectors by using 
the direct product is not complicated, and the re- 
sults can be gotten for spins 1, *4, 2, °4, 3 and 
even for higher spin values. As an example, we 
state that for the Ginzburg equation (2.14), those 
commutation relations are satisfied which are ob- 
tained by using formula (4.6) for the resolution of 
the bases of the representations (4.12); a) and b) 
of (4.13); b) of (4.14); a) and b) of (4.15); a) of 
(4.16); a) of (4.17); a) of (4.18); a) of (4.19); c) of 
(4.20). For the Pauli-Fierz equation (2.14), there 
is a further resolution of b) in (4.17); b) in (4.19); 
b) and d) in (4.20). 

These are the complete commutation relations. 
The arbitrary constants in them are not independ- 
ent. The constants can be related to the coeffi- 
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cients in the minimal equation for , which has 
the form 4 


(a2 — 22) (a8 — 4) (9 — Xs) (4 —%) = 0 
for (2.15), and 
(28 — 28) (03 — 24) (3-0) = 0 


for (2.14), or with the constants which appear in 
the expression for jj in terms of the matrices 
a. They depend on the representation according 
to which »~ transforms, and on the particular 
physical requirements imposed on the equations. 
It would therefore be useful to treat the problem 
by formulating the physical requirements on the 
equations in the form of the U (q@) -algebra. 1 

Here we remark only that the algebraic repre- | 
sentation makes possible a basic simplification of 1 
the computations for particles with higher spin, 1 
which are extremely complicated by present meth- — 
ods, even for the simplest equations with maximum 
spin *%. 

We decomposed the tensor space of the products | 
of matrices a; into symmetrizers corresponding _ 
to irreducible representations of the Lorentz group. 
It is easy to see that only those matrices will have 
nonzero traces which are invariant under the full 
Lorentz group, i.e., those matrices whose bases 
are obtained by contraction of indices. Therefore 
we need consider only such matrices and find their 
traces. 

From. consideration of relativistic invariance, 
we can write the relation 


SP Oj Oe X71 Xm = Ay Ok 84m + Az 9im S12 + A38i18em- (4.238) 


Knowing the traces of the three invariants 
ApApAgag, ApAgAgAp, and ApAgapAg, we 

can then determine the unknown coefficients. It 

is necessary to know only certain (basic) invari- 
ants, and to know how the others are expressed in 
terms of these basic invariants. This is all that 
we need to know in order to carry out the compu- 
tations. It is entirely unnecessary to know all 

the commutation relations. The computation is then 
done by the standard method. It is no more com- 
plicated than for the Dirac algebra (provided that 
one has done the preliminary work). 

We note that the computation of the basic traces 
can be done using the parametric representation 
which we treated in reference 2; we use the equa- 
tion 

Sp (x1 X X2) = Sp x1: Sp xo. 


There is then no need to carry out the explicit 
multiplication of the matrices in the parametric 
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representation (which may prove to be an irksome 
task). In particular, we can obtain from the for- 
mulas of reference 2 the traces for the equations 
of Ginzburg and of Pauli-Fierz, and also establish 
the relation between the representations which are 
treated here. 

As we have seen, our investigation makes clear 
the structure of relativistically invariant equations, 
and enables us to find results which would be ex- 
tremely difficult to get by other existing methods, 
and which would be practically impossible by such 
methods for higher spins of 2, °4 and 3. 

It is interesting to note that even for such a 
relatively simple equation as the Pauli-Fierz equa- 
tion, Fradkin, in a paper specially devoted to this 
question,’ succeeded in finding relations only be- 
tween a set of five matrices, whereas we have seen 
that the basis relations involve only four matrices. 
Thus the relations found by Fradkin give only a 
very incomplete characterization of the algebra 
of the matrices of Pauli-Fierz. 

The results we have obtained lead us to hope 
that it will be possible to give directly the general 
form of the U (qa) -algebra, and to determine the 
commutation relations completely without any es- 
sential calculation. 

Here the method has been applied to the finite- 
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dimensional representations, but the method de- 
scribed here may prove fruitful also for treating 
infinite-dimensional representations, which would 
be of definite interest for the theory of fields. 

In conclusion I express my deep gratitude to 
Profs. V. L. Ginzburg, V. Ya. Fainberg and E. S. 
Fradkin for continued interest and valuable dis- 
cussion. 
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€,py- Just as with the Christoffel symbols Pa for 
the fundamental metric gp, we introduce analo- 
gous symbols for the zeroth approximation metric: 


Pa — > eHy (Eva,p + EyB,a — Sap,v)s (9) 


From the quantities ry ag and Pops we can 


form the symbols used by Pugachey,” which can be 
represented as a third-rank tensor: 


Tks = laa — Pap (10) 
We introduce also the differential operator Mie 


Ved’ = A + Tua A* (11) 
0 0 


Using this operator, the expression for the covari- 
ant derivative can be written 


Via’ = Ve AY + Mya A*. (12) 


The advantage of formula (12) over the ordinary 
description lies in the fact that both its terms are 
tensors. 

Using the derivative Vu we can express the 


symbols ap in terms of the tensor gy: 
lke = 5 6 (Vabvs + Veda — Wv8a6). (13) 


We write the expression for the Ricci tensor with 
these quantities: 


Roy = SS Vallis = voll ae oe LH ”B — Ti, Ta¢ (14) 
Substituting expansions (8) in (13), then (13) in (14), 
and finally (14) in (5) and also expansions (8) in 
(5), we get the following equations of successive 
approximations: 


Bus SSS 8x les) a ns (15) 
n r—| n—1 
n—1 
yet = — Di (las Te# m7 ea), (16) 
n —9"—m m 


The tensor B has the form 
nl? 


Buy = > (Dyuv + ee V* Vo%aaB — V* Vetva — V% Vopa)> 
n on 0 On yr 0 oO n 0 0 
(17) 
where 
Te» = My ae > Swe hap. (18) 
The tensor Sup contains quantities of not greater 


than the (n i) -th order of approximation, i.e., 
quantities already found previously. 

A. Field Equations. Examine the method of 
solving (15). It is easy to see that they have the 
form of the identity 


V'Buy =, (19) 


GUTMAN 


Introducing the notation Dyp = 8nT yp + Suv, we get, | 
n-1 n-i n-1 | 
using (15) and (19), 1 


VD w =20. (20) 
0 n—1 
Rewriting (15) in the form 
Bee vap Patan Duy, (15a) ] 
n n—1 | 
aap . 
where the operator Byp is 
Bee = 1 (C7 808 + ey, y* v8 — VY Vode — VY Voorn): 
0 0 0 0 0 0 0 (21) 


The Green’s tensor ony of equations (15a) should 
satisfy the symbolic equality 


BUlo seo ae Oe (22) 
where 
anh = aaah) — 1 (9n8e + aber) 
and one identically satisfy the relations 
OF Din 0. (23) 


n—1 


Using (20), it is easy to show that re has the 
form 
C2208, (24) 
where U is an operator, an inverse d’Alembertian. 
A further consequence of the relation (20) is the 
identity 


V"Tpy ==), (25) 


We note that a necessary condition for the exist- 
ence of an operator inverse to the operator Bab 

is condition (20), or equivalently, (25). Therefore 
only those coordinate conditions are compatible 
with the equations of successive approximations 
(15) which are compatible also with the identities 
(25). 

B. Equations of Motion. In the Newtonian the- 
ory the velocities of bodies are zero-order quan- 
tities relative to the number y/c”. Therefore we 
put 


0 il 
wh WH fw (26) 
0 0 


0 
where Ws is the velocity of the volume element 
relative to the center of mass of the body, deter- 
mined from the zero-order equations, and tH is 
0 


the velocity of the center of mass, determined from 


the first-order equations. From (26), we represent 
THY as 
0 
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where 


0 
yo = 0, (16a) 
0» 6 
1 vad Ay 
Wyre + TT +. 1,7 = 0; (16b) 
0 0 1 0 1 0 
from here we get the equations for THY 
0 hou 
yore +11 Te + TT! = 0. (16c) 
Ot Se LO TEC 


The higher-order approximations for the energy 
tensor are calculated by the general formula (16). 
If (16b) are multiplied by g and integrated over 
the volume, while throwing away the terms of 
higher order in smallness relative to v/c, we 
get the equations of motion in integral form, coin- 
ciding with the Fock equations.’ Therefore the 
generally-covariant method gives more in the first 
approximation than the E.I.H. or Fock methods in 
the second approximation. 


4, CONSERVATION LAWS 


Formulas (20) and (25) can be interpreted as 
generalizations of the conservation laws. Dypy can 


n-1 
be pictured as the energy tensor of the field sources, 


consisting of two parts: the energy tensor of the 

matter and of the electromagnetic field Typ» and 
n-i 

the energy tensor of the gravitational field Sy», 

entering as the field source. The tensor Yu oon 

be interpreted as the energy-momentum of the 

gravitational field realizing the interaction. 

The conservation law (20) is different from the 
ordinary one. In the first place, the energy and 
momentum in the new law form a tensor, in dis- 
tinction to the pseudotensor tH’; and second, 
the conservation in the old law takes place in all 
coordinate systems, while, in the new law, conser- 
vation in the ordinary sense takes place only in 
inertial systems, when 


r= 0 
0 


In order to reconcile the two laws, one must 
suppose that the t4” represent the energy-mo- 
mentum, not of a pure gravitational field, but of 
a gravitational field and a field of inertial forces. 
Actually, although the 4-momentum of a pure gravi- 
tational field S,p is conserved only in inertial 
systems, one can try to generalize this law by in- 
troducing fictitious inertial forces. Insofar as the 
4-momentum of the latter do not form a tensor, 
the general expression for the 4-momentum of the 
field tH’ does not form a tensor either. However, 
in the inertial reference system, when on the one 


hand the 4-momentum of the inertial forces goes 
to zero, and on the other the derivative Vy» goes 
to 9/8x’, both conservation laws must coincide. 


CONCLUSION 


The proposed method has many features in com- 
mon with the E.I.H. and Fock methods. For example, 
as in the E.I.H. method,‘ no coordinate conditions 
are set down beforehand; and, as in the Fock method, 
the Einstein equations with the right hand side and 
the equations V,TH’ =0 are used. However, there 
are a great many differences, too. 

As is well known, the E.I.H. method considers 
the metric of the space to zero order to be 


ih 
—1 
Ny = —1 ‘ 


—— / 
The coordinate system is not fixed, but the class 
of possible coordinates is limited by the require- 
ment that the metric be quasi-Galilean, i.e., that 
it differ little from n,,. Afterwards, when the 
first order corrections Duy are found, the class 


(27) 


of possible coordinate systems becomes even more 
restricted, since the difference can be only in quan- 
tities of the second order Duy. Continuing this 


process to infinity, one can uniquely fix the coordi- 
nate system. 

In contrast to this, though the space in the zero 
order of the theory proposed is supposed Galilean, 
nevertheless its metric ¢€,,, does not, generally 
speaking, have the form (27). The system of coor- 
dinates is picked all at once and is not defined 
more and more from approximation to approxima- 
tion, so that to pick one or the other coordinate 
system for the tensor gyp, one must only give 
Eup in the corresponding system. If we pick, for 
example, Galilean coordinates in the zero approxi- 
mation, we get the same coordinates as in the 
E. I. H. method. 

Concerning the Fock method, the essential dif- 
ference between it and the method proposed is its 
use of the harmonic conditions: 


OV eo 0 = 0. 
However, to first order in y/c? the conditions (28) 
coincide with the identities 


(28) 


Woy = 0; (25a) 
01 


obtained from (25) by raising the index py with the 
aid of the tensor ¢«H’ and by writing it in Galilean 
(inertial) coordinates. According to this, the re- 
sults obtained by the Fock method coincide with 
those got by the E.I.H. method. 
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The general difference between the present 
method and the preceeding ones is the choice of 
the small parameter 4. Previously, ec’ served 
as the expansion parameter, where it was supposed 
that the velocities of the bodies were small in com- 
parison to ¢c and that differentiation with respect 
to time led to a higher-order quantity. The choice 
of y/c? as X makes the generally-covariant 
method suitable for arbitrary velocities and arbi- 
trary time variations of the fields. 

Finally, the method proposed above makes it 
possible to pick uniquely an inertial reference sys- 
tem in which fictitious inertial forces exist. This 
coordinate system coincides with that fixed by the 
E.I.H. method and, approximately, with the har- 
monic system. 

The author expresses his deep gratitude to 
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Prof. M. G. Krein and V. V. Malyarov for their 
interest in the work and for valuable discussions 


on questions arising from it. 
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A local stability condition for an arbitrary toroidal system is derived. The problem of the 
stability of a low pressure plasma in such systems is discussed. 


iB In this paper the stability of a plasma in to- 
roidal systems is investigated. In such systems 
the surfaces of constant pressure p =const rep- 
resent a family of surfaces of toroidal type envel- 
oping each other, on which the lines of force of the 
magnetic field and the current lines lie in their en- 
tirety. Following Kruskal and Kulsrud! we intro- 
duce the following functions of p: 


e 


9 =\Has,, y=\HdS,; 


[=\ids,, J=z\Hah, =z, \Hal, —\jas,. 
Here y is the longitudinal magnetic flux through 
the cross section S, of the surface of p = const; 
x is the azimuthal flux through the surface S, 
passing through an arbitrary closed contour 1, 
(which makes not a single turn about the small 
perimeter) along the toroid p=const, and the 
magnetic axis lj), which is a limiting surface of 
constant pressure as its transverse dimension 
tends to zero; I is the longitudinal current, J is 
the azimuthal current including the current of the 
external winding; Q is the volume of the toroid 
p = const. 

For the investigation of stability it turns out to 
be more convenient to introduce a special curvi- 
linear system of coordinates. We introduce on the 
surfaces p=const or, what is the same thing, 
~=const, arbitrary longitudinal ¢’ and trans- 
verse @’ coordinates which vary over the range 
from 0 to 1 as we go completely around the toroid. 
6’, ¢’ together with ~ form a certain curvilinear 
coordinate system. As was shown in reference 1 
the magnetic field may be represented in the geom- 
etry under consideration in the form 


H= yxy, (1) 


where 
p= pe (P) = at/dy, 


while A is a certain single-valued function of the 
coordinates. As may be seen from (1), HV? = 0, 
i.e., the relation #=const defines the position of 
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the line of force on the surface w= const and, 
consequently, the quantity » represents the num- 
ber of turns of the line of force along the small 
perimeter in one revolution along the toroid. 

We now introduce new coordinates 6, ¢ such 
that #2 =6@-—ypé. In terms of these coordinates as 
we move along ¢ all the lines of force rotate with 
respect to 6 with the same constant velocity p. 
The choice of the coordinates @, ¢ is, of course, 
quite arbitrary, and this will be partially made 
use of in subsequent developments. 

Since ¥& is defined up to an arbitrary function 
of ~, then it is possible by choosing it, i.e., by 
displacing the origin of 0, € to insure that Gy» 
= Gi3=0, where Gik= [(gik/Vg)dédg, gix is 
the metric tensor, g = Detgjix. We shall assume 
in future that this condition is satisfied. 

In terms of the coordinates 7%, 6, ¢ the contra- 
variant components of the magnetic field are equal 
to Hi=(1/Vg){0,u,1}, while the covariant 
components are given by Hj = “gir Ne + gisVE : 
From this we obtain 


l= ~ \ jalsgh) = Ez (uGos =F Gen 


ve 
¢=const 


eee \ (2) 


c Hyd = = (uGos + Ges). 


9=const 
As Kruskal and Kulsrud have shown the equation 
for plasma equilibrium may be written in the form 


! 


dy db C 


dp dQ a dl a 


2. If the usual assumption of perfect conductiv- 
ity is made it is convenient to utilize the energy 
principle?» for the investigation of plasma stabil- 
ity. We assume that the plasma fills the whole 
volume up to the perfectly conducting walls. Then 
the normal component of the displacement of the 
plasma from the position of equilibrium reduces 
to zero at the walls and the total energy E of 
small vibrations is given in the hydrodynamic ap- 
proximation by 


a 


a 5\ 10 (div 4)2 dr 
4 9 4 
ae a | (curl [nxH])? dr — 5-( [qx curl Hjcurl [4 xH]dr 


oe \nvp div ndr, (4) 
where p is the plasma density, w is the incre- 
ment (it is assumed that the displacement of the 
plasma from the position of equilibrium 7 varies 
with time in accordance with et). 

The equation for the small vibrations of the 
plasma may be obtained from the variational prin- 
ciple 6E=0, with the energy E of these oscilla- 
tions itself being equal to zero. This means that 
instability may occur only in the case when the 
potential energy is negative. Therefore in inves- 
tigating stability we could restrict ourselves only 
to the potential energy V. Nevertheless, we shall 
also investigate the kinetic energy T, which will 
enable us not only to obtain estimates for the in- 
crement w but also to discuss correctly the be- 
havior of a perturbation near a singular point.* 

In this discussion we can restrict ourselves to 
the case of small increments w-—0, since we are 
interested first of all in the stability criterion, i.e., 
in the condition under which a solution with w >0 
appears. By assuming the increment w to be 
small, we shall temporarily neglect the kinetic en- 
ergy. We shall decompose the displacement 17 
into two terms n=M7%tr+ ||, where mn is paral- 
lel to the vector h =H/H, while the third compo- 
nent Ter vanishes. It may be easily shown that 
the component of the displacement 1) along the 
field does not appear in the last three terms of 
(4) and is contained only in the first two terms. 

If the perturbation is not constant along the lines 
of force then by means of an appropriate choice 
of 7}; one may obtain the result that the second 
term in (4) vanishes, and then the potential energy 
will be equal to the sum of the last three terms, 
which we shall denote by Vy. 

The advantage of the variational principle con- 
sists of the fact that by utilizing different types of 
trial functions for 7 one can obtain certain neces- 
sary conditions for stability. We shall here inves- 
tigate perturbations of the form 


7} = (0) exp {2ni (m9 + nb}, 
y° = — (i/2r) w (b) exp {2ni (mb + nf)}, 
where, without restricting generality, —, a may 
be regarded as real functions. For such perturba- 


tions the potential energy Vty takes on the follow- 
ing form 


*The last consideration was pointed out by A. A. Vedenov. 
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d ar 
Ve = \ {4n*Gu, (um + n)?E? + Goo & pe — ns.) 


+ 26m (2, ue — ne (2 a + ma.) + Gae(§ ag + ma) t db 


: coves | dl du dl 
Sy) Vea a e244 2ag (um-pn) oe Oo ay 

ae a, dd P 

—25(F + mx) (uF 75), (5) 


Here the first integral is always positive, and in- 
stability may arise only as a result of the second 
integral. Therefore, the neighborhood of the points 
~=%, where ym+n=0 and the integrand of the 
first integral is a minimum, represents the great- 
est danger from the point of view of stability. As 


| 


1 


has been shown by Suydam‘ for the case of a straightt 
filament with cylindrical symmetry, in the neighbor -- 


hood of these points, where the displacement 7 is 
almost along the lines of force, an instability of 
local type may arise. A similar result was ob- 
tained by Johnson et al.° for a straight filament 
slightly inhomogeneous along its axis. It is of 
interest to generalize this discussion to the case 
of an arbitrary toroidal system. 

In investigating an instability of local type we 
may in (5) set 


um +n =mF (b — bo) = mp'x 

and assume that all the coefficients are constant. 
On minimizing the expression obtained above with 
respect to a we obtain after additional integra- 


tion by parts 
4 , (4 4 
Vir= gel {4n°Guumia’exe? + Ru’ (Z x8 Vb dx + 5( ede, 
(6) 

where 

Ip’ dQ dQ 
area aye hora Maneean aah 

R = Gog — 4nI?/c (ul + J) > 0. 

We now take into account inertia which we had 
neglected earlier. It finds its expression not only 
in the existence of kinetic energy, but also in the 
fact that for small values of x the plasma does 
not have time to smooth out the pressure along 
the lines of force, and therefore it is necessary 
to take its compressibility into account. In order 
not to make the discussion too complicated, we 
simplify somewhat the expression for the kinetic 
energy T, viz. we shall replace it by a smaller 
quadratic form T’, which represents a sum of 


squares: 
ee \{4 i Pi } dr, 


where B~p, A~pa?/m?, a is the small radius 
of the toroid ~=const. Here we have completely 


_ dp {d?Q. 
O= a lap 


(7) 
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neglected the kinetic energy of motion in the direc- 
tion ~, and have taken into account the fact that 
ma ~ dé/d#. The replacement of T by T’ leads 
only to an overestimate of the increment W, and 
has no effect at all on the condition of stability. 

By finding the minimum of E = T’ + V with 
respect to n\; we obtain 


By 4— yp (hy) div y = 0. (8) 


Here (hV) =(1/HVg )d/dé, where d/d¢ is the 
total derivative along h. Let 


ny =F (r) exp {2ni (mo + nf)}, 


where f(r) is some arbitrary real function. We 
multiply (8) by HVg and integrate with respect 
to ¢ along a line of force. On taking into account 
the fact that for small x the exponential 

exp { 27i (mé@ + n¢) } is a slowly varying function 
along a line of force, we obtain 


(@?/2nimp'x) < BH Vg f> 
x exp {2nri (m8 + nC)} —ypdivy=0, (9) 


where the angular brackets indicate averaging 
along the line of force. We now multiply (9) by 
Vg exp{-—27i(m@ +n¢)} and integrate with re- 
spect to 0, ¢. On taking into account the fact that 
div n = div nty + (HV) 7 /H, we obtain 


20 F 
<BHV gf> Sq — 1? {8 Ga + 2rimy’x| 7, ata a 


eos x 


From (9) and (10) we obtain 


w2 AQ 


ope dg? (a) ie Eexp {2ri (m+ nf}, (11) 


divy = 


where ee 
x= 4ypr mp’? \ aide / aia 
FD le Lg Be 
ene ye age) 
On substituting (11) into the expression for the en- 
ergy E and on neglecting the kinetic energy of lon- 
gitudinal motion we finally obtain 


E=35 5\{e WAT (a) +e 
« (GE) G) Baer tees ce} ae 


Variation of (13) with respect to & leads to a dif- 
ferential equation of the second order which may be 
brought into the following form 


(12) 


d 2 w4 
° (Ge) +P eae 


(13) 


d*u 


4 g OF le vay? C \ =—0 
ae — lara tae + cpmaerep tO SiN 


nem 


where 
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TeAwragay #1 H=EVIFS, b 
4m AW2dQ/db 8x 
k2 Rp? ~ Fe 5 q 


__ 16 n5Gy Am2dQ/dp 
a ; (Rp’)? ; 
__ 4nQ , _ 4nxp AQ. \2/dQ\—1 
Rye? Tee Rar (a) (a): 
Equation (14) is analogous to the Schrédinger equa- 
tion for a particle whose potential energy is given 
by the expression in the figure brackets, while the 
existence of bound states with w* > 0 yields in- 
stability, while the absence of bound states corre- 


sponds to stability. In the region s* > 1 it sim- 
plifies considerably: 


Si 


d?u/ds* — qsu = w*bu. (15) 


As w-—>0 this equation has the solution u=s/, 
where 


Maas Sate Iesas 


Thus, if q< —%, then u is an oscillating function, 
and, consequently, instability occurs. On the other 
hand, by utilizing the comparison theorem it may 
be shown that equation (14) in the case q > —} 
does not have any bound states, i.e., locally the 
plasma is stable. In expanded form this condition 
is represented by the following inequality: 


dp ;d?Q Ip’ dQ 4 dJ dQ R [{dp2 
plage acd dat ares ae aylag) > Tee ap 
(16) 


An estimate shows that perturbations are local 
with respect to ~ only in the case m?> 1. There- 
fore condition (16) is only necessary: it refers only 
to perturbations with large values of m, i.e., which 
are local also with respect to the azimuth @. 

3. We now consider the case of a low-pressure 
plasma, when «¢ = 87p/H? « 1. In this case, as 
follows from the equation of equilibrium (3), pdI/dy 
and dJ/dj are small quantities together with dp/dy. 
We assume that the field is inhomogeneous along the 
torus (as is the case in the stellarator with a helical 
winding® and in traps with a corrugated field’), and 
we also assume that the magnitude of the field modu- 
lation is sufficiently large so that dQ/dy*? is not 
a small quantity. Since the longitudinal current 
I~ e€J « J, then on the left hand side of the in- 
equality (16) we may neglect all the terms with the 
exception of the first one, and we may set R © Gop. 

By making use of the arbitrariness in the choice 
of the coordinates 96, £, we can make R a mini- 
mum. In order of magnitude we have 


V g~ ar? (dt/dzy, 


where r=r(z) is the average radius of the sec- 
tion £=const of the toroid ~=const; z isa 
certain longitudinal coordinate 0<z< L, where 
L is the length of the toroid. It may be easily 
verified that Gg. is a minimum at Ve, oi tation 


829 ae: (2nr)°, 
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5; 
2. 4249 (Ad * Ge (AON G ez 
Go.=4n°a a = 4n (a \ re , 
where a is the rms value of the small radius r. 
On taking into account the fact that along a line 

of force d@=pdé, and consequently, dl = Vg Hdé, 
we obtain 

dQ Cad eee hdl 

fv pane = (Maou 
where U is the value of the integral along the line 
of force [dl/H averaged over @. Thus, for sys- 
tems with a sufficiently strongly modulated field 
the condition of stability (16) may be written in 
the form 


vey < (2a*/4|U |) (ye)?. (17) 


In a low pressure plasma k? ~ ¢ «<1, there- 
fore equation (14) may be reduced to the form (15) 
only when s* >> 1/e, andthe increment w of the 
corresponding perturbations is of order v«¢/b . 

In the range 1<«s*<«1/e we should set q+q’ 
instead of q in equation (15), and the correspond- 
ing condition of stability then has the form q+q’ 
> -—4, or 


vewl < (na’/4[U |) (ve)? + re (yU)?/|U|. 8) 


This condition corresponds to more rapid com- 
pressible perturbations with w ~1/Vb. In the 
case ,.—0 it goes over into the condition of sta- 
bility for systems with closed lines of force,’ 
while the increment of slower incompressible 
perturbations, for which the plasma has time to 
smooth out the pressure along the lines of force, 
tends to zero, so that condition (17) no longer 
applies for such a transition. 
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The condition (17) may be interpreted as the 
tendency of the plasma to occupy the space with 
the minimum “potential energy” U, with such a 
displacement being prevented by the effect of the 
cross over of the lines of force. Both in the 
stellarator with the helical winding, and in the 
trap with the corrugated field the “potential en- 
ergy” U is minimal at the chamber walls, and 
this is where the plasma tends to migrate. In 
this respect they differ essentially from the sys- 
tem with guard rings,’ where U is minimum in- 
side the chamber and increases towards the outer 
conductors. Therefore, it would be desirable to 
carry out an experimental investigation of the 
stability of plasma in such systems. 
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A number of mesic atomic and mesic molecular processes are discussed that occur in a me- 
dium composed of hydrogen isotopes (formation of mesic molecules, H{) + H®) — (qH™y@)) , 


elastic collisions and charge transfer of mesic atoms, 


Ere H@) a che 


(1) (2) _, py(1) (2) (1) (2) 
He Hye) a) cae 


The levels of the mesic molecules are determined. The Balcilaione were per- 


formed on the BESM electronic computer, with corrections for the motion of the nuclei taken 


into account to order my /M. 


A special feature of mesic hydrogen atoms is 
their neutral behavior, since at distances larger 
than the Bohr orbit of the mesic atom (2.57 x 1071!! 
em) the charge of the nucleus is almost completely 
screened by that of the meson. This causes a num- 
ber of mesic molecular processes that occur with 
#2 mesons in hydrogen (or in a mixture of the hy- 
drogen isotopes), such as the transfer of the p™ 
meson between different nuclei (charge transfer ), 
the formation of mesic hydrogen molecules, and so 
on. These processes play a large part in the cataly- 
sis of reactions in hydrogen which was predicted by 
Frank,! Zel’dovich,? and Sakharov? and has been 
studied experimentally in papers by Alvarez and 
others‘ and by Ashmore and others.° On the other 
hand, as has already been pointed out,°~8 mesic 
molecular processes in hydrogen offer very im- 
portant possibilities for the experimental deter- 
mination of the law of the interaction uw +p—n 
+p (in particular, for an experimental distinction 
between the V-—A and V+A interaction types®). 

Earlier papers have given the cross section for 
transfer of mesons from protons to deuterons,’ ‘” 
and also calculations of the probability for the for- 
mation of the mesic molecules (PP )y and Ca 
In the present paper we calculate the cross section 
for charge transfer and the probabilities of forma- 
tion of mesic molecules for all the hydrogen iso- 
topes. 

Let us consider a system consisting of nuclei 
of hydrogen isotopes with the masses M, and My, 
anda p~ meson. Let r, Ry, R, be the coordi- 
nates of the meson and the nuclei.* With neglect 


*In what follows we shall use mesic atomic units Gi = 1; 
ee Ih a 207m. = 1; the mesic atomic unit of length is 
f/m ,e? = 2.57 x 10°! cm, and the mesic atomic unit of energy 


is m,e*/t? = 5.6 x 10° ev. 
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of the spin interaction, the Hamiltonian of the sys- 
tem is 


4 
2 


ra feed 
t 2Me 


fl 


ape Yh 1 4 


where 


(ees abla 


ry =|r—R,l, fo = |r— Ral; 


R=|R.—Ril. 


Assuming that the ~~ meson is ina K orbit, 
we shall try to find the wave function of the system 
in the form 


Y = G(R) 2, (R; 1) + 4 (R) 2. (R; 1), (2) 


where G(R) and H(R) describe the relative mo- 
tion of the nuclei,* and 2g and Zy represent wave 
functions of the p- meson in the field of stationary 
nuclei separated by the distance R. For R> © 


Byes (et e-")/P 2x; YW>er—e")/V2e, - (3) 


and for R-0 the wave functions 2g and Zy 
respectively go over into the wave functions of the 
ls and 2p states of the He ion. 

Substituting Eq. (2) in the Schrodinger equation 


HY = EV (4) 


and using the fact that the wave functions 2g and 
Xy satisfy the equation 


== F(R) opr, Re G =e, wy); 


(5) 


after multiplication by 24g and xy and integrating 
over the coordinates of the meson we get a system 
of equations for G(R) and Per): 


(=44,--—7 + RY Be 


MN 


*We note that since the wave function (2) depends only on 
the difference of the coordinates in the coordinate system we 
have chosen, the center of mass of the system is at rest. 
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ARG + (Eg ar aie K ge) G 


— Le 


4 4 
+ pig Kew! — Wy Cau VR = EG; 


sys ARH +(E “oir “a Kua) H 


= 
a KugG — Mie =— Que Vro= EAs (6) 


where 1/M,, = 1/M,+1/M, and the quantities 
Kjj/2My, and Qij/Mj, are the matrix elements 
between the functions 2g and Zy of the operators 


malig 


A ie 
a ata A Re 


a ie \ 
stig = (—79, Vet Fy Ve): (0 
It is easy to show that in virtue of the normaliza- 
tion conditions for 2g and Zu the diagonal ma- 
trix elements of the operator Q are zero, and 
because of the orthogonality of 2, and Zy the 
off-diagonal elements are opposite in sign: 


Qyu ar Qug — Q. (8) 


If we use the symmetry properties of 2g and 2y 
under interchange of the nuclei, we can separate 
out the dependence of the matrix elements on the 
masses: 

Ku=\% CoA) ede wi aan), 


Ki= Fan 2 (— AR) Ede 4 j), 
= mt De(— Vp) d= QR. (9) 


Thus in the case of identical nuclei, M,; = M,, the 
system of equations (6) falls apart into two inde- 
pendent equations. This result is quite understand- 
able, since because of symmetry in the case of iden- 
tical nuclei the wave function (2) can contain only 
one term (either Zg or Zy). The terms Kjj(R)/ 
2My. and Q(R)/My. are corrections to the adia- 
batic potentials which take into account the motion 
of the nuclei to first order in My /Myy. Since for 
the meson the ratio m,/M, is not as small as it 
is for the electron, these terms make an important 
contribution. For R—%~, Q-—0, and the terms 
Kij (9)/2Miz give to accuracy (m,,/M;)?, 

(my /M,)? , the corrections that come from the 
reduced masses in the isolated mesic atoms. In 
fact, if we note that the energy of the isolated 
mesic atoms (in mesic atomic units) is 


Ey Se M,/2 (My ae 1) = —4¥Y.+ 1/2M,; 


ES = — M,/2(Mz-+ 1) ==, + 1/2M, (10) 
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and use the fact that for R— © the matrix eo i 
ments of the operator (- AR,) are equal to 4 i | 
(Appendix), we can write 1 


Eg (oo) + Kgg(0o)/2M io} 
={E,(00) + Kau (00)/2Mis) = (E? + E2)/2 
Kyu (00)/2Mj.= Kug (00)2My. = = (Ei — E») )/2 = = AE/2. (11) | 


saan ie from the quantities Eg(R), Ey(R), and | 
ij(R)/2Mj, their values for R=, | 


By " = Equ (00) + Ege (R)s Kij (R) = Kuz (00) + Kis (R), | 
we rewrite the system of equations (6) in the form | 


4 ; 4 ; 
— sy An@ + (E, + a Kee) © 


2M, 
Al f , 4 dH Be a, 
ss (5 AE+ 2M Kp s he 2aR ak 
4 ; 4 , 
ig ORY + (ELF pe Kyy) 
<a/h 4 | 1 dG ep 
+ (5AE+ aK) OF 0 gee HT ee 


where the energy E’ is the energy relative to the 
half sum of the levels of the isolated mesic atoms: 


E'= E —(E; +E9)/2 
(in the case of identical nuclei E’ is measured 
simply from the level of the isolated mesic atom ). 
Separating the angular dependence of G(R) 
and H(R), 
Gi (R) = R“gi(R)Y1, uw, (8, 9), 


Hi, (R) = Rh, (R)Y 1, mz (8, 9) (13) 


[where YL,My,(9, ¢) is a spherical harmonic], 
we get for g(R) and h(R) the equations 


NSCS Se (L +1) 
— Why GR? +(E, a5 Sie Kg Bint 


’ hy , 
She Kin) he — a QR aR dR = (# Tene 


4 Phy, ; 4 BRO be ee 
~ 2Mye dR? | (E, 2Mj2 Kia 2M, ere cpl 


+ (GAE+ sam Kg) go + pe OR A (HE) = it. 

The potentials Eg(R) and EQ(R) have been de- 
termined from the equations (5) by many authors, 
beginning with a paper by Teller.’ In the present 
work we have used values of E4(R) and E’ u(R) 
taken from a paper by Bates et al.!® Values of the 
functions Kgo(R) and Kj,(R) can be obtained 
by a slight recalculation from a paper by Dalgarno 
and McCarroll,*® and the values of Q(R), Kug(R), 

Kgy(R) have been calculated in the “united atom” 
(UA) and “linear combination of atomic orbitals” 
(LCAO)" approximations for small and large val- 
ues of R, respectively (for further details see 


+ (5AE+ 


“ 


uw -MESIC MOLECULAR PROCESSES IN HYDROGEN 


a Appendix). In studying the asymptotic behavior of 
_ the solution for R—- it is convenient to intro- 


R duce the functions 


az (R) = {gr (R) + Ay (R)}/V2, 
bt (R) = {gi (R) — Ax (R)} /V'2. (14) 
Comparing them with Eqs. (2) and (3), it is easy 


_ to see that for R— © the functions a (R) and 
_ b(R) respectively describe the radial motion of 


the nucleus of mass My, relative to the mesic 

atom with mass M, and that of the nucleus of 

mass My, relative to the mesic atom of mass Mb). 
The functions (14) satisfy the equations 


ae i G nas BE Sire (uae Kau 
i 2M. RAE 2 \ ae" 2My. 5 G9 1X 2M. 
{ eet) AG 
+ GMs (Kgu ; Kuz) =} IMR? Fi D) ay 


LB alg AO iy a 
— aMigy Kev—Kug) (1 i Ma aR ( 


Bur ee) «face 
2M dR? +45 ; Egt 2M} | \ Eu 2M, 


(Kgu ai Kug) i 


2My2R? re, 


| 1 s 5 \ Q d a \ sy 
nya (Kga— Kug)jae — Mis R 2 (%) Je oye (15) 
and the boundary condition at R= 0 
@(0) == 5(0) = 0: (16) 
For R—o, Eqs. (15) have the form 
14 da peed SAE 
magia idk?) (Eo make 
1 db ME 
2M, dR? (E aa cD) 


For definiteness let M,< M;, so that AE > 0. 
Then three types of motion are possible, depend- 
ing on the value of E’. 

a) E’ > AE, i.e., the energy lies above the K 
level of the lighter mesic atom. The meson can 
be either on the nucleus M, or on the nucleus M). 
If the meson was originally on the nucleus M, and 


charge transfer occurs to the nucleus M,, we must 


impose on the wave functions the condition that for 
R—» the function b(R) must contain only a 


diverging wave: pe 
a (R) Oe a OR ee : 1D (R) =~ Ge 2 : 


Re = 2Myo (Ey AE) a OIE (E" +4 AE) . (18) 
b) LN < E’ < iAE, i.e., the energy lies be- 
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tween the levels of the isolated mesic atoms. At 
R-— the meson cannot be on the lighter nucleus 
for energetic reasons. This case corresponds to 
Scattering of a mesic atom with nucleus M, by 
the nucleus M,, without the possibility of charge 
transfer. We must impose on the wave functions 
the condition that for R—-© the function a (R) 
must not contain an exponentially increasing term: 


a(R) = Dye, 6 (R) ~ DgeniteR 4. Dyeite: 


~=— eS — 2M, (E’—= AE). (19) 


It is obvious that the conditions (16) and (19) [and 
also the conditions (16) and (18)] can be satisfied 
for any energy in the range in question, and that 
apart from normalization they determine the solu- 
tion of the system of equations (15). 

c) E’< -ZAE is the region of the discrete spec- 
trum, corresponding to bound states of the mesic 
molecule. For R—-~»© two conditions are to be 
imposed on the solution — the absence of increas- 
ing exponentials in both of the functions a(R) and 
b(R): 


a(R) Fye®, b(R) = Fre; 
"f= 2Myo(|E’|-+4AE), >= 2Mi(\E’|ZAE). (20) 


The conditions (20) and (16) can be satisfied only 
for definite values of E’, which are the energy 
levels of the mesic molecule. To find solutions 
that satisfy the conditions (16) at R=0 and 
asymptotic conditions of the type (18), (19), or 
(20) for R—»-, we can proceed as follows: find 
two linearly independent solutions satisfying the 
conditions (16), and construct from them a linear 
combination satisfying the asymptotic conditions 
for R—. We note that between any two solu- 
tions of the system of two second-order linear 
equations (12) there exists a relation, which we 
can find easily if we note that 


Ku Kip = = 2 div Q: 
In fact, if {G,; H,;} and {G,; H,} are solutions 
of the system (12), then 
div {(Gz V G, — G,; V G:) + (H,V H,— A, V He) 


+- 2Q (H\G,— H,G;)} = 0. (21) 


For the functions (14), which satisfy the conditions 
(16), the identity (21) takes the form 
(aada, / dR — a,da,/dR) + (bodb, /dR —b,db, / dR) 


+ 2Q (a,b2—ab) = 0. (22) 
The relation (22) can be used to check the accu- 

racy of numerical integrations. As our linearly 

independent solutions of the equations (15) we can 
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take, for example, the solutions given at R=0 by 
the conditions * 
a(0) =6 (0) =0, a’(0) =0' (0) =1 


eo(0) |e: (23) 


a(0) =6(0) =0, a’ (0) =—8' 0) =1 or g(0) = 0) =8' 0), 


(0) SV 2. * (24) 


The charge-exchange cross section. In the en- 


ergy range E’ => AE/2 we can form from the inde- 
pendent solutions (15) fixed at R=0 by the condi- 
tions (23) and (24) a linear combination that satis- 
fies Eq. (18). The effective cross section for charge 
exchange is determined from the asymptotic form 

of the solutions for R-—© by a procedure analo- 
gous to that in reference 10. The effective charge- 
exchange cross section can be represented in the 
form 


Le Anfaiv, |v 


(where v is the speed before the collision, vo 
= (2AE/My)!/2, and a, = h’/m,e*). Values of 
the coefficient f determined by numerical com- 
putation are shown in Table I, which also shows 
values of the quantity Ogev. 


TABLE I 
oO Vv, 
Process | f | PEATE 
Py td>d,+p {2.41 3, 42-10-18 
py ttt, +p |0.84 | 1.49-10-18 
ad, +t, +d 0.0067 | 1.15-10-45 


Cross section for scattering of a heavy mesic 
atom by nuclei of a lighter isotope.} In the energy 
range —AE/2 < E’< AE/2, for the case of small 
concentration of the heavy hydrogen isotope, the 
most important process is the elastic scattering 
of the heavy mesic atoms by the nuclei of the light 
isotope, and thereafter, after slowing down of the 
mesic atom, the formation of mesic molecules. 
By forming from the linearly independent solu- 
tions fixed by the conditions (23) and (24) a linear 
combination satisfying Eq. (19), one can easily 
express the effective cross section for elastic 
scattering in terms of the parameters of the solu- 
tions for R—«. For mesic atoms with small 


*Since the functions a(R) and b(R) fall off exponentially 
inside the potential barriers for R > 0, in the numerical inte- 
gration we can, without appreciable error, prescribe the con- 
ditions (23) and (24) for some small value R, = 0 (R, = 0.2). 
This corresponds to replacement of the potentials Eg+K 
2M,, and E, + Kyy/2M,, by infinite walls at R = R,. 

tThe wave functions of the continuous spectrum, and alsé 
those for the energy levels, are given in a preprint by V. B. 
Belyaev, S. S. Gershtein, B. I. Zakhar’ev, and S. P. Lomnev, 
issued at the Joint Institute of Nuclear Research. 
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or g (0) =A (0) =f’ (0), 
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TABLE II 
—————————————— ee 
Process | ? es I cm? 
| t 
{ | 522 
d, +p 4, +p 2,0 pee 
1, 4p i ia 2.66 5.84 
on AY ' 7 LA Q 
i,td—-t, +d | 6.7 | 36.9 


*Value obtained with Kg, = 0. The 
calculations with the correct Kg, give 
a value \ ~ 10, which is dubious. 


kinetic energy the wave functions in the region 
ry < RK 1/ky are of the form 


b=R—h, ax Dexp {—x,R}, x? = VY 2M,,AE. (25) 


The normalization in Eq. (25) is chosen so that for 
R—o we have a plane wave with coefficient 1. 
The effective scattering cross section is given by 
Ge] = 4A7a2,. Values of A and og] for various 
cases are shown in Table II. We note that the 
value of og; for the case dy+p—d,+p is not 
anomalously small, as was stated by Cohen, Judd, 
and Riddell." The range 7 of a d, atom formed 
by charge transfer can be found from the formula 


1=(1/kNoe,) In(E;/E2), (26) 


where k = 2Mj./(M,+M,) =% is the average 
fraction of the energy transferred in a d, +p 
collision; N=4x 10"; E, =45 ev is the energy 
received by the mesic atom d, in the charge 
transfer; and E, ~ 2 x 10~4 ev is the final (ther- 
mal) energy (furthermore it is assumed as a 
rough approximation that the dy moves ina 
straight line, since in the laboratory coordinate 
system the deflection of the d, in a collision 
with a proton cannot exceed 30°). According to 
Eq. (26) the value of the range is 1 ~ 0.1 mm 

(the displacement on account of diffusion of the 

dy, at thermal energy is also of the order of 0.1 
mm); this is clearly smaller than the experimen- 
tally observed “gap” of ~1 mm. 

The energy levels of mesic molecules. For the 
energy range E’< —3AE let the solutions of the 
equations (15) with the respective initial conditions 
(23) and (24) have the forms 


a(R) = FE Ve ROE 


b; (R) = Fs (E)\e 8 FOE oe (i = 1.2). (27) 


Then when we form a linear combination of these 
solutions we can secure elimination of the increas- 
ing exponentials only provided 


| Fe’ (E) 


(2) 77" 
PE) Fete) |=? 
4 


@) (E) (28) 


The condition (28) determines the energy levels of 
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TABLE III. Levels of mesic molecules* 


L=0 L=k mei 13 
w=) | v=4 n=0 aad 0 n=0 
| 

(PP). 202 — 109 — — = 
(dd), 330 40 226 7? 88 = 
(tt), 367 86 288 45 170 55 
(pa) 220 — | 90 — — a 
(pt), 213 = 98 ee. = re 
(dt), 319 32 232 _— 102 Eas 


*The levels are given in electron volts; for mesic molecules with 
unlike nuclei the energy levels are measured from the level of the 


heavier isotope. 


the mesic molecules. By carrying out numerical 
integrations of the system (15) for various values 
of E’ one can pick out the values that satisfy the 
condition (28). Energy levels of the mesic mole- 
cules obtained in this way are shown in Table III. 

Energy levels of mesic molecules with identical 
nuclei. As has already been noted, for mesic mole- 
cules with identical nuclei the system falls apart 
into two independent equations. The effective inter- 
action potentials with corrections allowing for the 
motion of the nuclei, Eg + Kgg/2My, are approxi- 
mated to good accuracy by the well known Morse 
function 


UF — A [e—24(R—-Ro) a Ze ARR) J, 


Values of the effective interaction potentials have 
been given in a dissertation* by Gershtein; it also 
gives parameters for the Morse function which 
give good approximations.{ The deviations of the 
Morse functions from the true values of the effec- 
tive interaction potentials cannot cause much change 
in the values of the levels, since these deviations 
are appreciable only in the regions (of very large 
and very small R) where the wave functions fall 
off exponentially. The values of the levels are 
shown in Table III. 

Formation of mesic molecular ions. Moving 
through the medium, mesic hydrogen atoms can 
pass freely through the electron shells of the hy- 
drogen molecules because of their neutrality and 
small size; approaching the nuclei, they can form 
mesic molecules, or more exactly mesic molecular 
ions, (pp) p> (pd) i, and so on (in analogy with 
the well known molecular ions H3, HD*, and so 
on). In principle the binding energy of the mesic 
molecule can be released as radiation or trans- 
ferred to one of the electrons of the shell, or also 

*Defended at the Institute of Physical Problems, Academy 


of Sciences, U.S.S.R. 
tCompare with reference 17, where the approximations were 
made without including corrections for the motion of the nuclei. 


to the nucleus that had been chemically bound to 
the one with which the mesic molecule (H,) is 
formed. This latter sort of transition, however, 
can contribute appreciably only in a case in which 
the mesic molecule is formed with a very small 
binding energy (of the order of the binding energy 
of the ordinary molecule). As can be seen from 
Table III, this condition is not satisfied for any 
of the mesic molecules [with the possible excep- 
tion of (dd), ]. Since the dimensions of mesic 
molecules are much smaller than atomic dimen- 
sions, the ratios between the probabilities of for- 
mation of mesic molecules by radiative processes 
and by transfer of energy to an electron of the 
shell can be found by using the standard theory 
of internal conversion by electrons in nuclear 
transitions. For the range of energy transfers 
in question (tens and hundreds of ev) the inter- 
nal conversion coefficients are extremely large; 
therefore the probabilities of radiative formation 
of mesic molecules are very much smaller than 
that for conversion formation of these molecules. 
Since the formation of mesic molecules occurs at 
small relative energies of the mesic atoms, the 
most important process will be the electric dipole 
transition from the s wave of the continuous 
spectrum, with internal conversion to an electron. 
Let 4, pe, and py be the respective distances 
from the nuclei M,; and My, andthe yw meson to 
an arbitrary point; then at large distances the 
Coulomb field of the system is of the form 


€/ 0: + €/p2—e/ pue/p + dp/p*, 


where p is the distance from the center of mass 
of the nuclei and d is the dipole moment of the 
system: 


d=eR (M,— M,) /2 (Mz + My) —e (11 + 12) / 2, (29) 
where 


R=R.—Ri, rr =1r—R, re=r—Rs. 
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If we take as the wave functions of the electron 
the exact Coulomb functions of the hydrogen atom, 
then in analogy with the conversion probability for 
a nuclear transtion we get for the probability of 
formation of a mesic molecule by dipole conversion 

a 


Qnn? exp (— 4n tan- 11) N \ | <d> |? 
3 3 
ha: 


(1+ 7?) ) (1 = exp {—2r}) 7 | > 


(30) 


where ae = hi?/mee’, 7 = e2/five (Me and Ve are 
the mass and speed of the electron), N =4 x 10-2 
em~* is the number of nuclei in 1 em’ and <d> 
is the matrix element of the dipole moment taken 
between wave functions of the mesic molecule be- 
longing to the continuous and discrete spectra, re- 
spectively, 


(dy =| Wher dVinos ART (31) 


[the integration in Eq. (31) is taken over the coor- 
dinates of the ~~ meson and the nuclei]. Integra- 
tion over the meson coordinates in Eq. (31) leads 
to the integral 


f 1 
dan = \ Be aa (ry = Te To) Ne thc 


From considerations of symmetry it is clear that 
dgu is directed along R: dgu=y(R)R, where 
y(R) is some function of R. In the LCAO approx- 
imation we have 


x (R) =1/2V1—e RAE RER 2p 


== iN), Worn IQS By. 


The LCAO approximation is not valid tor small 
R, but it is clear that since the nuclear function 
H(R) that corresponds to the repulsive state 2y 
falls off exponentially at small R, small values 
of R make a negligible contribution to the matrix 
element <d>. We note that the approximation 
y = —'/, holds well even for small R, if the cal- 
culation of dgy is made with the exact functions 
Zg and Zy.'§ The summation in Eq. (30) is taken 
over all possible final states of the mesic mole- 
cule. In the calculation of <d> it is assumed 
that the normalization of the continuous-spectrum 
wave function is chosen so that at infinity there 
is a plane wave with the coefficient 1, and the dis- 
crete-spectrum wave function is of course normal- 
ized to unity. The matrix element <d> then 
has the dimensions 5/2 where ay = i?/m,,e". Sepa- 
rating out the dimensional factor, we can conven- 
iently rewrite the formula (30) in the form 
16 fp \ O22 Oren? Spa e 
Y= Ned) (oe) as, ea Sep Po ROP 
(32) 
where the matrix etedient <d> is calculated in 
dimensionless (“mesic-atomic”) units. It is easy 
to see that the first term in the dipole moment (29) 


Ve. Be CBeEEACAR EM Vate terse 


has nonvanishing matrix elements only for transi- _ 
tions with meson functions of the same parity 4) 
(Ze segs Zu — Zu), whereas the second term 

in Eq. (29) gives transitions only between meson 
functions of different parities (2, — Les Lg —Zy)- 
Dipole transitions from the s wave of the continaaneh 
spectrum can occur only to the rotational state with 
L=1. It can be seen from Table III that for all the 
mesic molecules [except (tt),,] the transition goes 
into the lowest such rotational level (L=1; n=0). 
For the mesic molecule (tt) y the transition into a 
vibration-rotation level (L =1; n=1) is also pos- 
sible. The probabilities for the formation of the 
mesic molecules (dd), and (tt)y with identical 
nuclei can be calculated in the same way as has 
been done for the mesic molecule (pp)y.'° In 

units of 10° sec™!, the probabilities for formation 
of these mesic fbleediee are 


(dd), it),, 


(PP). ( 
0.0057 0.38 


4.53 
For mesic molecules with unlike nuclei the calcu- 
lations of greatest interest are those that give the 
probabilities for formation of mesic molecules in 
collisions of a mesic atom of the heavier isotope 
with a lighter nucleus, for example d, + p — (dp), 
(in the py +d collision a much more probable 
process is the charge exchange Py + a.— dy, sl 6) 
The wave function of the initial state is of the form 


ee GRD, eR) 


where the functions Gy, Hy are connected with 
the functions aj(R), by(R) by the relations (13) 
and (14). The wave function of the final state, cor- 
responding to a rotational level of the mesic mole- 
cule with L=1, is of the form 


81 (R) Se + hy (R) 2a} Via (8, 9) / RR. 
Carrying out the integration over the angles and 
the summation over My,, we get in mesic atomic 


units: 


yo, = 


4a 


Dy Saige 
2 | <a (My — Mey? 


ay 


co 


x| \ { Mya, (R) a, (R) —M 


—OO 


by(R)6;(R)} RAR|. (33) 
The integrals in Eq. (33) have been calculated nu- 
merically. The probabilities for formation of the 
mesic molecules (pd); (pt), and (dt) found 
from Eqs. (32) and (33) are (in units 10° sec"!) 
(pda), (dt), (pt),, 
0.68 0.004 0.25 


The values found for the probabilities of formation 
of the mesic molecules (PP) p> (pd), and (dd), 
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In the LCAO approximation: 


1 274 1 py 
Kee = S { -R*(1 +R) 


o 


§ OR CIES A (haa 


In the UA approximation: 


Kee= il — (Ng / Ng)RooX | 316,770: 
Kun 27 ot De (Nf Na)boo se 2] R fe Bee 


For comparison, the diagram shows the values of 
Kgge and Kyy calculated by Dalgarno and McCar- 
roll,'® and their values according to the LCAO and 
UA approximations. For the quantity Q(R) the 
calculations give 


Curve 1—K,,(LCAO); 2—K,, (exact); 3-— Kgg(UA); 
4—Kyy (UA); 5—Kyy (LCAO); 6 —Kyy (exact). LCAO: g = — Maa M R(R+1) Bs 
Me 2 My 6) (est 


agree well in order of magnitude with the values Atco —3R/2 inte aos 
UA: Q WA Mos My 16% e i 3 R ‘ oo) R?) 
necessary for the interpretation of the experimental ae M+ M, 81 N,N, ( aw) Bae 
data.*»> The fact that for the heavy isotopes the 
probability of molecule formation is smaller than 
for (pp), is quite understandable, since when the 
reduced mass is large the values of the wave func- 
t tion in the classically forbidden region, which make 


We note that for R—0O the value of Q calculated 
according to the LCAO approximation agrees rather 
well with the value calculated by the UA approxi- 
mation for R— 0: 


| ; ll dk Q (MoM 1 Mz — My 

} the main contribution to the dipole moment, are ree ( M+ MM) 3V3 — —9 29 aR,’ 

' much smaller than they are for (pp)y,. [The prob- Oy» — Maa 18 V2 _ og MM 
ability for formation of (tt) U is comparatively UA Mai Tie == Ma + My * 


large because of a resonance,’ cf. Table III.] Be- 

cause of the small probability for formation of the 
I mesic molecules (dd),,, etc., from the repulsive 
state the contribution from 0-0 transitions be- 


Thus over the entire range of R we can adopt the 
approximation Q=Q,CAO- The values of Kgy(R) 
and Kug(R) in the LCAO and UA approximations 


are 
; comes important; these transitions have been con- i 
} sidered by Zel’dovich.” LCAO: Kou= 2Vics 
The writers consider it their pleasant duty to is ele R2 R2(1+R)® | 9p] Ma— Mi 
x{1 eR (14K Ss Ri ee 
express their gratitude to Ya. B. Zel’dovich, at l 3 @==s) M2 -+- My 
whose suggestion this work was done, for a discus- LCAO: Kig= 4 
ne C WD na 
sion and valuable comments, and also to A. D. 8 | 
inskii = R? R2(1+R)? op) Meo—M | 
Sakharov and Ya. Smorodinskil. y {1 Bese (1 wees ) se 2 oe e| Hea 
—3R/2 
. So My Man On 20s 
APPENDIX UA: Kee = TEM, Bt NN, 
The functions Kgp(R) and at) have been in eee efit Nay 4 
calculated by Dalgarno and McCarroll” by means esis ice 8 > W,/ R 
of the accurate 2g and Zy wave functions given pane eters 
. 15 . f K ia Mp» a AE ™ € zim 
in the paper by Bates and others.’ We give for “= Ti, EM Bt NN, 
comparison values of Kgg(R) and Kyy(R) cal- ; | 
i i i hich holds 1 Ne / Sine Shas Re eee 
culated in the LCAO approximation, whic 2 [ ae (ee es RP SeRE 
for large values of R, ear / . 
bye (er (lp is)} (ease), The behavior of these functions for R—0 is 
D, = (2n (1 —s)}“4 (ee), given by: 
where s = (1+R+R?/3)e-R, and in the UA ap- ie Mee Rete 
-_ proximation, which holds for small R, when 2g LCAO: Ku 3 7 a ae 115 Se pe 
and Sy go over respectively into the 1s and 2p Ret) 
ee ” Ms—™M,-7V3 Ri 0b Re 
levels of He: Kue = Mees 2B =~. Rr 
bee Ng, Dy = —e Vt) (7, cos 6, — 2 cos 9) / Nu, since Bivit Vile tea allan ee 
Ni =— ne 28 (14+ 2R4 a R?) , UA: Keu— aM, BIR ~ OR Mat My’ 
fT 2 ari Vo wey. ar Mz — My 
eee cece ay oF i \ oR Kue > goo ae R & 0.32R GH 
Ne= 4z (1 ae say, |e ieee ara IRIE. Pri eV a Mo + My 
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ON THE COLLISIONS OF NUCLEONS WITH LARGE ORBITAL ANGULAR MOMENTUM 
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The two-meson exchange contribution to the nucleon-nucleon scattering amplitude is calcu- 
lated for large orbital angular momenta J > 1. The connection between this amplitude and 
the scattering of real mesons by nucleons is established with the aid of dispersion relations. 
The method is valid when the inequality 1 > 1 is satisfied as well as the condition lu/p > 1 
(u is the meson mass and p the nucleon momentum in the c.m. system ). 


1. INTRODUCTION 


Oxuw and Pomeranchuk! have shown that only 
interactions occurring through the exchange of one 
meson play a part in collisions of nucleons with 
large orbital angular momentum, and it follows 
that the phases of the corresponding amplitudes 
can be calculated theoretically.* In such a general 
form this assertion holds as a consequence only of 
the general physical consideration, that for increas- 
ing orbital angular momenta larger and larger im- 
pact parameters become important. However, for 
this assertion to be more than purely academic 
and to acquire practical significance, it is neces- 
sary to show that already for comparatively small 
values of the angular momentum one can obtain 
the scattering phase shifts to good accuracy from 
the one-meson approximation. 

An estimate of the accuracy of the one-meson 
approximation can be obtained by calculating the 
next approximation in powers of the “peripheralness 
of the collision” — the two-meson approximation, 
when the colliding nucleons exchange two mesons. 
In the present paper these calculations are carried 
out with the following restrictions. 

1. The values of the orbital angular momenta, 
for which we calculate the phase shifts, are large: 
hea. 

2. For given J the nucleon energy is bounded 
from above by the inequality 1 > 1, where & 
=p/p, » is the m-meson mass, and p is the 
momentum of the nucleon in the c.m. system. 

The second assumption has a simple physical 
interpretation: the quasi-classical impact param- 
eter ro =lt/u >1/yu, i.e., this assumption is the 
condition that the collision should be a peripheral 
one. In other words, only when this condition is 
satisfied is it meaningful to classify the interac- 


*References to previous work are given in reference ils 


tions in powers of “peripherality” with a small ex- 
pansion parameter. 

The method discussed enables us to obtain the 
major part of the asymptotic expansion of the two- 
meson phase shift in terms of the small parameter 
1/L(lé) which equals 1/1 for small energy 
(é22 1) and as the energy increases (£ « 1) 
grows to 1/lé. The calculation is based on the 
idea that, under the stated conditions, the impor- 
tant contribution from the virtual mesons exchanged 
by the nucleons comes from those with the physical 
energy-momentum relation, w? —k? = pe not from 
those with the physical energy w=0 and momen- 
tum transfer gq? = 4y?. 

The nucleon-nucleon scattering amplitude is ex- 
pressed in terms of the amplitude for scattering 
such mesons by the nucleons, and can subsequently 
be calculated exactly with the help of the dispersion 
relations for pion-nucleon scattering at fixed mo-. 
mentum transfer. Apart from these amplitudes we 
consider separately terms corresponding to lowest 
order perturbation theory (with renormalized coup- 
ling constant g*) for meson-nucleon scattering. 
Although these terms tend to zero for w =0, their 
contribution, due to the pole, at the small value of 
w = p?/2m is comparable in magnitude with, but 
opposite in sign to, the contribution from the dis- 
persion-relation terms. 


2. SCATTERING PHASE SHIFTS FOR LARGE 
ORBITAL ANGULAR MOMENTA 


The scattering matrix and the scattering phase 
shift for nucleon-nucleon scattering can be expressed 
as integrals of the amplitudes M(E,cos@), corre- 
sponding to different spin states (E =v m? +p? 
is the total energy, 9 is the scattering angle in 
the center of mass system; the spin and charge 
indices are not written out): 
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tm (B) = \ PY” (cos 0) M (E, cos %) d cos 9, 
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Cael 


(2.1) 


where PS™) is the associated Legendre polyno- 
mial. We restrict ourselves to a discussion of 
the integral (2.1) with m=0 (the cases m=1, 
m =2 can be treated analogously). 

To calculate the integral (2.1) for large 1, itis 
convenient to use the analytic properties of the 
scattering amplitude as a function of cos @ (or, 
equivalently, the square of the momentum trans- 
fer) for fixed energy in the center of mass sys- 
tem; which have been discussed by Mandelstam? 
for the case of pion-nucleon scattering. For 
nucleon-nucleon scattering the validity of this 
method is less certain than for pion-nucleon scat- 
tering and, apart from intuitive considerations, is 
only supported by the analysis of lowest-order per- 
turbation theory. It should be remarked, however, 
that (as will be made clear below) for our conclu- 
sions the complete dispersion formula is not neces- 
sary, but only the position of the first (nearest) 
singularity is important, and this is hardly to be 
doubted. 

Proceeding just as in reference 2, we express 
the nucleon-nucleon scattering amplitude in the 
form? 


(2n)*T (p1,P13 Pas P2) 8 (Py + P2 — Pi — Po) 


2 ¢@ Yi ay ee ag ee iy Xs 
| dtxdtye Fiz, (p1) ty (D2) 


ait 4nE 


x <— pil T (nu (*), nv (Y)) | P2> 
or 


VR REI eae — \ dizer Pa (p,) wy (ps) 
<<. T(m(F) eB) e>- 


Here pj, Po, Pj, py are the 4-momenta of the 
nucleons before and after the collision, u (pj), 
u(p3) are final-state spinors, (x) is the right 
hand part of the Dirac equation for the nucleons 
[the metric is (+1, —1, -1, -1)]. 

As usual*»® in place of the scattering amplitude 
we introduce the function M (p;,p{; py,p3) defined 
by the retarded commutator 


(2.2) 


n 


M (Ps, Pas Pas Po) =i ape \ ee P9 (x) ia (ps) te (Pa) 
“ ee Pr { (=): le =) ps» 


The function M is divided into a dispersive 
part D(p4,Pj; P2,P3) and absorptive part A (Pi, P43 
Po, i) ) 


(2.3) 
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M (py, pis Pa» Ps) = D (Pas Pas Pa» P2) ~ 2A (Pay Pas Pa» Po)» 


(2.4) | 


coming from setting @(x)) inthe form @ (xp) 
=4(€(x)) +1). The absorptive part is expressed 
as 


A (py Dus Pa» Po) = Ar (Pus Pri Pa» P2) + Az (Pur Pri Pas Pa); 


(2.5) | 
Ay (Diy Pri Das D2) 
= 259 (m?/E) >) ta (pr) by (D2) <= Pil tw. (0) [ > 
x <n| my (0) | 2» 8 (Pn — Pa + Pa), 
Ag (P1s P1s Pa» Ps) 
= 223 (m?/E) D) ts (P1) ty (02) <— pil my 0) 12> 
x <1 | mu (0) | P2>8 (Pn — Pe “+ Pr), (2.6) 


where |n> is a physical state with 4-momentum 
Pp and the summation is taken over the complete 
set of states with given 4-momentum and baryon 
number (equal to zero). 

The expression for the scattering amplitude 
T (Pi, P{3 P2,P3) in terms of dispersive and ab- 
sorptive parts has the same form as (2.4), except 
that A, occurs with the opposite sign. For real 
nucleon-nucleon scattering in the center-of-mass 
system Ej — E,=0, EZ — E,=0, so that Ey =0. 
Hence it follows that for real processes the ab- 
sorptive part vanishes and the function M (p,, pj; 
P2,P3) coincides with the scattering amplitude. 
Note that A, differs from A, by interchange of 
the variables describing the first and second nu- 
cleon after scattering. Apart from spin and charge 
variables, M (p,,Pj; Pe,p3) is a function of the 
two invariants (p,+p,)?=4E? and q? = (pi -— p,)? 
= 2p? (1—cos @). 

The dispersion relation in @ at constant E? 
can be obtained using the method of Goldberger* 
and integrating with respect to q? the expression 
for the absorptive part, coming from (2.3) we ob- 
tain* 


1 eaters a 


M(B, G?) = . 2 __ gh js LG > (2.7) 


if Im q?=0. The relation (2.7) has been written 
in symbolic form; in actual fact (2.7) must hold 
for each independent charge and spin amplitude. 
In the sum over intermediate states it is con- 
venient to separate the one-meson states. Then 


*The dispersion relations are written without additional 
subtractions. The subtraction terms do not affect our case be- 
cause for / > 0 they vanish after substituting (2.7) into (2.1) 
and integrating with respect to cos 6. 


f 


if 


| 


| 
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there are left in the summation terms beginning 
ape the two-meson state which only occur for 
pa > 42. Bearing this in mind, (2.7) can be ex- 
pressed in the form 


i 2 3 3 (1)-(2) 
Eye ROO Saale era UE Oy fo Wa 
M (en q ) Teh 4E CF 0, vs Tq Tey Cpe = a 3 Ue 
il r A aa 
ale 1 (E, q’) 12 4 \ A» CEX Fa) 192 
1 \ q? —gq—ie d gw \. 7% p20 ye d (2.8) 
4u. es 
Ares 
where r° = (pj — pj)? = —2p’(1+ cos 6), TH) and 


72) are the isotopic-spin matrices for the nucleons 
land 2, g” is the renormalized pion-nucleon coup- 
ling constant (g* = 14.5), and vj, v. are two com- 
ponent spinors. The functions A, (E, q’?) and 

A, (E, q’*) are determined by the relation (2.6) in 
which the summation over intermediate states 
starts from the two-meson states. In the integra- 
tion of A,(E, q’2) we express q? in terms of 

ce Aam 4B — q’; this way of writing makes 
clear the antisymmetry of the scattering amplitude. 

The quantity 2iA,(E, q’) [and similarly 
2iA, (E, q?)] can be obtained as the discontinuity 
in the scattering amplitude occurring when q? 
crosses the real axis from above at a point lying 
to right (left) of the point q? = 4? (q? = -4(v? 
+p’)). This assertion follows directly from (2.8), 
if we take into account that (2.8) [or (2.7)] deter- 
mines the scattering amplitude in the upper half 
of the complex q? plane. The analytic continua- 
tion into the lower half plane has to be carried 
out, crossing the segment of the real axis 
—4 (u? + p’) < q? < Au, where the amplitude has 
no singularities (other than poles). 

To calculate the scattering phase shift, we sub- 
stitute (2.8) into (2.1). In this the integration of 
the pole term in (2.8) gives the contribution to the 
scattering phase shift of the one-meson approxi- 
mation calculation. For the singlet amplitude the 
one-meson approximation gives (the index m = 0 
is dropped ) 


FP = (gt P2E) 0: (1), (2.9) 


where A; =1 for even / (the isotopic spin T =1), 
A, =-3 for odd 1 (T=0) and Qi, (t) is the 
Legendre function of the second kind 


la 12 
aj=+ Cer (2.10) 
= 
The correction to the approximation is obtained 
from the calculation of (2.1) with the two last 
terms of (2.8) SES and bearing in mind the 
relation Q](t) =(-1) ALG T(t); this turns out 


to be equal to 


(2 il C » 2 
vel ud a i dq’ *O7( = g’?/ 2p”) [A, (B. q’?) 


(a 1)\i SAL Eg 2), (2.11) 


The calculation of the integrals I],.m() for 
m-=1 and m=2 leads to expressions analogous 
to (2.9) and (2.11); the only difference being that 
instead of the function Q7(t), the functions 
(t?—1)'/2 Qs? and (t? = 1)Q/? are obtained. In 
order to bee convinced of Ree it is sufficient to 
substitute (2.8) into (2.1) and take into account the 
equations (remember that 1 >1) 


Ce" pe and = @ — NP @) 


pay 


The contribution of the term A, in (2.11) is 
equal to the contribution from the term A,. This 
conclusion follows directly from the fact that, in 
the singlet state, for T=0, A, =A, and the am- 
plitude contains only odd 1, and for T=1, A, 
= —A, and the amplitude contains only even 1. 
Therefore 


co 


P= 2, | adg?Qu(h + 42/279 AVE. g). @12) 
4u.2 


We now make use of the condition 1 >1. For 
large 1, the function Q;(1+z?/2) decreases 
rapidly with increasing z: if z >1, then 
Qi (1 + 22/2) ~ 2-444), while if z«K1, but 
Iz >1, then Q)(1+ 22/2) ~ e7%. It should be 
considered that besides the condition 1 >1, the 
condition lf >1 is also satisfied, where £=yu/p 
(for & <1). Hence in the integral (2.12) a small 
region of integration, near the lower limit, con- 
tributes. We make use of the following expression 
for the function Q](t) [see reference 6, formula 
(6.777) ] 


Qi) =Ve ee exp {+ int + VR 1} 
RS Bye 1)?) (2.13) 


x F(Z t+ LE 
and make a power series expansion of the exponent 
in the hypergeometric function in the neighborhood 
Obata oe At aatoat,): 


Qu (1) == Qu (to) exp{— ALE + I) /VR— 1} 


aes (00 At 
x| Pages 1a | 3 (22 Gay ata 


(2.14) 


After substituting (2.14) in (2.12) the integral If” 
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becomes 


Go 
4u2 
‘ 


= An) 7 40°) A (E.g 7) 


1? = 2 8Q: (to) d( 
xexp{— L (q’ 


Ay (E, @°) =r IM(E, g? + 10) —M(E, q?—i0)], (2.15) 


where 


WE Sion Wa 


= pay] a, 
Pet 1) Wt4 for: £4. 


(2.16) 


Vi+2 


It is not difficult to verify that terms from the 
expansion of the square brackets in (2.14) for large 
L make a small contribution (of order 1/L) to 
the integral (2.15), so that our expansion is justi- 
fied and (2.15) is accurate to order 1/L. 

Now we show that if L is large it is not neces- 
sary to use the complete dispersion relation (2.7) 
to obtain (2.15). We only need use the interior of 
an ellipse in the complex q? plane passing through 
the point q? = 4y? +x? (the constant x? > 4u?/L) 
and having foci at the points q?=0 and q? = —4y?/ 
é*, there being no singularities other than the poles 
and the cuts on the real axis for q? = 4p’ and 
gq? < —4y?(1+ é7?). To prove this we transform 
the integral (2.1) making use of the relation 
0 
\ Pr( + 4? / 2p) M (E, 4?) dq? 


ee 


= ET Qi (1 + q?/ 2p) M(E, 9°) dq? 


f= yr 


(2.17) 


and deforming the contour C (shown dotted in 

Fig. 1) into the contour C, + Cj +C,. The bound- 
ary of the complex region swept out is of the form 
of the above-mentioned ellipse, and we expand the 
ellipse to the point where it is far from the nearest 
singular points in the complex region. If we include 
with the ellipse the points on the real semi-axis 

q? = 4u? + x, then (2.1’) can be written in the form 


: Qi(1 


pa) M(B Se’ 4p")) 


= : =) Res [M (E, wu?) 


1 
2p?ri 


2 


Ay 


x \ Q(L-+ 4 /2p%) [AM (E, 9°) 
ee 


I’ AM (E, — 4? — 4p) dq?+ FQ (1+), 
AM (E, q?) = MCE, ¢ + is) —M{E, q? — is) = 2iA iE q°), 
(25112) 


which is equivalent to (2.9) and (2.11), except for 
the last term (f is some smoothly varying function 
of p? and 7). Comparing with the integral along 


A. De GALANIN ctiak 


FIG. 1 


the cut (q? = 42) this contribution involves the 
additional small factor 


a(t BE") /ar(14 i) <1 


and for large 1 it can be ignored. 

It follows from (2.15) that we must be interested 
in values of the amplitude A, (E, q’) for q? Ane 
~ 4y2/L <4y?. In this case, in the sum over inter- 
mediate states (2.6) only the two-meson states re- 
main, because the next state (three 7 mesons) 
corresponds to a value of q? of at least Qu, and 
states with nucleon-antinucleon pairs lie even 


higher. Thus the expression for A, (E, q’) takes 
the form 
2 , , 
As (E, 4°) = pray ds \ dle dks a, (01) @ (p,) 
2,8 


<<— P1| Mu (0) |i, %5 Re, B> <A, &5 Re, B| yy (0) | po» 
x 6 (ky + ke—q), (2507) 


where k; and k, are the four-momenta of two 7 
mesons propagating in charge states a and 8, 
and ¢ = p2 — pj- 

The matrix elements occurring in (2.17) are 
simply related to the invariant matrix element 
fy,e(p,p’; k,k’) for meson-nucleon scattering 
(w is the meson energy ) 


2 (P;) <— Pil ma (0) |Rr, 2: Be, BD = 


2 , 
ae fap (P1, Py Ry,— ko), 


2 ‘ 2% ‘ 
uy (P,) < Ai, a; Ro, 8 | my (0) | po> = Vousl® (Po, Pies k,), 
; (2.18) 
for which’~!9 
fap (P, P's — Rixke) = fos (Pos kine eels) 
Substituting (2.18) in (2.17) we obtain 
2 dk, dk ; 
Ay (Ey 9°) = gor i\ fas (Das P,3 Ray — hs) 
fap (Po, P,; — Ry, ke) 8 (ky + ky — q). (2.20) 


The integral in (2.20) is written in a manifestly 
invariant form (since dk/w is an invariant). It is 
convenient to analyze it in the coordinate system 
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in which the 4-vector q has only a time compo- 
nent. In this system w= w,=q/2, k, =—k, =k, 
k=Vq?/4—p2 ~ u/Li/2 so that the components of 
the vector k are small. It is easy to see that if 
we set kj = q/2+k, k, =q/2 —k then also in the 
other coordinate systems in which we are inter- 
ested, for example in the center of mass system 
of the nucleons, the components of the vector k 
turn out to be of order u/L/2, Therefore to cal- 
culate to lowest approximation in 1/L we can 
neglect k* and simply set ky =k, =q/2. This 
approximation is invalid only for those terms in 
fq@p which change rapidly in the region 0<k 

oa u/L¥2, 

The matrix element fgg (p,, pj; k+q/2, k—q/2) 
can be expressed as a function of the two invari- 
ants v = (p,+pj{)(k+q/2)/2, q’, and is written 
as 


fas (Pr Ps k +9/2,kR—q/2) =a (p;) [Las », 9°) 
+ (k + q/2) Map(v,4?)]u(p1')s 


where Lag and Mgg are scalar functions of 
their arguments. (For fa@@[ p2,p3; —(k+q/2), 
—(k-—gq/2)] there is an analogous expression. ) 


The term proportional to q can be discarded 
on account of the equation 


(2.21) 


i (pi) qu (Pr) = & (p1) (Py — Pr) U (px) = 0. (2.2.2) 


We assume first that fqg is a sufficiently 
slowly varying function of k, so that we can neg- 
lect k and set kj =k, =q/2. Hence v= vy 
= (2p,+q)(q/2)/2=0, q? =4y?, whence 


fee (Pig Pas 7/2) — 4/2) = 8 (p,) Lae (0,407) 4 (pi), (2-23) 


and, as follows from (2.19), Lag(0, 4u*) is real. 

Substituting (2.23) in (2.20) and integrating over 

k, and k, (in the coordinate system in which 

q=0), we find 

Ax (E, 9?) = (m?/ 2E) VG? /4u2 — 12 (p,) 
x Lap (0,4y*) w (pr) & (P2) Lap(0,4u*)u(p2)- 


We obtain the well-known result,!! that at the branch 
point, the absorptive part of the amplitude, which in 
the given case coincides with the imaginary part,T 
is proportional to vq? —4y? . 


*Although the components of the vector k are small, of 
order ~1/L”, nevertheless the error we make in neglecting 
them is of order ~1/L since the terms linear in k vanish on 
integration over angles. 

tThe absorptive part stops to coincide with the imaginary 
part when in changing the arguments E, q? we cross a branch 
lin€ (not counting the line q? = 4y”). The first such line to ap- 
pear is the line q? = 4y? + u*/p? which corresponds to the van- 
ishing of all four denominators in the simple four-vertex dia- 


gram. 


(2.24) 


Apart from terms sufficiently slowly varying 
near the point v = 0, g? = 42, there is also a term 
in fg in which we can only set v=0, q? = 42 
for very large, in practice uninteresting, values of 
L. This pole term corresponds to the single nu- 
cleon intermediate state in the meson-nucleon 
scattering amplitude, and is given by lowest order 
perturbation theory with renormalized coupling 
constant g*. The pole term in fgg takes the 


form* 
fps (P1, rane ky, — ke) = gu (p1) [Ys (Py sf ky — m)* {state 
+ Ys (Pr + he — m)* y5t67a] u (pr) = — g?H (p') 
X [(2piki + we?) 4 tate — (2pike + pw) 974] ku (p3). (2.25) 


Since fpqg contains the small factor k, one 
would expect that this term could generally be neg- 
lected. However, (2.25) has a pole situated ex- 
tremely close to the point k=0 [ata distance 
u2/2m from it; see (2.27)]. Therefore the integral 
with the pole term must be calculated correctly. 

In order to be convinced of this, consider the in- 
terference term, in which for one amplitude we 
take the pole term and for the other, the constant 
(2.23). In this case both terms in the square brack- 
ets in (2.25) contribute equally and, for example, 
for one of the interference terms we find 


~ 8rE 


292 © dkidk Ds 4 By ale 
fee) sop (Px) Rt (Px) sea B (Ps) Law (0,40.") u (D2) 


W1W9 
8 (by + ko — Q)s (2.26) 


In the coordinate system in which q=0, the sing- 
let part (2.26) can be expressed as 


mg? \ dk kpy 


\ eae: 2 
SnE 2 y2 — g?/ 2 — 2kpy 6 (q — 2a) @ (p 2) Laa (0,4.*) u (p2)- 


(2.27) 


(the spinor normalization is uu = 1, and we neg- 
lect terms of order ~q?/4m?). In getting from 
(2.26) to (2.27), we take into account the fact that 
the energy of nucleon 1, in the coordinate system 
we have chosen, is given before the collision by 

E,; = —q/2 and afterwards by Ej = q/2. The com- 
ponent of the momentum p,, occurring in the in- 
tegral (2.27) is purely imaginary for q/2<m. 
Therefore if we choose the z axis aiong the direc- 
tion of the purely imaginary vector p,, the scalar 
product k*p, is equal to 


kp, = kp, = iV m? — @l4V P/4—wv 


xcos im V g?/4—p2 cos 


and, after integrating the 6 -function, the integral 
(2.27) takes the form 


*Our notation follows reference 13: y; = 1. 


¢ dk kp; ? 
\ 2 be — (ifs / 2— 2kpy 


6 (g 2) 


oe Vy : Ws \ dx imx V@/4—p 
. : i ==1i pw? — g?/2 — 2imx V @/4— we 


Be: fire Ve gq 2 J pe 
a q 7 YU | on V @z/4 = 2 


x tan7! Ba Ye aes ss ie 


2 


(2.28) 


From (2.28) it is clear that, for extremely small 
q?/4 — up? « (u/2m)?y?, the contribution of the pole 
term is proportional to (q?/4 — 23/2 and, as ex- 
pected, after substitution in (2.15) gives a contri- 
bution L times smaller than the more basic term 
(2.24). But in (2.15) such small values of q?/4 aie 
play a fundamental part only for very large orbital 
angular momenta when L2 (2m/y )?. This never 
occurs, of course, for any practical case. On the 
contrary, the interesting caseis L<« (2m/n)?. 
Then for most of the range of integration in (2.15) 
(q2/4—p2) > (u/2m)?u2, and (2.28) reduces to 
—(41/q)V g?/4—p2 . Using (2.27) and (2.28), we 
arrive at the result that for L<« (2m/y)? the in- 
terference term (2.26), when substituted into (2.15), 
gives a contribution of the same order in 1/L as 
the main term (2.24) and differs from it only by a 
factor of order f*(yu/m) ~ 1 [remembering that 
Laa(0, 4u7) ~ 1/y). 

Thus, to calculate A, (E, Gays the matrix ele- 
ment fgg must be introduced as the sum of the 
pole term (2.25) and the remaining part of the ma- 
trix element fag =fag—fpag, whichneed only be 
evaluated at the point v = 0, g = 42, For more 
precise results, we must take into account the first 
terms in the expansion* of fag in terms of v and 
k. We shall carry out the calculation in four- 
dimensional form, directly calculating the discon- 
tinuity in the scattering amplitude, AM(E, q’) 
= 2iA,(E, q?), and substituting it into (2.15). 
Therefore we translate our analysis into the usual 
diagram language. 

The two-meson approximation to the nucleon- 
nucleon scattering amplitude is computed with the 
aid of the diagrams shown in Figs. 2a and 2b. The 
shaded portions of these drawings represent the 
combination of all diagrams with two external nu- 
cleons and two meson lines. The scattering am- 
plitude, corresponding to the diagram of Fig. 1 
up to the terms with no discontinuity for q? = 4p? 
(i.e., nonsingular in the neighborhood of q? = 4”), 


*The result of integrating the product of this term and the 
pole can be small of order ~p/m, but not L™, and its contribu- 
tion may turn out to be essential. 


Ay Dili GALANIN Veta 


Py Py 


FIG. 2 

can be expressed as 

M (E,, cos 9) =(m/2ri)\ defas (Pr, P+ ik + 9/2, k—9/2) | 
x faa (Pa, P2— 9; —k—G/2, 
—k+-q/ 2) (k+g/2)° 


wT (Rk 9/2)’ — wey, (2.29) | 
where the meson-nucleon scattering amplitude 

fag must be calculated as discussed above. The 
coefficient Wp occurs in (2.29) because the meson- 
nucleon scattering amplitude fqg includes both 
diagrams in which first a meson of momentum 

k + q/2 is absorbed in the state qa and thena 
meson of momentum k — q/2 emitted in the state 
8B, and also diagrams with the absorption and emis- 
sion in the opposite order, which leads to the dupli- — 
cation of all diagrams for nucleon-nucleon scatter- 
ing. It follows from (2.20) and (2.29) that the 
meson Green’s function must be evaluated on the 
mass shell (kj = k2 =”). Therefore we replace 
the meson Green’s function by its free value. 

We now consider the role of meson-meson 
scattering. As (2.20) indicates, fgg is the exact 
meson-nucleon scattering amplitude, with the 
meson-meson scattering into account, so that, for 
example, diagrams of the type illustrated in Fig. 3 
contribute to fog: At first glance, it would seem 
that by inserting this diagram into the right and 
left hand parts of Fig. 2, we make the mistake of 
counting the diagram of Fig. 4 twice. Butasa 
matter of fact the diagram of Fig. 4 is actually 
doubled in the neighborhood of the singularity at 
q’ = 4u? since the singularity can arise (i.e., the 
meson lines can become real) both on the left and 
right hand sides of the meson-meson scattering 
vertex. * 


*The meson-nucleon scattering amplitude arising from meson- 
meson scattering has a singularity for q? = 4’ and near this 
point (for k = 0) is proportional to a + ib \/q? —4y?. One might 
expect such a singularity to give rise to correction terms of 
order L~”, In perturbation theory it can be seen that such cor- 
rections do not in fact arise. This result can be obtained from 


(2.20) if we take account of (2.19) and the reality of the coeffi- 
cients a and b. 
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3. APPLICATION OF THE DISPERSION RELA- 
TIONS FOR MESON-NUCLEON SCATTERING 


In this section we calculate the meson-nucleon 
scattering eels fap (P1» Pit+q; k+q/2, k-—q/2), 
for small k and q’? = 4u?, as the analytic continua- 
tion of the scattering amplitude in the physical re- 
gion. We consider the difference between the scat- 
tering amplitude and the pole term Gry B=fap—-fpap: 
We express fap in the form (2.21) and expand in 
powers of k, restricting ourselves to terms linear 
in k: 


hs Fy) 
+ (Las (v, 442) / O)y—p E oo a + kMee (0,42). (3-1) 


The terms proportional to kq vanish when in- 
tegrated over k, since in the coordinate system 
where q=0, the invariant kq=0. Therefore 
(3.1) acquires the form 


Jus = Les (0,4u°) + pik OLap (v, 4) /Oy).—0+ &Mas (0,497). 
(3.2) 


The squares of all external 4-momenta appear - 
ing in (3.1) are equal to their free-particle values: 
pi = pj? =m’, ki =k}=y?. In this sense fgg is 
the matrix element for the scattering of real me- 
sons by nucleons. However, the values of the en- 
ergies of these mesons and the momentum transfer 
are unphysical in a physical coordinate system. In 
fact, from the equation v) = 0, it follows that in 
the Breit coordinate system, in which the sum of 
the nucleon momenta before and after scattering 
is equal to zero (p, + pj = 0), the meson total en- 
ergy w=0. On the ia eae te ieee of the 
momentum transfer q? = = ar = q’ = = 4y? is positive, 
while for real scattering processes it is always 
negative. This means that the meson-nucleon 
scattering amplitude in which we are interested 
cannot be obtained directly with the help of experi- 
mental data on meson-nucleon scattering and we 
have to make use of analytic continuation of the 
amplitude to the values w=0, q’ = 4y’. 

We first examine the dependence of (3.2) on the 
isotopic variables. The functions Lag(, q’) and 
Mag (v, q’) can be expressed in the following 
form 


Las (1, 9°) = busL™ (9, g?) — itapytyL™ (v, g°), 


Mas (¥, 9°) = 623M (v, g?) — ieasyt,M™ (y, 2), (3.3) 


where 
Lhe ee al iE gas ais 215) 
BPN A (Lt Ty) = (Lg aad) 
M™ == (M, + M_) = (M, 42M), 
M®? == (M,—M)=4(M,—M) (8.4) 


and L,, M,(L_, M_) are the matrix elements for 
the scattering of m*(m )-mesons by protons: Ly, 
M, and Ls, M3 are the matrix elements for 
meson-nucleon scattering associated with states 
of total isotopic spin 4 and %. | 
It follows from (2.19) that L®), L®, M®) mw) 
have simple symmetries when v is replaced by 
—v: 


L& (v, q?) ee Lo (e2 Y, q?), L® (v, q?) eee Lae ¥,q?), 


yo (v, q?) yl Mo (= Y, q?), M® (v, q?) sis M2?" (= Y, q?). 
(3.5) 


From the general relations for the imaginary 
part of the scattering amplitude, it is not difficult 
to see that for v =0 and q? <4y?, the imaginary 
parts of the quantities L@) and M() must van- 
ish.* It therefore follows also from (3.5) that, 


~ 


Fas = Saal (0,44) — itapyty (pik OL® (v, 4?) | Ov)v=0 
+ kM (0,4u2)}. (3.6) 


The quantities on the right-hand side of (3.6) 
can be expressed in terms of their values for phys- 
ical energies with the aid of the dispersion rela- 
tions in energy for fixed momentum transfer 
squared, q*. The question of for which values of 
q? such dispersion relations are valid has been 
studied in a series of papers.!4~16 The authors of 
these papers, however, were only interested in 
negative q? corresponding to real processes. The 
validity of the dispersion relations for q’?>0 and, 
in particular, at the point q? = 4? in which we 
are interested, can be verified without difficulty. 
We express the meson-nucleon scattering matrix 
element in the Breit coordinate system as a func- 


*The imaginary part of the meson-nucleon scattering am- 
plitude turns out to be non-zero only for meson energies for 
which real states of the meson-nucleon system can appear [in 
the Breit coordinate system this corresponds to energies 
@ > @, = (mp + Q?/4)/(m? — q?/4)?] or else real states of the 
two-meson system. As is easily seen, the latter circumstance 
leads to the appearance of an imaginary part for the scatter- 
ing amplitude for q’ > 4’, while for q’> 4p’ the imaginary part 
tends to zero proportional to V/q’— 4p’. 
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tion of w (the meson energy in this system) and 
q’ (the momentum transfer) in the following form: 


fas (, q?) =i \ dix exp {i [wf — nr Vw? — p? + q?/4)]} 9 (x9) 


x <pi| Lis (¥/ 2)s ja (—¥/ 2)) Pr- (3.7) 


Here jq(x) is the nucleon current, n is some 
unit vector. The components of the nucleon and 
meson momenta in the Breit coordinate system 
in the general case have the form 


jo {0, 0, Vor, P= {0, Gee (q7 72) 
Ke ee EN = {Rx, ky, Vqi2: 


or, if we introduce a unit vector n in the x, y 
plane: 


n= (k,, kp (ke ke)”, 


then 


ky = {n Vw? — pw? — q?/ 4, —V q?/ 2}, 


k= (1) o =p? —q?/4, V-q?/ 2} 
(k, is the momentum of the incident meson, kj 
that of the scattered one; kj = —k,). The quantity 
v =k,(p+p’)/2 is related to the energy w by the 
relation v = w¥ m*+q2/4 . 

As is well known, the difficulty in establishing 
the dispersion relations on the basis of formula 
(3.7) lies in the fact that in analytically continuing 
fap (w, q’) in the complex w plane for values of 
w? < p*—q?/4, the root in the exponent in (3.7) be- 
comes purely imaginary and the whole expression 
diverges when integrated with respect to r. It is 
obvious that for q? >0 (equivalent to a decreased 
meson mass) the proof becomes even easier than 
for the case of forward scattering. In particular, 
for q? = 4y?, the exponential in (3.7) takes the 
quite simple form exp [iw(t—n-r)] and the ana- 
lyticity of fag(w, q’) in the upper half of the w 
plane and, consequently, the existence of disper- 
sion relations, follows directly from the vanishing 
of the retarded current commutator for t?-r® <0 
and t<0. 

It is convenient to write the dispersion relations 
not for the quantities L and M, ‘but for the meson- 
nucleon scattering-matrix elements, without spin 
flip [f(, q’)] and with spin flip [ 9(w, q2)]. The 
relationship between the quantities f and gy, and 
L and M is given by the relation 


2 (p’){L (@, q?) + kM (0, q?)] u (p) = 0" [F (, @2) 
+ ig [k,kj] o (@, g*)] v, 
al bei (3.8) 


where v’ and v are two-component spinors de- 
scribing the spin states of the initial and final nu- 
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cleons in their rest system, and go are the a Xn 
Pauli matrices. Expressing u(p) and u(p’) 4] 
in terms of the two-component spinors v, we obtain) 
the relation between L, M and f, @ in the Breit 
system: 


i (o, q’) ras = L® (w, q*) ae oM® (o, aye | 


a 4 é 9 I] 
g° =—7M" ©, 9°), (3.9) | 


where E is the nucleon energy in the Breit system: | 
E=V¥m?+q2/4, q=-q’ . 
The matrix elements f) (w, q’),. 9 (w, q?) 

can be expressed in terms of the scattering am- | 
plitudes (with and without spin flip) in the center | 
of mass system of the meson and nucleon. If the | 
invariant matrix element (3.8) is written in the | 
center of mass system as* 


He (De) [L" (Wey q?) + RicM (We, 9?)] Ue (Po) 
_ Et % 


Ko [FE (we, g?) + 18 [kKickre] 9? (ee 9°) 9 (3-10) 


(the index c labels the center of mass system ) 
and we take into account that L@) and M@ are 
invariant, then the relation between fe, Pe and 
f, g is easily found after we express fe and @e 
in terms of L and M and make use of (3.9). We 
obtain the result!” 


ley, ae (By [ E? + mE 


Pe.) = a lee em be On) 
1 te E> — F , F 
=a Seem fe Caray 
9 (@, 4g?) = —5— 5 —— J (oe, g?) 


és t c 
2m-E,-+ m 


2 , 5 
| " Gin ED |e (®e, 9°); (3.11) 
in which the meson energy in the center of mass 
system, Ee, is related to the energy in the Breit 
system byt 


Eo = (Ee + 0) @, —p2 — 2/4. (3.12) 


For meson energies in the center of mass system 
of the order of 2-3, which contribute to the dis- 
persion relations, we can, to good accuracy 

(~ (u/m)*), replace (3.11) by the approximate 
expression 


*The factor (E, + w-)/m on the right-hand side of (3.10) is 
introduced so that the quantities f, and ¢ Should be exactly 
equal to the scattering amplitudes. 

tNote that, as (3.12) indicates, in the case in which we are 
interested, (the point @ = 0 and q’ = 4u), we also equals 
zero, i.e., the Breit system coincides with the center-of-mass 
system. This can, in fact, also be seen directly from the ex- 
plicit expressions for the components of the nucleon and 
meson momenta in the Breit system. 
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; PRGA OVS ; 
PF (@, 4?) = —— f (@e, 9), 9 (cw, 9?) = 9 (we, 9). 
(3.13) 
The amplitudes fo, T( we; qe); Pc, T(e, q’) 
corresponding to given values of the total isotopic 


Spinwsla= i, *%, have the following known expan- 
sion in Legendre polynomials!” 


fase (er ) = ig DU + 1) exp (2197, (@.)} 
Ca 
+ Lexp (2i8/_ (@)} — (21 + 1)] Pr (1 — 4°/22), 


4 ? 
8 > [exp {2id;4 (w)} 
co] 


P,.7 (Wes 4?) = 


—- exp {2 i87_ (we)}] Ps (1 — q?/2K6), (3.14) 
where 5}, (we) and 5} (we) are the scattering 
phase shifts for isotopic spin T and total angular 
momentum j=12+4 and j=1-—4, and P7(x) 
= dP] (x)/dx. 

The dispersion relations for the functions 
f(i)(w, g?) and @@)(w, g*) have the form 


Re [f@ (w, g?)] — Relf” (@o, 42) — fp’ o» 4°)1 
= Es (w? — wo) \ 


O14 


Re [f® (0,99) —S Re [f (20, 4) — fo" (o» 


Oa. ae 
odo’ =I (og) 
(w’? — w?) (@/?—w5) 


9 °° (2) 2 
= — (w? — o}) \ if Oa x) 
% 3 (w’? — w®) (w’2—w) 
O1 


3s 20 ¢ , Ime (o', 
Re [¢® (@,q*)] = = \ do meee, 

2 mr 2 fg lm ® (a, @?) 
Re [p2) (a, q i= = \ w dw Sea Ay eee, (3.15) 


where w, is the lowest energy for which meson 
+ nucleon states are possible [w, = (mu —q’?/4)/ 
(m?+q’/4)'/2: the energy corresponding to wy, 
in the center of mass system of the meson and 
nucleon is equal to uJ], wy is some fixed energy. 
In the last two relations in (3.15) it is not neces- 
sary to make a subtraction, since the spinflip 
scattering amplitude must decrease with energy 
as also must the amplitude for any inelastic proc- 
ess.'8 Hence it follows that for large energies 
Ye must fall off rapidly and the integral will con- 
verge without the aid of additional subtractions. 
The values of ff!) and f§ occurring can eas- 
ily be calculated, if the expression (2.25) for the 
pole term is written in the form 


OLS {— o | : : 6 
2Eo + + gt2 | 2Ew— yw? — q72|°%° 


@ @ 
2Eo—wW—@ ! ote + al 
i , 4 
+ ap # Uaxtal | (eo et qt 2Fo— pe =p) bas 


= ifapy T+ | 


: 4 i} 
peel eey es see eces 2Eo + ran) lhe 


= 0° fice (,'q°) Sap — isapy Ty io (@, q’) + is [ki xq] 


(3.16) 


x [eo (, 4?) Sap — ieapy typ’ (@, 9°)]} 2- 


We express f and @ in the subtraction and in- 
tegral terms in (3.15) in terms of the scattering 
amplitude in the center of mass system, and for 
wy we take the threshold energy p in this system 
(i.e., wo = w, in the Breit system). Then, after 
substituting ff and fj from (3.16) the disper- 
sion relations for the quantities £), £@ and o® 
in which we are interested, take the form 


co 


2 iB 


~ 2 2 
FO (0, g@?) =75* (Pu g)+o+= 


g yw? q?2/2 0) 


@}) dw, con cto, Im FQ (o', 9g) 
e \ J dw, m — (w/? — w?) (o’—o) : 
uw 


dw’ E. ae , Im f?) (o’, q’) 


® M+ p (2) 
FOO, Oe leg bed) om mae a2) ta, 


 e 

(2) Dae ; 

G0, P)=—\ do, o' aa 
u 


In the pole term on the right hand side of (3.17) 
we have neglected small corrections of order 
(u/m)*? and omitted Re on the left hand side, 


since we shall be interested in values of w in 


the neighborhood of zero, and q’ = 4y", where 

the amplitude is real. In the integral term in 
(3.17) we have changed to integration with respect 
to the meson energy in the center of mass system, 


20 3 2 * % 
= (4 =21@);) \ dee 


u. 


dw m 


i: (a? — w?) (w/2—o!) ; 


der, Ime (Og) (3.17) 


we, so that the lower limit of the integral becomes 
equal to p. 

The calculation of the right hand side of (3.17) 
and, in particular, of the value of the scattering 
amplitude in the unphysical region, can be carried 
out based on the following considerations.!9»!° For 
fixed q’, physically realizable states begin at 


Wemin =Vp" + 92/4, so that the region from 
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woe=" to we =Wemin is unphysical. However, 

if we make use of the expansion of the scattering 
amplitude in Legendre polynomials (3.14), then it 
is easy to see that the value of the scattering phase 
shift 67(we) is always taken for physical values 
of kg >0 and the unphysical behavior comes about 
entirely from unphysical values of cos @: |cos 0¢| 
>1. The analytic continuation of the Legendre 
polynomials Pj(cos 6<) for values of | cos a 
>1 is known and, consequently, the calculation 

of the integrals on the right hand side of (3.17) will 
be quite correct, provided that in analytically con- 
tinuing fo(we, q?) and ¢e(we, gq?) in q? we do 
not go outside the limits of the region in which 

this analytic continuation is legitimate. 

In the example of meson-nucleon scattering in 
perturbation theory, it has been shown?” that the 
nearest singularity to the point q- =.0; strom 
which we begin our analytic continuation of f(w, q’) 
and ~(w, gq”), comes at q’ = 4”, so that we can 
expect the analytic continuation to be permissible 
for gq? <4y*. This singularity corresponds to 
meson-nucleon scattering through a two-meson 
intermediate state and is of the nature of a branch 
point of the type Vv 4u2-—q*. But, as is well known, 
the power series in x for a function like (1 —x)i/2 
is absolutely convergent at the point x =1 and 
gives the correct value of the function (equal to 
zero). This allows us to extend our analytic con- 
tinuation to the point q? = 4u2 also, and, conse- 
quently, the values of fe(we, 4u2) and ¢e(we, 4”) 
can be obtained by analytic continuation of fe(we, Gey 
Pe(We, g’) from small values of q?. The singular 
terms of such an analytic continuation must vanish. 
This last conclusion is in agreement with the re- 
mark in the last footnote of Sec. 2, where it was 
shown that terms proportional to v 4u2-q?, give 
small contributions of order 1/L, which in the 
zero-order approximation can be neglected.* 

From all the above, it follows that we can cal- 
culate the right hand side of (3.17), if we write the 
scattering amplitude in the form (3.14), take the 
scattering phase shifts from experiment, and ana- 
lytically continue the Legendre polynomials 
Pj(cos 8¢) to the value cos 0g = 1 +-2u2/k3. 

For practical purposes it is sufficient to con- 
sider only the three phase shifts 6;, 53, and 633 
in the expansion (3.14). We choose the energy de- 
pendence of the phase shifts in agreement with 
Orear’s phase-shift analysis:?! 


*Note that, since the contributions to the imaginary part of 
the scattering amplitude from the branch point q’ = 4y? are 
strictly zero for q’ < 4y’, these terms generally do not affect 
the analytic continuation of Imf. (w/, q?) lor Im ge (ae, q?)] up 
to q’ = 4y’. The discussion in the text is only important for 
the term Re f@) (w,, q?) in (3.15). 
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8,= 0.16 k./u, 83 = —0.11 Re/p, 


cot 533 = (ue/Re)3(8.05 — 3.8 0°) wo", o = EF, +e —m. 
The calculation gives 


riot 6? (uw, 4p?) = 0.23/u2, 


MO, 


mie fu 42) = 0.70/76, 


wg Im fg (o,, 4v) 


ue 
i , E + 
— =o; | a0 div 2 = — 0.23/y, 
2 do, w Seah | 
CO , , 2) , 2 
; ,E. +o, Imf® (0, 4p?) 
— 2 ot | ae gy, Het te IO _ — 0.04T 8 
do, mo’? Os 
ea 
2 , 
Es \ So do, ae Im 9) (o’, 4u2) = 0.028/z2. (3.18) 
2 e w 
U c 


Combining (3.18) with the value of the pole term 
(g? = 14.5), we have: 


~ ‘ 2 / 0,70in.. 0,23 g 

fo (0,472) = - ! 2 Eat “) = 0.18 at 
0 ei, 3 _ g 0,23 0,047" 
5 FO (@, 4p) |omo= ae 0.0085 + = — —-) 


— 0.0041 g 


9) (0,4 42) = 0.0126 g?/my?. (3.19) 


Hence, using (3.9), we obtain for the quantities 
entering into (3.6) 


L® (0,4 v2) = 1.2 g2/m, (AL (v,42)/dv) v9 = 0.029 g?/mu2, 
M® (0,4 p*) = — 0,025 g/u* (3.20) 


Let us consider the accuracy of the results we 
have obtained. It follows from (3.19) and (3.17) 
that in calculating the principal term L) (0, 4y?), 
the main contribution (more than 80%) is given 
by the subtracted pole term £0 (wo, 4u?), which 
is calculated exactly. The contribution of the in- 
tegral in (3.17) to f is less than 10%; therefore 
the uncertainty which can arise due to inaccuracies 
in the high energy part of its calculation (in fact 
the integral already converges for energies we 
~ 2.5u and the uncertainty in it, apparently, does 
not exceed 10%) does not exceed 1% of L“). The 
contribution of the subtraction term f@)(y, 4y?) 
to L“ is about 25%. The P phase shift plays 
a fundamental part in this calculation, since for 
fixed q? and kg —0, the terms due to the P 
phase shift do not tend to zero. Taking the D 
phases given by Mukhin and Pontecorvo” into 
account in the most unfavorable case 


n [Re \® 

180 (=| ‘ 03, j=), — 0 
reduces f9)(u, 4u2) by 7%. The inaccuracy in 
f{(u, 4u2) arises mainly from the fact that the 


function fo) Ga q’) has a Singularity of the type 
v 4u2-—q? (see footnote at the end of Sec. 2) anu 


03, j=5/, ae 0,2 
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the calculation of tk u, 4u2) as an analytic con- 
tinuation in q? of only the S, P and D amplitudes 


is not good enough. It may be thought that TM TE 4.7) 


might contain errors of ~ 25% and, consequently, 
that the quantity L“)(0, 4u2) is determined to 
within an accuracy ~5 —7%. For this to be so, 
it is assumed that meson-meson scattering is not 
anomalously large and that the singular part of 
ft? u, 4u2) does not contain a large coefficient. 
Such an assumption is not feasible, if the meson- 
meson scattering has a low energy resonance. In 
that case, for an accurate estimate of f(y, 4y?) 
one must take into account higher phase shifts. 
The estimate obtained from the main D phase 
shifts in view of the absence of data on higher 
phase shifts, and possible experimental errors,” 
may turn out to be not quite accurate. 

The terms 9L)/av and M®) are much less 
important than L") and therefore errors in their 
calculation do not affect later results. The main 
errors here come about from inaccuracies in the 
calculation of the integral from the imaginary part 
of TS (CA q’) for large energies and apparently 
go up to 15 — 20%. 

Substituting fgg in the form fpap + fog into 
(2.28) leads to a sum of several terms, between 
which there are strong cancellations, as further 
calculation shows (see reference 23); in other 
words, if we replace fap by the lowest perturba- 
tion approximation, the accuracy of the results is 
poor. Such compensation of f,qg and tye 
strongly increases the effect of errors in the de- 
termination of the quantity L")(0, 4u2). The 
actual calculation of the two-meson phase shift 
and its comparison with the one-meson term will 
be carried out in a subsequent paper.” 
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Ultrasonic absorption in a metal located in a strong magnetic field H is considered, the Lar- 
mor radius of the conduction electrons being much smaller than the wavelength of the sound. 
Various limiting cases corresponding to different relationships between these two lengths and | 
the mean free path are investigated. The absorption coefficient is computed by solving simul- | 
taneously the kinetic equation and the Maxwell equations. It has been found that there are two | 
absorption mechanisms in the magnetic field. One of these, a deformation mechanism, deter- | 
mines the absorption even in the absence of the magnetic field. The coefficient of this absorp- 
tion can be expressed in terms of the deformation potential, that is, in terms of functions which 
determine the change in the electron energy caused by the deformation. At experimentally ob- 
tainable ultrasonic frequencies and in a strong magnetic field, this relation is found to be quite 
simple in a number of cases. The magnitude of the deformation potential can be estimated with 
satisfactory accuracy on the basis of the absorption data. 

Induction absorption is due to electric fields which arise when the conductor, deformed by 
the sound wave, crosses the magnetic lines of force. Absorption is determined by the Joule 
heat generated by the currents created by these fields. The coefficient of induction absorption 
can be expressed in terms of certain combinations of the components of the conductivity ten- 
sor, account being generally made of their time and spatial dispersion and dependence on H. 


The asymptotic value of the conductivity tensor in a strong magnetic field has been deter- 


mined with account of spatial dispersion. 


Ly a previous work!* the ultrasonic absorption in 
metals in a magnetic field was studied theoretically 
under the condition 12r2%x, where IJ is the 
mean free path of the conduction electrons, r/27 
the Larmor radius, and 27% the sound wavelength. 
In the present research, the ultrasonic absorption 
is studied in a strong magnetic field H, for which 
the condition r/x* £1 is satisfied. All limiting 
cases of relations between these two lengths and 
lL have been considered. 

There are two sound absorption mechanisms 
in a strong magnetic field. The first of these, the 
deformation mechanism, leads to absorption even 
in the absence of a magnetic field. It is connected 
with the fact that the energy of the electron in- 
creases in the deformed metal, in first approxi- 
mation proportional to the deformation tensor. 
Because of the finite velocity of the deformation 
in the sound wave, the contribution depends on 
time; the distribution function of the conduction 
electrons departs from equilibrium, and this leads 
to the dissipation of sound energy. 


*We shall henceforth denote this paper by I and add this 
numeral to references to the corresponding equations. 
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In addition to the strictly deformation effect, it 
is necessary in general to take into account the 
electric fields which arise in the metal as a result 
of the inhomogeneity of the deformation in the sound 
field and the finite velocity of its change. These 
fields are determined by the Maxwell equations 
in which appear the charge density and the currents 
computed with account both of the strictly defor- 
mation effect and of these same electric fields. 

Induction absorption is brought about by elec- 
tric fields which arise in a system of coordinates 
attached to the moving lattice, when the conductor 
deformed by the sound wave crosses the magnetic 
lines of force. These magnetic fields are also de- 
termined by means of Maxwell’s equations. The 
energy absorbed is equal to the Joule heat which is 
generated by the currents created by these elec- 
tric fields. Depending on the conditions of the ex- 
periment (the ultrasonic frequency w, the relative 
orientation of the vectors k, H, and u, the value 
of the magnetic field)* the absorption coefficient 
is determined by one of the two mechanisms de- 
scribed. In the different cases, measurement of 


*The notation in this paper coincides with that used in I. 


= 


Sa > 


ULTRASONIC ABSORPTION IN METALS IN A MAGNETIC FIELD. “If 


the absorption coefficient [ gives information on 
the properties of the metal. 

If 1/x > 1 and the absorption is determined 
directly by the deformation effect, the coefficient 
I has a very simple relation with the deformation 
potential, i.e., with the functions Aj,(p) that de- 
termine the change of the electron energy under 
the deformation. The connection between the co- 
efficient I and the functions Aj,(p) is by no 
means so simple, and the analysis of the experi- 
mental data is much more complicated if there 
also exist electric fields brought about by reason 
of the inhomogeneity of the deformation in the 
sound field in addition to this effect in the case of 
absorption. This is precisely the case, for exam- 
ple, in the absence of a magnetic field at experi- 
mentally obtainable frequencies. It is shown that 
in certain cases a strong magnetic field changes 
the situation: the role of the electric fields in 
sound absorption becomes negligibly small while 
the connection between the coefficient I and the 
functions Ajk(p) is very simple. Therefore, the 
investigation of the deformation sound absorption 
in a strong magnetic field permits us to estimate 
the magnitude of the deformation potential with 
great accuracy. 

The induction absorption coefficient is rather 
simply expressed in terms of the components of 
the conductivity tensor, in general with considera- 
tion of its temporal and spatial dispersion and 
their dependence on the magnetic field. Measure- 
ment of I. permits us to determine certain com- 
binations of these components which make it pos- 
sible to estimate the qualitative peculiarities of 
the spectrum of the conduction electrons. 

We shall now proceed to a quantitative solution 
of this problem. 

1. To each of the absorption mechanisms men- 
tioned, there correspond definite terms in the part 
of the kinetic equation that contains the inhomoge- 
neity. The meaning of these terms is especially 
clear if we write the equation not in the system 
of coordinates K’, connected with the deformed 
lattice, as was done in I, but in a fixed (labora- 
tory) system K. 


The coordinates of the electron in these systems 


are related by the equation 
f= +o. 


The energy of the electron in the system K’, in 
first approximation in the small quantity u, 


e (p’) = & (p’) = how Uzke 


In (1.2) there should still enter a term connected 
with the Stewart-Tolman effect. But it is shown 


(1.1) 


(1.2) 
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in reference 3 that it is small in comparison with 
other components which determine the change in 
the energy of the electron in the sound field; there- 
fore we shall neglect it. 

The corresponding Hamilton-Jacobi equation is 


(sr), + °(G) = 0. (1.3) 

but 
(i7).= Gr).+ (=) u = —e(p) + pu, (1.4) 
Pim = ae =P + Sp se (1.5) 


Then the energy of the electron in the system K 
is given by 


e(p) =e" (p) + pu + 5} o:Pp Oun/Ox:. 


i,k 


(1.6) 


The equilibrium distribution function in K’ is 
Fo sae [ee hn ae bie? 


It is clear that Fid°p’d*°r’ = F,d’pd’r, as follows 
from the meaning of the quantities entering into 
this equality, which are proportional to the mean 
number of occupied states in the given element of 
phase space. But the product d*pd°r is itself in- 
variant relative to canonical transformations. 
Hence it is easy to conclude that the equilibrium 
distribution function in the K system is equal to 
Fy = F°(e=p-u): 

In this system the kinetic equation has the 
form ; 


OF , de OF Gs OF 9 ise 
ot | Opor Or Op C 


a OL OF° (e) 
[vxH] Op i Oe 


eEv. (1.7) 


On the right hand side there appears the electric 
field E which is determined by solution of Max- 
well’s equations. 

It is very important to note that, inasmuch as 
the equilibrium distribution function depends not 
only on the energy, the component is given by 


— (e/c) [vXH] OF )/dp = — (e/c) [uxH] vOF® (e)/de. 


This has the same structure as the term contain- 
ing the electric field; therefore, in order to take it 
into account, it suffices to replace E by E+[u 

x H/c] on the right hand of (1.7). 

Expanding F = F)-—x0F(¢)/de, we obtain the 
equation (4.3,I) for the function x, where Aik 
=i, —Aik [the last component in (4.2, 1) is writ- 
ten incorrectly and is in fact missing]. It follows 
from the form of this equation that in the absence 
of a constant magnetic field only the symmetric 
part of the tensor duj /dXk enters into the expres- 
sion for the dissipative function. If the constant 
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magnetic field is sufficiently large and the induc- 

tion absorption is appreciable, then the dissipation 
can be determined both for the symmetric and for 

the antisymmetric parts of this tensor. 

The electric current is composed of the equi- 
librium current, equal to Nyeu, and the non- 
equilibrium current (determined by the function 
yx). The former is completely compensated by the 
lattice current. Thus the total current is deter- 
mined only by the function x. 

Simultaneous solution of the kinetic equation 
and Maxwell’s equations is given in general form 
in I. We need to analyze it in a number of limiting 
cases. Perhaps the simplest of these is the case 
of the induction absorption of sound. We shall begin 
with it. 

2. The rate of dissipation of the energy density 
in this case is equal to 


TS =/,Re S\ouy July = YaRe Dy eS. (2.1) 
pv 


pv. 
Here Ou is the conductivity tensor, which, gener- 

ally speaking, takes account of time and spatial dis- 
persion. 

The quantities ¢&, enter in the part of the kinetic 
equation that contains the inhomogeneity. They rep- 
resent the components ofthe electric field inthe sys- 
tem of coordinates connected to the moving lattice. 
They are determined from Maxwell’s equations and 
the condition 


eNO: (2.2) 


which, as is easily shown, is equivalent to the van- 
ishing of the volume charge density. We shall as- 
sume that this system xyz is connected with the 
magnetic field (the axis z is directed along H); 
in the system én¢ the axis & is directed along 
k at an angle @ withthe z axis, while the axes 
y and y coincide. The symbol 8 designates 
either n or £. 

Taking the condition (2.2) into account, we ob- 
tain 


TS =1/2Re DI spa 8p 8p, (5) 
BB’ 
where 
Sap’ = Opp’ — Spe Szp//Gez. (2.4) 
According to I, 
bs = 9) (1 — d)pp Ge, (2.5) 
ar 
where 
dpe = — (Aniw/k°c*) seg’, (2.6) 


It is seen from these equations that the induction 
absorption is different from zero only if the induc- 
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tion field G has components perpendicular to the 
direction of propagation of sound. 

In the present work, we shall distinguish two 
limiting cases: a) |dgg’| «1 and b) |dgg’| > 1. 
The physical meaning of these inequalities are the 
following: |dgg’| ~ x2/6", where 6 =Vc/27ws 
is the skin depth computed with account of the dis- 
persion of the conductivity tensor and its depend- 
ence on the magnetic field. In case a) the skin 
depth is much greater than the wavelength. This 
means that the electric fields associated with the 
eddy currents are small in comparison with the 
induction fields, so that the total field @g = Gg. 

In case b) the skin depth is much less than the 
wavelength, the eddy currents almost exactly com- 
pensate the induction, so that the total current 


Ee Sa eae > dag’ Ge: 
% 
is of the order of Gx?2/6?. 
Corresponding to the above, the coefficient of 
absorption in the first case is 
IT = (H?/2pc?w) Re >) Sep’ Ve Yo", 
BB’ 
where w is the group sound velocity, while in the 
second case 


(2.7) 


(2.8a) 


T = (c?H?k4/32 x°pwe?) Re >} Sap" Ye Yer. (2.8b) 
BB’ 
Here v=u X H/uH. 

These equations immediately determine the de- 
pendence of I on w and H under the conditions 
r/l> 1, 1/x «1, while the components of the 
tensor sge’ depend weakly on H and kK. 

In order to find out when the induction absorp- 
tion mechanism plays the principal role, we must 
compare (1.5) with the equation 


It st N otto" t/ow?, (2.9) 


which determines the coefficient of deformation 
absorption under these conditions (it was obtained 
in the works of Akhiezer? and Akhiezer, Kaganov, 
and Lyubarskii*). Comparison shows that the 
induction absorption dominates over the deforma- 
tion absorption if the vectors k, H and u are 


appropriately oriented with respect to each other 
and 


r[k<1 (2.10a) 


in case a) or 


rk/3? < 1 (2.10b) 


in case b). Thus the absorption coefficient can de- 
pend strongly on the magnetic field and on the con- 
dition r/l > 1. 


The estimates (2.10) are in fact always accurate, 
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and not merely in the range of fields and frequen- 
cies defined by the inequalities r > 1, 1«x. One 
must understand them only as the necessary condi- 
tions which need always be satisfied in order that 
the induction absorption be much greater than the 
deformation. They are obtained from the equating 
of the quantities 


bi Arle and vg (1 —d)pp' Gp, 
tk BB’ 
which appear on the right side of the kinetic equa- 
tion (4.3, I). 

If r/l1«<1 and I/x «1, then spatial disper- 
sion is absent and the dependence of the conduc- 
tivity tensor on H is substantial; measurements 
of the coefficient I’ furnish information on this 
dependence. Theoretically it was determined in 
the researches of I. Lifshitz, Azbel’ and Kaganov* 
and I. Lifshitz and Peschanskii®. For closed tra- 
jectories in quaasimomentum space — and only such 
interest us in this research — it has the form: 


Yodex otxy Yolxz 
Sik (H) = Xa yx Yo yy Toyz ’ (2 e il 0) 
Yolzx Yolzy azz 


where Y = 27/Qoty = 2mmyc/eHty. Here Q) is 
the Larmor frequency, my = characteristic mass 
(of the order of the average effective mass of the 
electron over the trajectories). The quantities 
aik, generally speaking, are of the order of oy 
— the conductivity of the metal in the absence of 
a magnetic field. The different components of the 
tensor depend differently on the field; therefore 
quite different formulas are obtained for the coef- 
ficient of absorption, depending on the relative 
orientations of the vectors k and H and the 
direction of the polarization of the sound. We 
shall carry this through below. 

1) The vectors k and H are parallel (more 
accurately, #<«< y)). In case a) the induction ab- 
sorption is insignificant. In case b) 


TT ~ (c2H?0?/32n%w8ep)v (vy = Vn -t ve). (2-11) 


2) The vectors k and H are mutually perpen- 


/( Yo/ 0) "ez 
eat Ke A) == joe Anz 


(Yo/%o)* sin Yaz FH (Yo/%) Ace 


if cos $ > y)/a) and 


2 4 
YoGz2 YoGzn = Tox 
2 ‘ 
Sav (ky H) = ae Hoy, Yo8at | (2.18) 
To%% Yo@zn Axe 


if cos 3& XY /Q. 
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dicular (more accurately cos 3 <« Yo). In case a), 
DT ~ (69H? /pe*w) v*,, (2.12a) 
In case b), 
TD ~ (c?H?e?/32n%pwa,) v2. (2.12b) 
3) The angle # differs appreciably from either 
zero or 1/2. Then in case a), 


Pies (coH?/pc*w)vz, (2.138) 
if |v¢/v_| > y) and the induction absorption is 
small in comparison with the deformation if 

| Ve /Vy| <«K Y. In case b) 


DP ~ (0G toH4@?/32n2 oN pow) vi, (2.14) 
DP ~ (C?H*w?/32n75w5s,) vz, (2.15) 


if |v_/v¢|«K yo. Here vo is of the order of the 
mean velocity on the Fermi surface. 

It is equally simple to analyze the case in which 
the density of electrons N_ is equal to the density 
of holes N, (then the expansion of the components 
Oxy and oyx begins with a term proportional to 
yp). We shall not compute the corresponding for- 
mulas. Making use of the results of the researches 
of I. Lifshitz et al.,4s° it is also easy to consider 
the case of open trajectories in quasimomentum 
space. 

There is now left one final possibility:* r« x 
<< 1. Here both the dependence on the field H and 
the spatial dispersion of the conductivity tensor 
Shy == le Wn?) \ dpzmn* (ds Oe \ dt’ vy exp | \ (— ia +) de" ; 

Saco # (2.16) 


are both significant; in this last equation m* is 
the effective mass of the electron on the given 
trajectory. 

Expanding in powers of the small quantities 
Y and Q) = 2mkv)/Q), we find the asymptotic 
value of the conductivity tensor in a strong mag- 
netic field: 


AoVotnn YoRnt (2.17) 


(12/20) Gen — (Yo/%o)? Sin 9 aze+ ace 
Xen (Y¥o/%0)” sin? 9a. ae doollee 


In both cases it is assumed that N, # N_ and 
that the time dispersion of the tensor oy, is un- 
important (the frequency of the ultrasound is w 
~~ ¥*If the spatial dispersion is substantial (/ > 4), while the 
dependence on the magnetic field is insignificant (¢ > J), then 
r > X and the induction absorption is small. 
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<«to'). It is easy to prove that under the latter 
condition the components of the tensor oyp are 
real and satisfy the condition oyp(k, H) 

= Oyp( —k, H). If N, =N_, then the only differ- 
ence is that when the vectors k and H are paral- 
lel the expansion of components ogy and ong 
begins with a term proportional to ayy; if k 1H, 
the expansion of the components o¢y and On¢ 
begins with a term proportional to % 

In general, the quantities a,» are of the order 
Oy, although some of them can vanish for reasons 
of symmetry. Thus, if the vectors k and H are 
directed along the axis of a crystal of third, fourth, 
or sixth order, then 


Aen = Ang = Ae = Ace = 0. (2.19) 


Using (2.17) and (2.18) to compute the tensor SBp’> 
we obtain the following estimate for the asymptotic 
value of the coefficient of absorption in a strong 
magnetic field (N, # N_): 

1) The vectors k and H are parallel (more 
precisely, ' «K y)): in case a), 


TP ~ (Now / pvpw?) v’, 3 (2.20a) 


In case b), 


DP ~ (ue? 7053 / 32m? N ,e?pu yw) v2 . (2.20b) 
p a 


2) The vectors k and H are mutually perpen- 
dicular (more precisely, cos ¥ & y/ay) Sp’ ~ %:; 
the estimates in both cases follow directly from 
Eqs. (2.8). 

We shall not compute the intermediate orienta- 
tions of the vectors k and H in-the case N, = N_. 
It is very simple to obtain them since the asymp- 
totic value of the tensor oy,» is known. 

In order to make clear what absorption mech- 
anism dominates, it is necessary to compare the 
formulas obtained here with those which deter- 
mine the deformation sound absorption.* We shall 
undertake this comparison in the next section. 

3. We must first explain to what extent the elec- 
tric fields that arise because of inhomogeneities of 
deformation in the sound field are significant for 
the absorption. It is evident that they are small 
and do not affect the absorption in the case of a 
sufficiently large inequality 1<«< x. In fact, in 
such a case, the deformation at a distance of the 
order / is almost homogeneous, the electric 


*The dissipative function is quadratic in the velocities u. 
Therefore, those interference terms must enter into the formula 
for I‘ which are brought about by the interaction of the two 
sound absorption mechanisms. However, we have here con- 
sidered only the limiting case in which one of the mechanisms 
of the absorption is much less significant than the other. For 
such conditions, the interference terms are small. 
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fields are comparatively small, and their contri- 
bution to the absorption is of higher order in I/x. 

The coefficient I’ for the condition r<«<Z/ has 

the same order as that for H=0, and 1 


TP ~ Nou oto / pw. (371) 


This estimate can easily be obtained by solving 
the kinetic equation directly and then computing 
the dissipative function. 

If 1 >x, the electric fields can play a signifi- 
cant role in the absorption. In this case, a longi- 
tudinal electric field (parallel to k) will gener- 
ally lead to some effect, while the transverse field 
can lead to significant effects only for definite re- 
lations between the quantities * and 6. i 

The components of the field are determined by | 
a set of three equations. One of these is the con- 1 
dition of the vanishing of the volume charge den- i 
sity. It is easy to put this in the form 


fe = Dice Ey + feo = 0. (3.2) 


v 


The other two are Maxwell equations (4.5, I). 
With the aid of (3.2) we get from these equations 


Ea = 2) (q~a)ap, Sib on (3.3) 


BiBe 


Here the transverse “deformation current” is | 


Ja = jpo— Speleo/ Fez, (3.4) 


joo = — (2/8) \ RAwd & / 0. (3.5) 
If |6| ~ 2/62 >>1 [case b)], the eddy cur- 
rents 


is = >) Spp'Ep 
a 


almost exactly compensate the deformation cur- 
rents, and with considerable accuracy, 


i 
Es = — >) sae-J:. 
a 


The transverse electric-field is shown to be rather 
large and in a number of cases, in addition to the 
usual deformation mechanism, plays a significant 
role in sound absorption. 

In the opposite limiting case a), Eg ~ (x/6)? 
x (Jg/s). That is, if the inequality 6 > x is suffi- 
ciently strong, the transverse field is small and 
does not have a significant effect on the absorption. 
In the work of Akhiezer et al.,° the absorption of 
ultrasound was investigated for H=0. It was shown 
there that if the transverse field is small, the effect 
from the longitudinal field is of higher order in x/] 
<1, and the absorption coefficient is 
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fr 2m C 
a Apww*uy \ ee Gs Mo) Zp ~ Nowow / pu yw. 
(3.6) 


The absorption is chiefly determined by the elec- 
trons whose velocities are perpendicular to the 
vector k. Therefore the connection between the 
functions Ajk(p) and the absorption coefficient 
is obtained very simply and, if the electron con- 
ductivity spectrum is known, the value of these 
functions can be determined with great accuracy. 

If we compute the absorption coefficient under 
such conditions for a strong magnetic field (V9 
<«< |@| <1) we obtain the similar expression 


2 . es 
bie rape ie |? 8 (Kv) 8 (&) — Y) dp ~ Saar 
Boll 


(9) 

In this case the absorption is chiefly determined by 
the electrons whose velocities in the k direction 
vanish when averaged over one period. 

The case in which a) > yo, but |@|< y, ice., 
when k 1H, we shall consider in the next section. 

We now treat the sound absorption for the con- 
dition 6 <x. We begin with investigation of the 
case in which the magnetic field is absent. Then 
it is not difficult to obtain the estimates: S Bp’ 
~ opx/l, Jg~ jox/l, where jy is some character- 
istic value of the current density of the order of 
NpeVototik. Thence 


evgEg ~ Au, (3.8) 


i.e., these terms, which enter on the right side of 
the kinetic equation (4.3,I) are of the same order. 
The transverse field leads to an expression for the 
absorption coefficient: 


= \( Adi? +e? 


a 3 2442 
h8pww?u, 


“8 (kv) 8 (€) — to) ap. 
/ (3.9) 


The longitudinal field is once again insignificant. 
In both limiting cases a) and b), the order of 
magnitude and the frequency dependence of I’ are 
the same; however, the value of the absorption co- 
efficient in the second case is the larger. The 
graph of the dependence I'(w) for the case 1 >x 
consists of two straight lines, the one correspond- 
ing to lower frequencies being the steeper. The 
lines are joined in the transition region and the 
frequency wy), where | der | ~ 1. This frequency 
is of the order of (4mNye2vyw3/tc?)'/?, which 
amounts to about 10!° sec“! for typical metals. 
The graph consists of only a single line if for 
any reason — let us say, as the consequence of ine 
symmetry of the problem — the transverse field is 


>) veEe 
8 


equal to zero. This is the case, for example, if lon- 


gitudinal sound is propagated along the axis of a 
crystal of third, fourth, or sixth order. 
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Thus for ultrasonic waves that are experimen- 
tally obtainable, the absorption coefficient is de- 
termined by Eq. (3.9), in which enters the trans- 
verse electric field. Here as before, the funda- 
mental role in the sound absorption is played by 
the electrons moving in planes of equal phase of 
the sound wave (their velocities are directed al- 
most perpendicularly to the wave vector k). How- 
ever, in the creation of the current determining 
this field, all electrons close to the Fermi surface 
take part in equal measure. The components Ep 
are connected in complicated fashion with the func- 
tions Aj,(p). Further, it appears that the connec- 
tion between these functions and the coefficient IT 
is not as simple as in Eq. (3.6).* Therefore, it is 
of interest to find out whether or not a magnetic 
field would change the state of affairs. 

However, before undertaking the solution of 
this problem, it is useful to note another possibil- 
ity in the behavior of the sound absorption coeffi- 
cient for the case when H=0. To be precise, we 
assume that the Fermi surface consists of several 
non-connecting sheets, topologically equivalent to 
parallel planes (although it is not known whether 
such planes are actually found in metals). Then 
for certain directions of the vector k, there are 
no electrons with velocities parallel to the wave 
front. In this case the coefficient I is completely 
independent of the frequency and has the order of 
magnitude 


T~ Noto / pUol pW. (3 .10) 


In such a case a Sharp anisotropy of the coefficient 
IT’ for change in the direction k should be ob- 
served. 

4. We now proceed to the study of sound absorp- 
tion in a strong magnetic field under the condition 
6 «< x. In all cases we shall be interested only in 
the principal terms of the expansion in powers of 
1/H. In order to determine the components of the 
electric field, we shall write down the asymptotic 
tensor sghr, which is easily obtained with the aid 
of Eqs. (2.17) and (2.18). Let Ny #N-. We shall 
distinguish the following cases: 

A. Hilk (more precisely, 3 X yo), 


ete pear, as $ 
ben/ Yo —%00ee/ Yo 


B. The angle 32 v a3/y , and is not equal to 
t/2. 


aes Bae One / Yo \ 
ben / Xo 


XpOre/ Yo 


ay ee a . 
*V. P. Silin has come to the same conclusion, as has been 
made known to the author. 
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Here the quantities bgg’ are the order of 1/09. 

C. Hik (more precisely, cos ¥& y/ay). All 
the components s7b, ~ 1/0). 

It is very simple to obtain estimates of the com- 
ponents of the “deformation current,” and with their 
help to estimate the components of the transverse 
field. The results are given in the following table: 


Order of the Order of the 
Case Component current field intensity 
density (Eo ~ Au/ev) 
n Yojo Eo 
p ¢ {ojo Eo 
: 2 
B 0 Yolo (Yo/% >) Eo 
c (Yo/ Go)? Jo Eo 
n (Yo/o) fo (Yo/%o) Eo 
¢ ¢ (‘fol a0) fo (0/40) Eo 


From this it is seen that in case A the role of 
the transverse field in sound absorption is exceed- 
ingly small. In fact, solution of the kinetic equa- 
tion (4.3, I) yields 


x(t) = RAU +e >) E.Ro, 


(4.1) 


ee + aa seal | [er (—ia ty) __ 1]. 


In the computation of fAU we have limited our- 
selves to the zeroth term in the expansion in terms 
of the small quantity a: 

tore a 

rAu = \ exp i (— ia + 4) dz"| Audi’ = 2nAu, (4.2) 
a5 15 

inasmuch as A ¥ 0, in general. On the other hand, 
fvg is determined by the first term in the expansion 
in powers of a (the zeroth term vanishes since 


¥g =0). Therefore, the transverse field is insignifi- 


cant in the absorption. It can be shown that the lon- 
gitudinal field also plays no role. The coefficient I 
is determined by the simple expression 


pes 2 : 
ASpww* uy 


i Ats|28 (kV) 8 (&¢) — po) ap. (4.3) 
Carrying out the same investigation in case B, 
we find that the result for (4.3) is also valid here. 
As has already been remarked, if *< 6, the 
absorption coefficient in cases A and B is also 
determined by Eq. (4.3). This inequality is realized 
in magnetic fields at much lower frequencies than 
for H=0. The frequency wy for which *~ 6 is 
of the order (Nye*w'/yoe*ty)/8, which for ty 
~ 107!° see amounts to about 10° sec, 
We now return to case C. Ittis easily shown 
that 


DP ~ Nopow*to / pw, (4.4) 
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independently of the relation- between * and 6. 


A comparison of Eqs. (4.3) and (4.4) shows that 1 


the absorption coefficient is a highly anisotropic 


function of the angle between the vectors k and H. 1 


The coefficient I increases rapidly when these 
vectors are mutually perpendicular. 


The case N, = N_ is investigated just as easily. 


We shall not compute the corresponding formulas, 
but only note that if *>>d and case A occurs, 
the transverse field can make a significant contri- 
bution to the sound absorption. In case B, the ex- 
pression (4.3) remains valid, only T=T,+T_, 
where the first component is determined by hole, 
and the second by electron, quantities. 

5. Thus, we have found that the sound absorption 
in metals in a magnetic field can be determined by 
two mechanisms — induction and deformation. The 


first of these possesses the following distinguishing — 


characteristics. 
1) A strong dependence of the coefficient I on 


the direction of sound polarization for a given rela- | 


tive orientation of the vectors k and H. Induction 
absorption is generally absent if the directions of 
the vectors u and H coincide, or if the field G 
=U xH/c is directed along k. 

2) The absorption coefficient increases with the . 
magnetic field, being proportional mostly to the 
second, and sometimes to the fourth, power of H. 

The peculiarities of the deformation mechanism 
of absorption are these. 

1) Weak dependence of the coefficient I on the 
direction of sound polarization. 

2) The absorption coefficient reaches saturation 
in a strong magnetic field. 

3) The absorption coefficient is proportional to 
either the second or the first power of the frequency, 
and in the latter case does not depend on the tem- 
perature. (The case of such an electron spectrum 
which was considered at the end of Sec. 3 is an ex- 
ception. ) 

Unfortunately, present-day experimental data 
on sound absorption in a strong magnetic field are 
rather sketchy. A brief review of them is given by 
Rodriguez.® In addition to the data tabulated there, 
the papers of Galkin and Korolyuk’ and Reneker® 
should also be mentioned. 

In a comparison of theory and experimental 
data, the following comes to the fore. It follows 
from theory that the coefficient I must be pro- 
portional to the fourth power of the magnetic field. 
Actually, the solution of Eq. (4.3, I) — the function 
X — is proportional in a strong field to an integral 


power of H. But the absorption coefficient is deter- 


mined by the dissipation function TS: which is 


a 


| 
| 
| 


a 
4 


‘ 
| 


/ 
} 
f 


\ 
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quadratic in x. Further, in reference 6, the pro- 


_ portionality of IT to odd (and even to negative ) 


powers of H was observed. Here the dependence 


_ on the field was different for different directions 


of the sound polarization, which evidently testifies 
to the predominance of induction absorption for 
certain directions of polarization. In this connec- 
tion, the following observations can be made. 

In the first place, determining the coefficient I, 
we compute the principal term in the expansion in 
powers of 1/H. Asa rule, this means that not only 
the condition yy « a) «1 is considered satisfied, 
but also the inequality a «KY. Also, there must 
exist a transition region of values of H, where 
the two first inequalities hold while the third is 
replaced by its reciprocal. It is possible that the 
path of the function I'(H) in this region duplicates 
the power dependence with odd negative exponents. 

In the second place, only closed trajectories of 
the electron in quasimomentum space have been 
considered in I and in the present paper. The 
electrical conductivity in a magnetic field in the 
case of open trajectories was computed in the re- 
searches of I. Lifshitz et al.4"> It has been shown 
that if the specimen possesses even a compara- 
tively weakly defined polycrystalline structure, 
the diagonal components of the conductivity tensor 
can be inversely proportional to the first power 
of H, thanks to averaging over the orientations 
of the crystals. If the sound wavelength is much 
greater than the dimensions of the crystallites, 
then direct use can be made of the results of 
1. Lifshitz and Peschanskii°® in the calculation of 

the coefficient of induction absorption. These re- 
sults yield a coefficient I which is proportional 
to an odd positive power of H. Generally, the en- 
tire question of sound absorption in the case of 
open trajectories, and of averaging over the ori- 
entations of the crystallites, is of great interest 
and deserves special attention. 

In the third place, one must remark that in this 
research we have considered the spectrum of elec- 
tron conductivities and a deformation potential of 


TIF 


general form. In particular, we assumed that 
AikUik ~(0. In some cases, for example, if the 
materials are isotropic and the sound vibrations 
are transverse, Aikvik = 0, and the dependence 
of the absorption coefficient on the field must be 
different from that represented by the general 
theory. In particular, I can be a decreasing 
function of H. 

Finally, we observe that the expression for the 
coefficient I can be generalized without difficulty 
to the case in which wt) > 1 by means of methods 
used in the present work. Ultrasonic frequencies 
satisfying these conditions are not attainable experi- 
mentally at the present time. However, the corre- 
sponding formulas give estimates of the length of 
the free path of the phonons in the metal which is 
of interest for the study of the drag of electrons 
by phonons. 

In conclusion to the paper, the author wishes 
to express his gratitude to L. D. Landau for dis- 
cussion of the work and for a number of useful 
remarks. 
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The spectrum of longitudinal oscillations of an electron-ion plasma is considered for the high 
temperature case (Maxwell distribution) and the low temperature case (Fermi distribution). 
It is shown that at low values of the wave vector k the dispersion equation is characterized 

by two branches, which have different properties: an optical branch, for which the ion motion | 
is not important, and an acoustic branch. At high values of k, however, only the acoustic 1 
branch exists; the properties of this branch are determined by the parameters of the ion com- | 


ponent of the plasma. 


In the present work we investigate the oscillation 
spectrum of an electron-ion plasma produced as a 
result of a small initial departure from the equilib- 
rium distribution. Detailed investigations of plasma 
oscillations have been carried out by Landau! for the 
high temperature case (Maxwell distribution), and 
Gold’man? for the low-temperature case (Fermi 
distribution). In that work the motion of the ions 
was neglected; it will be shown, however, that this 
motion has an important effect on the nature of the 
spectrum which is obtained. A dispersion equation 
which takes account of ion motion has been obtained 
by Silin.*** However the expressions found by this 
author for the dependence of frequency w and 
damping y on wave vector k are incorrect. For 
example, the statement that there are two branches 
applies only at low values of k; at high values of 

k these two branches degenerate into one branch 
whose properties are determined by the param- 
eters of the ion component of the plasma. 


1. DISPERSION EQUATION 


For a uniform plasma the asymptotic form of 
the potential as a function of time is, as is well 
known,!»? determined by the roots of the equation 


D(p,k)=0 (p=io—y4), (1.1) 
where 
PA) ope me y eae OPS > oie 
D(p, k) =1—ik | ar 4 age —ik Ge \ Se, 
16, 


fee) 


: i > as 
eG) = ae \\ F° (vy) dedy (dv = did do), 


we = 4ne*ne/ me, wz = 4ne?Z?n; | mz: (1.2) 


FO (yv) and F(©)(v) are the equilibrium distribu- 


tion functions for the ions and electrons, nj and 
Ne = Znj are the corresponding densities, Z is 
the charge of the ion, k is the wave number, w 
is the frequency, y is the damping factor and the 
contour L is taken in such a way that the point 

¢ =ip/k always lies above the path of integration. 


2. OSCILLATION SPECTRUM FOR A HIGH- 
TEMPERATURE PLASMA 


We first consider the case in which the electron © 
temperature is much higher than the degeneracy | 
temperature. We use classical statistics and as-_ 
sume that the electron and ion equilibrium distri- 
bution functions are Maxwellian, i.e. 


x /2 m C2 
ple) | ae Eee 
jo ) = (oars mee { i’ 


O®= S i exp \a ra ; (2.1) 


where x is the Boltzmann constant and Te and 
Tj are the electron and ion temperatures respec- 
tively. 

Substituting Eq. (2.1) in Eq. (1.2) and taking 
account of the fact that 


Ss 


i ee ine [1 (eae, 
ib 


0 


after integration with respect to £, we obtain 


D(pyR) = 14 cat + a? —iV ns [2e-*— w (s)] 


— iV nats [2e-**— w (Bs)|} = 0, (2.2) 
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_ where we have introduced the dimensionless vari- 


ables 


eee ERGO) a 
x° = 2 (Ra,)? = 2a? (ka;)?, al=xT, | mw, a? =xT,/mw%, 


a? = aie Hed oe 8? == fillin) Mel 7, 


s= p/iV 2ka.w, == 0) t V 2kaiw,8, 


and the function* 
w (s) =e—"(1 + (21/V'x) \et dt]. (2.3) 
0 

First of all we may note that Eq. (2.2) has n- 
roots in the lower half plane of s (including the 
real axis). For this reason, only damped solutions 
are possible for the potential (y >0). Further- 
more, as follows from the definition [cf. Eq. (2.3)], 
when Im s = 0 the function w(s) is bounded. 
Consequently when x?—- © Eq. (2) can only have 
roots characterized by Im s >Res. Thus, in 
studying the dispersion equation one must distin- 
guish two cases, depending on whether the mean- 
square velocity of the electrons is smaller (? < 1) 
or greater (8? >1) than the mean-square veloci- 
ties of the ions. In the first case, when x? — 
the last term (associated with the ion component ) 
in Eq. (2.2) for D(p, k) is unimportant, whereas 
in the second case it is decisive. In the work of 
Silin cited above, however, the ionic motion is not 
considered in the short wave region and for this 
reason the result is incorrect. 

We now investigate the solutions of the disper- 
sion equation (2.2), limiting ourselves to the case 
in which the mean-square velocity of the electrons 
is much higher than the mean-square velocity of the 
ions, i.e., Tj KX mjTe/me. 

When kag «1 the dispersion equation always 
yields two oscillation branches: an optical branch, 
for which w(0) #0, and an acoustic branch, for 
which w(0)=0. Inthe region kage ~ 1 these two 
branches degenerate into a single branch which, 
when kag >1 and kae >a, corresponds to highly 
damped oscillations. The behavior of the optical 
branch (kae <1) is independent of the parameters 
of the ion component of the plasma; for itl 37 


ow = o2[1 + 3(ka,)*] (ka, < 1), 


c= Ve aa? [ree tal}. 


The behavior of the acoustic branch, however, 
depends on the parameter a. If a? > 1, when 
kage K a we have 


(2.4) 


*Detailed tables of the function w(s) are given in refer- 


ence 6. 
tHere and in what follows we neglect quantities of order 


Zm,/m; compared with unity. 
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aes e (ka,)? 1 2 
(Oy OF ea la 3 (ka,)*) ? 


ae w.ka 
Aree Vee Uwe [a 
i = 


8 [(ke,)? 4 1)? Bb! 


a exp | (sEEE ED Gi ae 
(2.5) 


that is to say, when Ty, > Tj the plasma can ex- 
hibit weakly damped acoustic oscillations. If in 
this case, however, kag > 1, the frequency of 
these oscillations is a weak function of wave length 
and actually coincides with the ion Langmuir fre- 
quency wj. 

When @ 1 and kag «a we have 


w? = 202 (ka)? (Re s’)?, 


1 = V 2w; (ka; Ims’, (2.6) 
where s’ is a root of the equation* 
(1 + a) /a®=iV rs’ [2e °° —w(s’)]. (2.7) 


When a* «<1 this equation has the solution 
Res’ =n/V2, Ims’ =£/V2, oY Qrexp (/2)=1. 


If a~ 1, however, Eq. (2.7) must be solved nu- 
merically. In order-of-magnitude terms Res’ 
~Ims’~1. Thus, when a@& 1 the acoustic 
waves are strongly attenuated. 

For short waves (kae )? > a*, as has already 
been noted, and the ratio of the damping factor to 
the frequency must be greater than unity. Conse- 
quently the important term in the dispersion equa- 
tion is the last term and Eq. (2.2) assumes the 
form 


2 


1 = 2) x iBs (ka,)~? exp (— B*s?). 


The solution corresponding to minimum damping 
is obviously 


w? = no; (kaj)? /—, 7 = oikag (ka; > 1), (2.8) 


where é is determined from the equation 


V Ine exp (@/2) = (ka)®. 

It is interesting to note that in the limiting case 
Tj — 0 the frequency of the short wave oscillations 
(kage >>1) is independent of wave length, being equal 
to wj; under these conditions the relative magni- 
tude of the damping factor is very small and it falls 
off as the reciprocal of the cube of the wave num- 
ber [cf. Eq. (2.5)], that is to say, the oscillations 
are essentially undamped. When mj — © the 
acoustic branch vanishes and when kae >1, in 
general the dispersion equation does not have non- 
trivial solutions, i.e., in the short wave region 
there are no solutions of the type exp [(iw-—y)t] 
for the potential (cf. references 1 and 3). 


*We may note that there is an error in the analagous equa- 
tion for the acoustic branch given in reference 4. 
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Thus, for short waves (kag > 1 and kag > @) 
both the frequency and damping of the oscillations 
are determined by the parameters of the ion com- 
ponent of the plasma. 


3. OSCILLATIONS OF A LOW-TEMPERATURE 
PLASMA 


We now consider the oscillation spectrum of a 
low-temperature plasma, in which case the elec- 
tron gas is highly degenerate. Assuming a Fermi 
distribution, with a temperature Te for the elec- 
trons and, as before, a Maxwellian distribution for 
the ions, in place of Eq. (2.2) we have 


[20 _ w(A,s,)]} 


=. 22 {2 — > (s1) — insyfo(si)[1 ++ Sg Im s,]} = 0. (3.1) 
Here 
w= 2ikd)? = 202 (ka,)”, a= Cy / m,w?, ar Aa ie, 


sy = p/iV 2kdwe= p/iV 2kawe,, Bi = mk, /mxT:, 
fy) =p2/2me is the limiting Fermi energy 
1 


ea te 
€ | u 


feist) = [1 + exp “1 


Fh aac bahay AR ead 


and the function 


sy +1 Te? 
bis) = J sina—q + 5 [s?—4] 2 for | s?—1| > ne ; 
~+Inze for | s?—1|<ze 


(3.2) 


where the principal value of the logarithm is taken 
(-—a7<argln=7). 

We investigate the roots of Eq. (3.1), limiting 
ourselves to the case in which the ion temperature 
is not excessively high xT; K mjf)/mg. Then, as 
in the classical case, it can be shown that Eq. (3.1) 
has damped solutions only (y>0). Furthermore, 
as follows from Eq. (3.2), the function ~(s;) is 
bounded; consequently, for (kd)* > In (1/me) the 
dispersion equation can have only solutions with 
y>w. In this case, obviously the important term 
is the one which takes account of the ion motion. 

As in the high-temperature case, at small val- 


ues of k we again have two branches. When kd 
<«< 1, for the optical branch 
ie =O [1 + = (kd)? (1 + 2. ne?) ; 
o, f dn 5 + 6 (kd)? 
t= ae Ge V2 exp |— 10e (kd)? | 
kT 9 BT [5 + 6 (kd)?] 
=e V Zeip 1€XP | 10 (kd)? | (3.3) 


Whence it follows that with complete degeneracy 
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(e +0) the damping factor remains finite and is 
determined by the ion temperature. 
For shorter waves 1 « (kd)? « In(1/7e) 


wo? = 208 (kd)? {14 4 exp [—F (2 (kd)? + 3), 
2Va 


+ = 4V Deve (Rd) exp {—3 2 19 (kd)? + ah {= 
4 exp {— + exp Ls = (2(kd)? +-3)]H} 


arBie a 
(3.4) 


With a? <1 the acoustic branch is determined 
from the following equation when kd « a: 


7 ae = 
(3 -+ 203) / 2a? = iV wBys, [2e + :—w (B,5))]. 
In this case the relative magnitude of the damping 
factor is of the order of unity and the acoustic | 
| 


waves are highly damped. However, if (kd) «K a, 
as is generally the case, when KTj K Z&) we have 
[cf. Eq. (2.5)]: 


2 (kd)? 
of = of [yeaezs + 3lka)*], 


V2 o,kd 2 ay 3 
1 (kde 3p an +Ve azexp ie Gece: any zh , 
(3.5) @ 
i.e., it is possible to have weakly damped acoustic 
waves. 

Finally, for very short waves (kd)? > a?, at 
any values of the parameter a, there is a branch 
which corresponds to highly damped oscillations. 
The corresponding expressions for frequency and 
damping coincide with those found in the classical 
case and are determined by Eq. (2.8). 

We wish to emphasize that if Te ~0, in the 
short wave region [(kd)? > In(1/7€)], as before, 
there is only the acoustic branch; this is given by 
Eqs. (2.8) and (3.5) if af >> In(1/me) and by Eq. 
(2.8) if a? K In(1/me). In the limiting case of 
total degeneracy, however, as follows from Eqs. 
(2.8) and (3.4) the dispersion equation has two 
branches for any values of the wave vector k. 

We may summarize the results which have been 
obtained. 

In the long-wave region the longitudinal oscilla- 
tion spectrum of a plasma exhibits two branches: 
one optical and the other acoustic. The relative 
damping of the optical waves is very small. At 
low temperatures the acoustic oscillations are 
also essentially undamped. At high temperatures, 
however, weak damping of the acoustic waves is 
possible only at high values of the ratio T./Tj. 

In general, in the short-wave region there is only 
the acoustic branch, which is highly damped. The 
frequency and damping in this case are determined 
completely by the parameters of the ion component 
of the plasma. 


a a ee oe eae ey Fn 
7 a aS 


_ valuable discussions. 
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An expansion of the wave function of a particle has been obtained in terms of the irreducible 
representations of the Lorentz group. This gives a relativistically-invariant classification 
of states. The connection between different methods of constructing irreducible representa- 


tions has been established. 
1. INTRODUCTION 


Tae infinite-dimensional representations of the 
Lorentz group were utilized for the first time by 

I. S. Shapiro!” for a relativistically-invariant 
classification of particle states. He utilized the 
method of constructing irreducible representa- 
tions which was proposed by Gel’fand and Nai- 
mark.» Although this method! has been devel- 
oped in detail and is convenient from a mathemat- 
ical point of view, nevertheless as yet it has not 
received widespread acceptance among physicists. 
Apparently, the method to which the physicists are 
more accustomed is the one proposed by one of the 
present authors.°’® It represents a direct relativ- 
istic generalization of the method of the theory of 
representations of the three-dimensional rotation 
group. In particular, the possibility arises of util- 
izing the techniques of Clebsch-Gordan, Racah,’ 
and Fano,*»® which are widely used in physics. It 
was thus of interest to establish the correspond- 
ence between the above two methods of construct- 
ing representations in order that the results ob- 
tained by one method could be transferred to the 
other method. In the course of this investigation 
we succeeded in obtaining a number of useful re- 
lationships, among them an integral representation 
for the Fano functions. 

We shall show that by means of the methods of 
references 5 and 6 one can obtain an expansion of 
the wave function of a particle in terms of the ir- 
reducible representations of the Lorentz group. 
(The proposed form of this expansion may turn 
out to be useful for a relativistically-invariant 
classification of particles.) It holds for particles 
of arbitrary spin. The expansion of the wave func- 
tion for a system of particles also presents no 
difficulties. 


*This paper is a continuation of references 5 and 6. 
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2. UNITARY REPRESENTATIONS OF THE 
LORENTZ GROUP 


1. We recapitulate briefly those results from 
the papers of Gel’fand and Naimark®*4 which we 
shall need for the subsequent presentation. 

Each proper Lorentz transformation (i.e., a 
transformation without an inversion) may be made 
to correspond to a complex matrix of the second 
rank a with a determinant equal to unity. A purely 
spatial rotation corresponds to a unitary matrix 
which we shall denote by u. The matrix u is de- 
termined by three independent parameters which 
may be chosen, for example, in the form of the 
angles J, 0, 60’: 


cos +e sin > ef” 
uU= : 9 te S ~~ > (1) 
.— Si = e COS = e 
where 
0 = (9, + g)/ 2, 8’ = (9, — 2 + x) /2, 


0<9<r, 0<0< 2r, O< Oi Qn: 


Y2, 3}, ~Y, are the Eulerian angles of the rotation. 
An irreducible representation of the Lorentz 
group may be characterized by two numbers:?*4 
ky and c. The number ky determines the lowest 
dimension of representations of the three-dimen- 
sional subgroup contained in the given representa- 
tion of the Lorentz group. It may assume only in- 
tegral or half-integral positive values. The num- 
ber c may be an arbitrary complex number. We 
shall investigate only the principal series of rep- 
resentations of the Lorentz group, which contains 
a three-dimensional scalar as one of the basis 
functions. Moreover, ky = 0, c =in, where n 
is real. The representations of the principal 
series are unitary. 
Each Lorentz transformation which is described 
by the matrix a may be made to correspond to an 
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operator Vg, which operates on the totality of func- 
The scalar product of the 


tions f(u) = f(8, 6, 6’). 
functions f{(u) is defined by the formula 

(fu f) =\ ft @ fw) du, (2) 
where du = (‘47°) sin ¥d3d6d6’, while the inte- 
gration is taken over the whole range of variation 


of the variables #, 0, 6’. The functions f (u) are 
assumed to be quadratically integrable: 


\ | f (u) du < oo. 


Each matrix a may be uniquely represented in 
the form 


Gi—hGs 


1/x 
e=( 5 ys (3) 


a is a unitary matrix of the form (1). A may be 
assumed to be real: A? = | ao; |? + | ago [*; 


— Ret — baat J 
Ag = Ay = Azg/h, Agy = — yg = Ag, /. (4) 


The result of the operation of the operators Vag on 
the functions f(u) is defined by the following 
formula 


Va f (u) = (@ (wa) /@ (ua)) f (ua), (5) 
where 
& (a) =| ao) "ay, and ua =k (ud). 


The numbers m and p are related to ky and c 
in the following manner: 


ky = | m/2\, c= ip/2. 


In the case which is of interest to us we have 
m=0, po =2n. The operators Vg provide a lin- 
ear representation of the Lorentz group: 


Vea = Vaa 20d Vz— lo when a= 1. 


2. In a different method of constructing the 
representations of the Lorentz group which was 
discussed in detail in the papers by one of the 
authors®’® the basis functions are chosen to be 
functions which are analytic continuations of the 
four-dimensional spherical harmonics in Euclid- 
ean space.! The basis functions have for their 
arguments the angles specifying the orientation 
of the radius vector in four-dimensional space- 
time. They are different for time-like and space- 
like arguments. In the first case we set t=p 
x cosh a, |r| =p sinh a, where p is the inter- 
val; in the second case we set t =p sinh a, |r | 
=p cosh a. We denote by ¥ and the angles 
specifying the three-dimensional radius vector 
r(r,v,¢)- 

For the principal series of representations in 
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the case t?-r?>0 the basis functions have the 


form 


Prim (0) = Lnim (a, a, ¢) = I, (n, ) ae (3, ¢), (6) 
where 
Tl, (n, a) _sint’a d’* cos na 

? M, ‘d (osha) /+1 tA 


M,=V 8 (ne? + 125... (7) 


In order to go over to the case t?-r*?<0 we 
must replace a by a+in/2. 

The functions W are orthogonal ahd normal- 
ized: 


\ are: () Pint (@) dw => > ) (n = n') 870°8mm’, (8) 


where 
dw =sinh’a sin 9 da d9 dg. 


The result of the operation of the infinitesimal 
rotation operator on the functions W may be 
written with the help of the Clebsch-Gordan co- 
efficients in the following form 


A Pnin =) VEG 
FV a= t > CP Ce ECL win Pecans (9) 
LE 


where Hy, and Fy are the cyclic components of 
the operators H and F which are respectively 
the spatial and the time parts of the infinitesimal 
rotation operator: 


Ay, = + (Ax matiengyey 2 Ay= H, 

and similarly in the case of Fy; 

Cia =Vet+ ch =—Vn +h. 
The transformation of the functions WyJm under 
finite rotations has been defined in reference 6. 

We shall henceforth refer to this representation 
of the Lorentz group as representation II to dis- 
tinguish it from the representation by means of the 


operators Vag, to which we shall refer as repre- 
sentation I. 


3. CONNECTION BETWEEN DIFFERENT SPE- 
CIFIC FORMS OF THE REPRESENTATIONS 
OF THE LORENTZ GROUP 


It is of interest to find the basis functions of 
representation I and to establish their connection 
with the basis functions of representation II. The 
basis functions may be obtained by utilizing the 
condition that the result of operating on them with 
the infinitesimal rotation operator is given by for- 
mula (9). The form of the operators H, and Fy, 
which correspond to this representation of the 
Lorentz group may be found by the method indi- 
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cated by Naimark.’* Straightforward calculations 
yield 


1 tto'— 
Hanf = sce abi = 


Ht = 3 a5 — ar} 


EL eee : 
lie yeh e of (G+ n) sin Of 


ee 


: of cot St 
—icost LFF tant 4 ; 


2 00’ 


Ff = (i +n) cos Sf + isin 9 Of / 09. (10) 
By utilizing this result in formulas (9) we obtain a 
system of equations for the determination of the 
basis functions fpJm(u) of representation I. On 
solving this system of equations we obtain 


faim (U) = (—)'V 42 As (1) Yim (9, 9), 


where gy = 0’ -86, 
A, (n) = (Pi + 1 — in) 


Soe! in)) (bh GS leein) hl — in) 
The functions f are orthonormal: 


\ foam (4) From: (u) dt = 8:13mum’ 


In representation II the basis functions of the rep- 
resentation are at the same time also matrix ele- 
ments of the rotation operator. A similar situation 
exists in the case of the spherical harmonics Yj, 
which, in addition to being the basis functions of the 
representation of the three-dimensional rotation 
group, are at the same time related to the matrix 
elements of the rotation operator by the following 
relation 


(11) 


(12) 


However, there is no similar relation in the case 
of representation I. As we shall now show, the 
matrix elements of the operator Vg calculated by 
means of the basis functions fpjm of representa- 
tion I coincide with the basis functions WVpjm of 
representation II. In this way we establish the con- 
nection between the two representations. 

First of all we note that the following relation 
holds f 


Il, (n, @) ta 


(Fnoo, Vv. fnio): (13) 


Sa eet 
where 


*The operators introduced in that paper are related to Hy 
and F,, in the following manner: H+ = +\/2H,,, H, = H, (sini: 
larly if the case of F,). 

tA proof of this for the case 1=0 is given in NaYmark’s 
paper, 
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CwR 0 
= ; 14 
heats a a4) 
It follows from formula (5) that 
Vof (u) = 1) (ua) "Ff (ua), (15) 
There- 


where [A(a)]? is given by formula (4). 
fore, relation (13) may be written in the following 
explicit form: 


TI, (n, a) = (—)'** $ Ar (n) 


x \ [cos? = e* + sin? = el a P,(cos #)sindd%, (16) 


0 
9 9 9 fac ee 
cos = =(cos?-5-¢* — sin? = a e*)/ (cos* mei sin? 5 ea) : 
(17) 


We can verify the validity of this by checking that 
the right hand side of (16) satisfies the same recur- 
rence relations which are satisfied by IIj(n, @), 
for example: 

= 


=>——. 7 _ 1 
=Vie PCF i Vi FP. 


(18) 


In virtue of the fact that the representation is uni- 
tary, we have 


(Vafi, Vafe) = (fi, fe). (19) 


Therefore formula (13) may be written in a differ- 
ent form: 


I; (a, a) = (V.-fnoo, Frio), (20) 


erst 214 
or in expanded form: 


y(n, a) = (—)'* 5 Ar (n) 


wT 


x [ cos? = Cae sin “ tees P(cos 9) sind dd. (21) 
0 


This may also be seen directly by means of the 
substitution (17). 
It follows from formula (21) that 


ae ae 


aa rece s (21 + 1) Az (n) Ty (n, «) P, (cos 9). 


o 2 ay { 
2 — 1 2 = 1) 1 22n— 
[cos 7 + sin x = [h(ue3)] 7"? 


(22) 
By utilizing these results it may be shown that 
Pai (a, a, ) | (1 / V 4r) (F noo; Vex lates (23) 


where € is given by formula (14), and u is given 
by formula (1). Indeed, in virtue of the fact that the 
representation is unitary 


(roo, Vewheon) = (Veet en (24) 
Vu=te=f noo (u) — [h (uate ty)" 
= 2 Q —o% _| 30) Q in—l 
[cos a OA Silas e] : (25) 
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where cos 2= cos ¥ cos 3, + sin 3 sin 3, cos(~ —G) 
On making use of (22), we obtain 


(Vu--1f n00 (ui) }° 


Van : 
= SP cine s oa Il, (n, a) Got (o, ¢) fates (uy), 


im 


(26) 


from which (23) follows. 

Thus, the matrix elements of the operators in 
representations I and II coincide. The transition 
from one system of basis functions to the other is 


realized by means of the following unitary transfor- 
mation 


re (@, U) faim (u) du = nim (0) , 


| F%(@, 4) Frm (0) do = = 8(n—2) faim, (27) 
where 
es (w, uy) = > on (@) es (ty) 
lm 
_ Vis [cos® - e-* + sin? 5 2 \ (28) 


4, THE CLEBSCH-GORDAN EXPANSION. 
INTEGRAL REPRESENTATION OF THE 
FANO FUNCTION 


As an example of the application of the results 
of the preceding section we discuss the Clebsch- 
Gordan expansion. The Clebsch-Gordan expansion 
for the infinite-dimensional representations of the 
Lorentz group was obtained independently and si- 
multaneously by Toptygin and one of the present 
authors!! and by Naimark.'” The expansion car - 
ried out in reference 11 referred to the VpJm 
functions, while the one carried out in reference 
12 referred to the functions f(u). Let us estab- 
lish the connection between the results of these 
papers. This will enable us at the same time to 
obtain a number of useful relationships for the 
Fano functions. Naimark!? gave an expansion of 
the product of two functions of representation I 
characterized by the numbers (m4, p;) and 
(mp), p,) in terms of functions which are char- 
acterized by the numbers (mz, p3). Also the in- 
verse expansion has been obtained. This expan- 
sion is carried out with the aid of a unitary oper- 
ator in accordance with a formula which, in the 
case that is of interest to us (m;=M, =m; =0), 
has the following form 


fn (Us) = \ dy \ dsaf, (U1) fn (42) Basnars (Way thas ts), 


eo} 
il 


fn, (Ur) fn, (Us) = Ant \ n,dns \ dusfin, (Us) ae (U1, Uz, Us). 
6 


(29) 
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If the matrices uj are specified by means of the 
angles Jj, 0;, 6; in accordance with formula (1), 


the expression for Pn non; may be written in the 
form 


On (4, Us, Us) 


ey (sin a je ae ee (ain 2 Vee 


w (eer Qy3 esi 
W i 


, (80) 
where 
cos Qi, = cos 9; cos 3, + sin 9; sin 9% cos (~; — gx), = Gree 6,. 
By .utilizing the expansion 
[sin z| = 2 F; (a) (2L + 1) P; (cos 9), 
F.(a) =T@P+1—aP—ard+1+ay, 


we may represent Pnynons in the following form 


(31) 


bninan = DEV OL + 1) 2a + 1) 


KB piel ubomintieal eetern (32) 
Here we have 
Birt, = 221 t"Ay, (my) At, (M2) Al, (13) 

x SO)" Li + 1)2L2 + 1) 

CLs 1) (Chae 2h) Ce ie 

x Fr, (a) F1, (0) Fi, (©) Chore CoL0CioL0 

XW (LyLelels; Ls), 
a=t—i(m+nz+n), b= ++ Fi (—m + m+ ny), 

c=+4+4i(m— n+ 13), (33) 

W (abcd; ef) is a Racah function, Ch Bc are the 


Clebsch-Gordan coefficients. In the course of ob- 
taining this formula the following expansion was 
utilized 


Ne 1,1, L2Mz 


= DV 2h + NC + 1/4 2 + 1) 
fs 


l,m 1,0 
x Ciimitam 10101 13M 


and also the Racah formula summed over the mag- 
netic quantum numbers.’ On taking in formula (29) 
for the functions fn; (Ui) (i =1,2) the basis func- 
tions fyj;J;m;(ui) [in this case fing (Us ) will not 
be a basis function] and on utilizing the relation- 
ship between the functions Yy;];m; and the func- 
tions fnjljmj which is given by formula (27), we 
obtain the following Clebsch-Gordan expansion 
(see Appendix): 
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Pati, (o) Polat (o) 


4 , — SEP As TTS 
= ar \ ans SOM YOLEN FD 
0 Ff 


l,m be 
x Ciimlers AyNoNsB 11,1, Booo Wala, (o) y (34) 


By utilizing the representation of Bi, Ll; in the 
form of the integral 


Buttes 10 = jth hy di, +1 Ar, (1) Ai, (Ne) Ai, (1s) 
% [BnunnsPa, (Wa) Pe, (ua) Pr, (ue) dts dy de, (35) 


it is possible to obtain relations which connect 
functions Bj,J,J,(nyngn3) with different values 
of 1. These relations* turn out to be the same as 
in the case of the Fano functions X (j4jql43; jeijole; 
j3j3/3) with 2jj + 1 =inj. Therefore we have 


Bi,1,1, (MMeNs) = D (nyNens) X (frfils; jejele; isisls), (36) 


where @®(n,non3) no longer depends on lj. For 
the evaluation of ®(njnyn3) it is convenient to 
utilize formula (33) in which we set 1, =1, =1, = 0. 
From this we obtain the following expression: 


® (ny Ng M3) = 2 V ny Ny Nz Dd) (2L + 1) Fr (a) Fy (6) Fr (0) 
L 


ie Vm Na ns oD (1 oy 


abc DO, —a,1—6b,.1—c; 


5 1+4a,148,1+4¢; 1), (37) 


5F4 is the generalized hypergeometric function.'? 
For these values of its arguments ;F, may be 
simply expréssed in terms of I functions.'8 
Finally we obtain 


® (ny Np Ns) = 2° V ny nant (a) T (6) T @)T (a+6+ c—1) 
x(T(a+b)la@+olr (+o. (38) 
The final form of the Clebsch-Gordan expansion 
for the functions W is given by: 


Palm, (o) Pali, (o) 


[tes CO 
= = ( dy Si iste? VOL, +f 1) Oh, + 1) 
Vix) 


X NyNgng B (NyNNs) Cire X (hil; jefeles isisls) 
X (f14193 jei20; jsfs0) Y n,m, (@). (39) 
Here we have 
B (NyNohs) — (1/434) | cap) (Ny Noflg) | a 
= sinhzn, sinh tn, sinhtn, [4 cosh > (ny + Ne + Ne) 
xcosh — (n; + ny— Ns) 
=1 
(40) 
*One method of obtaining such relations is, for example, 


the replacement of the variables in (35) by means of formula 
(17) and the utilization of the condition 9B) ,1,1,(1ynyn;)/d a =), 


x cosh =(n, — nz + n3)cosh + (— ny + np + ns) 
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The result obtained above agrees with the results 
of reference 11. | 
Formulas (33) and (35) which give an analytic ex- — 
pression for the Fano function X (j,jql4; jejoles jsi3/3) 
for the case of purely imaginary values of 2j; + 1 
= inj, turn out to be particularly useful since they 
remain valid for the case of real jj. These formu- 
las give a new representation of the Fano function 
which differs from those known previously. The 
integral representation of the Fano functions al- 
lows us to investigate their analytic properties for 
complex values of their arguments. By applying 
analogous methods to the representations with 
ky = 0 we can obtain integral representations of 
the Fano functions of a more general form 
X (jyjilss jojgles 5333/3). 

With the aid of expansion (32) we can obtain 
orthogonality relations for the Fano functions with 
complex values of their arguments. From formu- 
las (29) it follows that: 


\ Basra (Uy, Ug, Us) banks (Gi, tes Us) du,du, 


NyNeht 

= 4n4nz?8 (ns — nj) 5 (Us — us), (41) 
\ Onshans (Wy, Ug, Us) baat (ui, ie Us) ns dns dul 

= 4746 (u; — u;) 8 (Ug — on (42) 


By utilizing (32) we may easily obtain from the 

preceding formulas 

ris B (My, Ma, the) 2) (Ql, + 1) (la + 1) X (iaialss jaiele; isisls) 
Lyle 


X X* (ffs Jojele; ig 44/s) == 0) (n3—n,), 


(43) 


D145 B (yma) (2a + 1) (Ql +1) X (inialas jaiales jsiols) 


ls 
KM (ie Inlaloreteil Mie ree eee 


S , 
Zmim 
2 RSS 


’ dng 


= Sn Te 6 (44) 


mm Oras 
From this, in particular, the following normaliza- 
tion condition for the Fano functions may be ob- 
tained 


(2, + 1) (ls + 1) 
xB (rsmats)| X (inialai iefales ils) |? dmg = 1. 


5. EXPANSION OF THE WAVE FUNCTION OF A 
PARTICLE IN TERMS OF THE IRREDUCIBLE 
REPRESENTATIONS OF THE LORENTZ GROUP 


We now proceed to utilize the results obtained 
earlier for a relativistically-invariant classifica- 
tion of particle states. First of all we consider a 


free scalar particle of mass M. We introduce the 
notation 


sinh «= |p|/M, cosh « = E,/M, w—>(a, 9, ¢), 
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dw = d’p/ EpM?, W(p) is the particle wavefunction. 
Shapiro! has proposed to define the state of a par- 
ticle by means of the basis functions of the irre- 
ducible representation I. These functions fy(v) 
are related to &(p) by the following relations 


co 


¥ (p) =2\ dna a [ey fawn, 


Yer? d? p E,—pv)—-ttin 
cee bo he). (45) 
If in place of fy(v) we utilize the basis functions 


of representation II we will obtain 


r 2 M2 i 
(0) = \ dn ®n(), ©, (o) = ——\ doe “TH y (04), 
0 


cosh y = (EE, + pp,)/M?. (46) 


From (22) we can obtain the following expansion 


a s = pa (—)!+1 Az (n) Tz (n, &) Yim (¥) Yim (2). 


|p| 
(47) 


By utilizing (47) we can obtain (45) from (46). The 
expansion of the wave function for a particle with 
spin was obtained by Zastavenko and Chou Kuang- 
Chao! on the basis of the transformation (45). In 
representation II the analogous expansion has a 
simpler appearance. The wavefunction of a par- 
ticle with spin s may be represented in the form 
Wo(p) =ug(p)f(p), where ug(p) is a column of 
two components uS) and uf$ which under four- 
dimensional rotations transform according to 
equivalent representations, and under reflections 
go over into one another. In the case of spin 4 
they correspond to two components of a bispinor. 
us) transforms according to a finite-dimensional 
representation (cf. reference 5), while f(p) is 
a scalar. 

In order to obtain an expansion of the wave- 
function W,(p) in terms of irreducible represen- 
tations we write f(p) in the following form 

f= > \ dnain (n) “nim (0). 
im 0 


6 


By utilizing results obtained earlier,” we can eas- 


ily write the following equation 


159 (1, 0). Pntm(@) = dy (YI (2d + 2ko + 1) 


Roj 


x ((2L + 1)/(2s + 1) (27 + 114 
x Cl». W (JIsj; lJ + ko) Tr, (1); 


imsh jpso 


(48) 


where 7 = (w, Q2) = (QM, a, Q,) and 
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Tings (1) =D) DI, (Q1) Df, (Qs) QH,, (a); (49) 


Nrege (2) 
J-++s 
f=\|i—s| 


XK (Ore (Bees I]; (n, a). 


(27 + I) [2] + 1) (27 + 1) W (IT + Rofs; iS) 


(50) 


Here o is the spin variable, while A is the com- 
ponent of the particle spin. The angles Q, = (@», 
wy, X2) define the direction of the particle spin in 
the rest system with OZIlp, while the angles Q, 
= (94, 34, x4). define the direction of the momen- 
tum p in the reference system chosen by us; 
tanh a = v/c. 

aie nk : 

The quantities Tjyso(n) are matrix elements 
of the rotation operator in four-dimensional space. 
They transform according to the irreducible infi- 
nite-dimensional unitary representation of the 
Lorentz group which corresponds to a definite 
value of n= —i(2J+1) and ky. The following 
orthogonality condition holds for these quantities 

\ 7 aa) Tig (1) 4 = N83 (n— 2) Sigey Bip Bser Oye Bao" 
d= sinh? da dQ,dQ,, 
N= Qn) *| (2) SI Ciaa cee (51) 


On substituting (48) and (51) into Yg(7) we shall 
obtain the desired expansion 


s 


Vo) = >} \an ort (x), (52) 
kyp=—S 
5 (q) = Nd T2hs0 (om) Ys (mn): 
nRo a nk slik 5 
Tossa (am) = ST 7%, Oa) Tyee Ds (53) 


is 
nny is the angle between the directions which are 
defined by the angles n and 7, in four-dimen- 
sional space. 

For the wave function of a system of particles 
one can obtain formulas analogous to (52). In ob- 
taining these formulas it is necessary to utilize 
the Clebsch-Gordan expansion for the product of 
two To £, (n). This expansion will be analogous 
to the expansion (50) of reference 6, if in that ex- 
pansion we take for C (N,l,Nol,NZ) and C (N,1{N2/5NZ) 
functions which differ from their definition in ref- 
erence 6 by replacing X (J4J4l,; JgJgla; JIL) by 
X (JyI4 + Koly3 JgJg + Kolo; JJ + kol). 


APPENDIX 
According to (27) we have 
Patum, (©) Pnstam, (@) 
= duydily Fr, (0, ta) Fre (0, 4s) fatima) Fata Ua): 


1208 


By utilizing the expansion (29) we obtain 


nl co 
A ee (@) = Sea es (@) = ea =a y ne dns \ du,du,dus Fn (o, uy) 
0 


x Be (w, Us) Bante (U1, Us, Ug) ie (Us), (A.1) 


where, according to the first of equations (29) and 
expansion (32), we have 


Fn, (Us) = Dy it4-4Y (2h + 1) (le + 1) 
ls 
XB ttyl, (Myftotts) Comet, Frnjtym, (Us)- 
Let us discuss the integral occurring in (A.1) 
l= { duzydusdus Fr, (@, Uy) Fr, (@, Ue) 
XBranan, (ay Uo, Ys) fnstyma (Us): 


We introduce into this integral new variables in 
accordance with the following formula 


u; = uj tet, u; = ueu. 
We also have 
Fn, (@. u;) = — (ni[V 4n) [) (uz ute) 2s 2 
= — (ni/V 4n) [d (ujeu)] 2 +8, 
aes (u) = bree (u;) [A (u;8 u) |l-2era +2, (us sul) |—2at2 
x [hs (ugeu) “22, 
du; = du;}{r (u,eu)|*. 


Therefore 


nyo - 7 ey 
= Th \ du, dus dus Oninsns 


X (Wy, Ug, Ug) [A (uge w) J22-2 fnatym,(UgSU). 


A. Z. DOLGINOV and AVN. MOSKADEYV 


Since 
* MENGE , , * 
\ Bnynyng (Uy Ug Ug) du, du, = Booos 
we obtain 
NyNe * 
| = Booo ean (@). 
ng V 4x 


From this formula (34) follows. 
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The stability of flow of a plasma in a longitudinal magnetic field with respect to infinitesimal 
perturbations is considered for magnetic Reynolds numbers Rm X* 1. 


1. STATEMENT OF THE PROBLEM 


‘Tae motion of an incompressible conducting fluid 
in a magnetic field is described by the equations of 
magnetohydrodynamics: 


au, au, K aH, aw . 
td x EGET IS ee mae at Pa aes 
Bien $d, papi 
ae U; di, Hf; 5 =KV"H, Cheol hs 
ou, OH f wH? 
aoa Ss — 0, W = “(p a ea A= ete 
Ox Ox; o 8x /’ Ary.s 


(1) 


Here v is the kinematic viscosity and o is the 
conductivity of the fluid. The character of the flow 
is determined by the values of three dimensionless 
parameters Rg, Rm, and A, where Rg = UcL/v 
is the hydrodynamic Reynolds number, Rm= UeL/A, 
the magnetic Reynolds number, and A = By/UgV41p. 
the Alfvén number. 

The values Ug, Bo, and L represent the veloc- 
ity, magnetic field induction, and size characteriz- 
ing the flow. For certain values of these dimension- 
less parameters, infinitesimal perturbations begin 
to increase with time, i.e., the flow becomes un- 
stable. To find these critical values, we can ex- 
press the unknown as the sum of a stationary term 
and a small perturbation: 


U=U,+u, B=Byt+b, P=Po-p: (2) 


Substituting (2) in (1), we obtain a system of equa- 
tions for the perturbations. We shall assume that 
the stationary velocity and magnetic field are di- 
rected along the x axis, while the z axis is per- 
pendicular to the parallel boundary planes. Conse- 
quently, we are interested in solutions of the form:! 


iGrit) =f Gye E778 . 


Eliminating the velocity from system (1), we obtain 
a sixth order differential equation for the z com- 
ponent of magnetic field perturbation, bz: 


(4-8 ha ow (8) 


m 


ey ee ge IMG eae i (lL? (W — oJk) 
Q (w Rk ) a RRA eS ass iT R, iE 
Cicer ay aad | 
! Rati 1 BRR, (3) 
Here 


W=U/U,  L=d?/d2?— ke. 


The z component of the velocity, uz, is con- 
nected with b, by the relation 


te = (W —-) be + ap (2 — #9. (4) 


The boundary conditions at the walls require that 
0) bn = 0. 


Hence we obtain six boundary conditions for the 
complex quantity bz: 
b,=0, 6,=0, 


(w — 7) be 4 me (6 — k°6,) = 0. (5) 


If we substitute the six linearly independent solu- 
tions of (3) into’ (5), equate the determinant of the 
resulting system of six homogeneous equations 
(i.e., the secular determinant) to zero, and solve 
for the imaginary part of w,;, we obtain the rela- 
tion 


Wz E(x Rms k, A). 


The stability boundary, i.e., the neutral stability 
curve, is found by setting wj =0. This yields the 
relation Rg = Rg (k, Rm; A). Since Eq. (8) is in- 
variant under the substitution z—-z, its solu- 
tions can be divided into symmetrical and asymmet- 
rical groups. We shall limit our consideration to 
symmetrical perturbations only, since these are 

the most unstable in hydrodynamics. 

The problem of the stability of a fluid with ideal 
conductivity has been solved by Velikhov.? In this 
connection the critical Alfvén number for a Poi- 
seuille flow proved to be 0.1. Stuart® has investi- 
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gated the problem of the stability of a fluid with 
poor conductivity. In his treatment the first term 
on the right-hand side of Eq. (4) is neglected in 
comparison to the second term, i.e., it is assumed 
that kRm «1. Stuart obtained a fourth order dif- 
ferential equation in the velocity perturbation. The 
magnetic field enters into this equation in the form 
of the combination q =kA?Rm. Stuart found that 
the critical number q was equal to 0.1. However, 
no unique conclusion was derived by Stuart as to 
the closure of the neutral stability curves. 

The present paper deals with the case where 
kRm “1, which is of particular interest since it 
includes a high-velocity region and temperatures 
on the order of 5,000 —10,000°. In this case the 
starting point must be the differential equation of 
the sixth order, Eq. (8).- 


2. SOLUTION OF THE PERTURBATION EQUATION 


Since large values for Rg entail a loss of sta- 
bility, we shall seek an asymptotic solution of Eq. 
(3) in powers of 1/kRg; 


__ (0) 1 4a) 
be = 0 + ape OP + 


The zero approximation bi) is the solution of the 
fourth-order equation 


[RR (W —/k)? — q — 
— k* [RRm (W —— w/k)* —gq-— iW” 5°) 
(Wah) 100 OR RD), (6) 


where q=kRA’. Once we have solved this equa- 
tion, we can find two symmetrical solutions. We 
shall seek a solution of Eq. (6) in the form of a 
power series in k?: 


BO = by + h*D, + kb, +. 
The first term, bo, is obtained from the equation: 
((W — w/k) 6” —Wbo} = 0. (7) 
The two symmetrical solutions of this equation are 
ba=l, boa = W —ofk'= 22? 


i.e. bp,o = 2527/2 — 24/12, 
where 


z= 1—o/k. 


The second term, b,, is obtained from the equa- 
tion: 


[(w — a — we = 


eat a lee 
+| ig —i#Rn(W — 


y +2 |b +2(w—2) 0, (8) 


iW” po" a8 RRm+2 W’ (W ais «/k) po” 
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Equations for by, b3, ete. can be obtained in an 
analogous manner. From Eq. (8) one obtains an 
expression for the second derivative of the first 
symmetrical solution: 


" . 2 ‘ 4 a9 279 ces 2 2 | 
y1= i ar akc 75 20% 75 20 In 2 (% — z ) i 
ae (2p) a (9) 

From this expression we obtain the quantities 


Biji Bija bit. 

For the next or bo, 1, approximation we omit 
terms not containing Kf, qk”, etc. Thus, the first 
symmetrical solution will have the form: 


be = bo. =e Rb, 3 Se kbs) =f eee 


The expression for the second derivative of the 
second symmetrical solution has the form: 


bia = (%— 20) Rm * Bo,2— ie Ca eae a (2 — 2”) In = 


0 
2 
Dales Ae oh Ola 
+ 1q oe +} qe (20 = 2 iol ee 
0 


Wye 
+ Gp 202" — FB 


oe 2) | Soe dIGh oy as 2) +2 
20 (o-= =  — + % (20 —2")z2 


19 6 ie Lees 
— ikRm 340 Ze + Tos 20 (20 — 2) in 
f 0 


x(4 eh ae 22] | 
From which we can find b,,9; bj,., and bj’,. In 
like fashion we can find the next approximation. 
These series converge rapidly, even for Kew 1 
and kRm ~ 1. The quantity q approaches the 
value © 0.1. 

The third solution of Eq. (3) is assumed to have 
the form 


b, = exp {\ g (2) dz\, (11) 
where 
£2) =VRRe go + g1 + Go/V RR, + O(I/kR,). 
For gy we obtain the expression 
80; 1.2 = tVi(W — ofk). (12) 


However, these three solutions cannot be consid- 
ered correct near the point zg, which is a branch 
point. 

Approximate solutions near the point Zo can be 


found, once the coefficients of Eq. (3) have been ex- 


panded in a series about the z) point. Let us 
change scale and introduce a new variable n: 


Z2— 2) = en, wheree =i (— WokR,)—*. 


4 
0 (2% — 2’) ee 


24+ (a—2) 
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FIG. 1. Neutral curves for R,, = 1; 


curves designated I, II, III, IV, and V \ V 


correspond to the values A? = 0.063, 040 
0.07, 0.09, 0.11, and 0.12, respectively. 


0 40 & 


We now write bz as bz =bz 9 + ebz 4 + €’bz. 9 ae 
and substitute it in Eq. (3). For bz) we get the 
equation nee cs nbs" = 0. There are two solutions 
of this equation which are of the form 


bea [frcn t= (fre 


hi (2) = (220) HY (22) 


(13) 


where* 


These must be combined with the solutions given 
by (11), which are correct far from the resonance 
point. One of these solutions increases exponen- 
tially from the wall toward the center of the flow. 
So that the asymptotic solutions given by (13) coin- 
cide with the solutions given by (12) it is necessary 
to impose the condition: 


(¢ = in). 


This enables us to find the correct path around the 
branch point. Upon passage through a branch point, 
the imaginary part of the logarithm in Eq. (10) is 
increased by (-iz7). 

For the third solution one must form a symmet- 
rical combination of expressions like (11). However, 
the term containing gj. increases exponentially 
from the wall toward the center of the flow and 
therefore contributes but little near the wall. Con- 
sequently one can use the exponential form with 
0,1, which near the point z) passes over into bs 
of (13). 

Thus three symmetrical solutions are found 
which must be substituted in the boundary condi- 
tions, Eq. (5), at z =1. The flow is found to be 
unstable for those perturbations for which the Z) 
point is near the wall, i.e., the expression for b; 
from (13) must be used as the third solution. 

Finally the approximate expression for the 
secular determinant is given by 


——=n<arg6<in 


fe (Gi) oS Hi (k, Ror AX, 20), (14) 


*Here HY denotes the Hankel functions of order 1/3. 


OF PLANE POISEUILLE FLOW OF A PLASMA 
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120 160 200 240 


= Lea ee 
260 ~=—- 320 360 400 440 cs 
where 


ta sea ==(h == 25) (= RRg)*, 


c c 
Ee \\ hyde ¢ \ hyd, 
a2 


one He, oF — or 00 
By fixing Rm and A? and eliminating Zo itis 
possible to obtain the neutral curves k* =f (Rg). 
To solve Eq. (14), the graphical method given 
by Tollmein‘ was used. Plotting the imaginary 
part of F, against the real part, we obtain a 
curve with ¢, as the parameter. Next we fix the 
values of Ry and A? and for various values of 
Z) plot the imaginary part of Fy, as a function of 
the real part in the same diagram with F,. The 
quantity k is the variable parameter along the 
F, curve. The intersection of the F,; and F, 
curves gives the required values for k and Rg. 


3. RESULTS 


The present analysis provides a series of neu- 
tral curves for several values of Rm. Figure 1 
shows a series of neutralcurves for Rm = 1. 

The curves are closed for large values of Rg for 
the values of A? selected here. As Ng increases, 
the curves enclose a progressively narrower area, 
and when the critical value eet is reached, they 
shrink to a point, i.e., any further increase of the 
Alfvén number would result in an absence of in- 
stability. When Ry, =1, the value of A3,j4 lies 
between 0.12 and 0.13, which is to say that this 
value of Acrit is about 3.5 times greater than 

the Acrit for a plasma with ideal conductivity. 
Figure 2 indicates the dependence of Acrit on 
Rm. It is apparent from Fig. 2 that when Ry is 
increased from Rm ~ 3 or 4 to Rm =, the 
magnitude of Agrit varies only slightly. For ex- 
ample, when Rm = 3, Acrit ~ 0.17, and when 


! =f 1 eS) 


see 
16 20 oe 28 32 g6 


0 04 a8 12 


Rm =~, Acrit = 9.1. For a flow with a velocity 
Uc = 10° cm/sec andadensity p = 107° g/cm, 

the magnetic field Heyjt necessary to stabilize 

a fluid with ideal conductivity will be ~ 1,100 gauss, 
while when Rm =38, Herit ~ 1,850 gauss. 

The mechanism of the development and decay 
of perturbations resembles in many ways the same 
mechanism in conventional hydrodynamics. With- 
out going into this analogy in detail, we observe 
that there is a definite connection between the neu- 
tral curves in Fig. 1 and Shen’s curves with con- 
stant wj (reference 1, p.42), which as wj in- 
creases become closed. As the magnetic field is 


A. TARASOV 


FIG. 2. Dependence of Acrit on Rm. 


a SS Se 
Rm 


increased only those perturbations cause instabil- 
ity which increase at a rather fast rate. 

In conclusion I wish to thank E. P. Velikhov for 
discussions on the questions dealt with here. 


'C.C. Lin, The Theory of Hydrodynamic Stabil- 


ity, Cambridge, 1955 (Russ. Transl., M. IIL, 1958). 


28. P, Velikhov, JETP 36, 1192 (1959), Soviet 
Phys. JETP 9, 848 (1959). 
3J. T. Stuart, Proc. Roy. Soc. A221, 189 (1954). 
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Dispersion relations for the scattering of y quanta by nucleons with one subtraction are con- 
sidered. For forward scattering six relations have been obtained which do not contain unknown 


constants or infrared divergencies. 


iS Dispersion relations for the scattering of y 
quanta by nucleons have been considered by a num- 
ber of authors.!~* The presence of infrared diver- 
gencies, however, limits the applicability of these 
relations for the analysis of the experimental data. 

In the present paper we derive dispersion rela- 
tions in a form which is convenient for practical 
application. In a forthcoming paper’ we shall use 
these relations in the discussion of the scattering 
of y quanta near the threshold for meson produc- 
tion. 

Before discussing the dispersion relations for 
the scattering of y quanta by nucleons, we con- 
sider in somewhat more detail the kinematics of 
the process. Let k and k’ be the momentum 
four-vectors of the incident and the scattered 
photon, and p and p’, those of the incident and 
scattered nucleons. These quantities are related 
by the conservation law 


k+ pi= koa pi’ (1) 
We introduce the notation 
P= (p+ P’). 
Following Prange,® we choose the following four 
orthogonal vectors as basis vectors: 
P’ = P—(PK)K/K?, K= =(k+®’), 
Q= 4 (Rk), Mp = deus PrKvQe- (2) 
The scattering amplitude can be written in the form 
ott =U (p’) &.N yer (p), (3) 


Nupy can be expressed in terms of invariant func- 
tions, 
No = 18, Cos Mf» (4) 
where 7° are the four basis vectors of (2). 
Gauge invariance requires that e’k’ = ek = 0, 
ki Nyy = 0, and Nypkp = 0. As a consequence, 


Nyy consists of a sum of eight invariant functions, 


A find of the two invariants Mv = —PK and 


Q?: 
Q2 


CN uses ~ MP2 — Q2 (Q2-— M2) (e'P’) (eP’) [#14 ikow 9] 


’ M3» 


(5) 
1 ; an 

+ oT —OF OE Ta] (CN) (EN) [os + thera] 

— Er a (eP’) (eW) 

| t 

Mv? — Q? (Q? + M?) 


— (e'N) (eP’)] ¥5 [#5 + ikew,] — 


X [(e’P’) (CN)+(e’N) (CP) ] 15 §%s + ikewg]. 


The normalization factors Q’/{ M’v? —Q?(Q? + M’)] 
have been introduced for convenience. 

It can be shown that the following relations hold 
in an arbitrary system (thus, in particular, in the 
Breit system and in the center of mass system ): 


Q? (e’P’) (eP') (e’%) (ex’) __ (e*k) (ek’) 
Mx? — Q?(M? + Q2) |x| |x ]sin26 sint@ ’ 
(e’N) (eN) _(e’ [kxk’]) (e[kxk’]) _ (ee) (ee) 


My? — Q2 (M2 + Q2) sin? @ Sinan 


= [(e’P’) (eN) # (e'N) (eP’)] __ (ek) (ee) F (e’e) (ek’) (6) 
M2v2 — Q? (Q? + M2) sin? 0 : 


where K=|x|k; 6 is the angle between k and k’ 
k and k’ are unit vectors along K and K’: p 
=k xk’. We prove (6) in the Breit system, where 


P=0, P’ — — (PK) K/K2=—MvK/Q. (7) 


The following formulas are easily seen to be cor- 
cect. 


|x| = hyo = Mv/V QM, (8) 

2Q? = ko (1 —cos 8), (9) 
Mey? — Q2 (Q2 + M2 Re 

Kg? = EE =F (1 +.c088). (10) 
Multiplying (9) and (10), we obtain 


9 — SIME — (Qt + MY] 


G+ We i 


ph 
Orton 
Z sin 


With the help of (8) we write (11) in the form 
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k2 sin? 0 = 4Q2 [M22 — Q2(Q2 + M?)]/ M22. (12) 


From (5) and (7) we obtain, finally, 


Q2 Mev? 1 r»__ (e%) (ex’) __ (e’k) (ek’) 
EEE HM TEV = ag — sink 3 


Using the formula 
N=—VQ4+M™?- 


the remaining equations of (6) can be proved in an 
analogous fashion. As is known, the requirement 
of invariance under time reversal (or, as will be 
shown below, the requirement of “crossing symme- 
try”) reduces the number of independent invariant 
functions to six (#7 =“, = 0). 

The general expression for the amplitude for the 
scattering of y quanta by particles with spin 3 can 
be written in the form* |! 


&M = Rie (ee’) + Roc (Sc) + iRze (6 [e’x €]) + iRac (6 [S;x Sel) 
+ iRse[(eke) (se) — (¢k;) (se’)] 
a iR¢e ((ok;) (s,e) aad (ek) (e’s.)], (15) 


where R,, Rz, and R; describe the electric, and Rp, 
Ry, and Rg describe the magnetic transitions; e and 
e’ are the polarization vectors before and after the 
collision; s =k xe, s’=k’ xe’, where k and k’ are 
unit vectors in the direction of the momentum of the 
y quantum before and after the scattering; the label 
“c” refers to the center-of-mass system. 

The expression for o»## containing the terms not 
higher than those linear in the energy of the y 
quanta”? '3 can be written in the form 
om = —e*M 1 (ee’) + ieM™ (2u — e/ 2M) ve (¢ [e’x e}) 


kok’ J, (14) 


Hl 


+ 2yve (6 [s.xs']) + ieM uv, [(ek’)(os.)— (e’k-)(¢8c)] . (16) 
With. the help of the relation 
(as’) (ek’) — (es) (e’k) 

= — 2(¢[e’xe}) + (ck’) (es’) — (ck) (e’s), (17) 
we can bring (16) into the form (15). Here 
Ri = —e?/M, R2=0, R$ =—2(e/2M)%, Ri = —2u,, 

R3=0, Re = (e/ M) pv. (18) 

We write the scattering amplitude in the Breit sys- 


tem in the form (15), and obtain from a comparison 
of (15) and (5) the relations 


Ry sin’ 6 = E (o#; cos 4 + #3) /M — ky (2cos 6 + of), 
Rzsin? 8 = — E (ov, cos 8 -+ 0&1) /M + Ry (M+ 4 c08 9), 
Rs = Roe, /2M, Ry = — koe! 4/ 2M, 
ke 
Rssin?6 = 57 (#,cos 0+ #,) 
— £* (1 + cos 6) o@,— 2 (1 — cos 6) o#, 
k2 
R,sin? 6 = — 3 Ah etn 2 C088) ox + cos 6) 


x of, — 50 (| — cos 6) of. (19) 


It is easily seen that for 9-0 we obtain (E = M, 
Ky = V) i 
Ri + Ralony = (1 — %s — V2 — a) I; i 

R3 | poo = V% 2/ 2M, \ 

Re|png = — V%4/ 2M, 

Rs-+ Rie = [v2 y— 4) + Mv 6] /4M. (20) 


It can be shown’ ‘ from the general principles of 
quantum field theory that eae oj, aS functions of », 
are analytic for 9 =0 (Q? = =())) and, or 


(2M + m_) (6M? + 9Mm,, + 4m?) 


Q? <a Qinax = 4M (M =u m,.)? m> Pz 3m?, 


where m, is the mass of the 7 meson. 

Regarding the forward scattering amplitude, one 1 
usually restricts oneself to two dispersion relations | 
for the functions R; + Ry and Rg + Ry + 2Rs + 2Rg. | 
It is seen from formulas (20) that for 6 =0 we ac- 
tually have four dispersion relations for R, + Ry, 

Rz, Ry, and Rs + Rg separately. 

2. The retarded causal amplitude for the scatter- 

ing of photons can be written in the form 


@ (p’) Nov U(p) = —2n*i(pop,, / M?)" 


x (atze-C'| (20) [in (5). X-Z)]e->- en 


Analogously, we can write for the advanced causal 
amplitude 


@(p’) Nasu (p) = — (2n*) i (pop, / M2)" 

x { dtze-" Cp'|8(— 2) [in (F), b(—F)]|e>- 22) 
We define the quantities Dyy and Aupy by 

Duy = (Nov + Ng ) 2, Apo = (Nis Ng 7 21 28) 


Taking the complex conjugate on both sides of (21) 
and recalling that ip is a Hermitian operator, we 
get 


BNio” (p'R'pk) B= Nev (p —k'p’ —R). (24) 


Changing the order of iu and jp inthe commutator 
in (21) and replacing the integration variable z by 
—Z, we obtain 


Nus (p'k'pk) = Nis” (p' — kp —’).. (25) 
Substituting (5) in (24) and (25), we have 


Ms (vy, Q*) = oA oa Oe M54 (Y, Q’) = — #,,(—v, Q?), 


Msg (v, Q *) = 56 (—9,:Q*), Ag iet — 0, (26) 


With the help of (26) the dispersion relations can be 
easily written in the form 


Dire sre (V5.0 yee ere Au 3,56 ( Be ies 
0 


DYyGxo) 22 Pi aval (27) 
0 


aa 
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Let us consider the dispersion relations for Ar 
= 0, when the Breit system coincides with the 
laboratory system and v becomes the energy of 
the y quantum in the laboratory system (l.s. We 
We obtain two dispersion relations by simply 
setting GQ = 0) in (27). Four more relations fol- 
low if we first differentiate with respect to Q? 
and then set Q*=0. Since the dispersion rela- 
tions for -“) 4 inthe e? approximation contain 
infrared divergencies of the type 1/v — 1/19, we 
find that for Q*=0 the only dispersion relations 
of practical use are those for the combinations 


R,+ R,=1l, R,+R,=L:, 


and for the quantities 
R,=L;, Rg= Lae 


which do not contain terms which become infinite 
for v—0. For Q?=0 wehave L= L(v), and 
it can be shown by comparing (20) and (26) that 


Li(—v=L,(), Le3,4(—v) = — Le, 5,4 (v)- (28) 


We can therefore write down the following disper- 
sion relations for these quantities 


ReL,() —ReL, (0) =P \ 


Yo 


Im L; (v’) 
v’ (v2 —y?) 


iz 
dy’, 


Im L (v’) 
2, 3,4 dy’, 


vy’? (y'2 — v2) 


‘i 23 C 
Re Ls, 3, 4 (v) — vRe La, 3, 4 (0) = — P| 


Vo = Mz (1 + mz/ 2M). (29) 


We shall derive two more dispersion relations in 
the following section. 
From (18) we find 


; ot v 
Rel, (0) =—e/M, vRel, (0) =Ge=Gx Mw? 
é , e\2 4 @& Yo VY 
B= sah, yRe Ls (0)= — 2(s47) aa ate 
yReL=—Bw=—FGM He? BO) 


The first of the relations (29) is brought into the 
usual form by using the optical theorem: 


ve pts (v’) dv’ | 


Re[Ri) +R2oMl=— Stas P\ SEG; (29") 


it then coincides with the relation obtained by Gell- 
Mann, Goldberger, and Thirring.! 

3. In the center-of-mass system the quantities 
Ric, ---»Rge can be expressed in terms of the 
scattering amplitudes in states with definite angu- 
lar momentum and parity. 

Let us denote the amplitudes for the electric 
dipole transitions with total angular momentum 
, and *%% by & and 63, respectively; let &) be 
the amplitude for the electric quadrupole transition 
with total angular momentum ¥,, and likewise M1, 
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M3, and M, the amplitudes for the magnetic dipole 
and quadrupole transitions. We must further intro- 
duce the amplitudes C’ (M3, @)), C’ (8, Ms), 

C’ (83, M,), and C’ (Ms, 83) corresponding to the 
transitions from the states j into @,. Invari- 
ance under time reversal requires that 


C’ (Ms, Bs) = C’ (So, Ms), C’ (Ss, M2) = C’ (Me, Ss). (31) 
Finally, using the technique of projection oper- 
ators, we find for states with j < % 
Ric = 6; + 263 + 26, cos 8— Mp, 
Roe = M, + 2M; + 2M, cos § — Ss, 
Rg = & — 8; + 28, cos6+ +, + V 6C’ (Ss, Me), 
Rac = My — Ms + 2M, cos 9 + + S,+V 6C’ (Ms, G2), 
Ree = — 8 —V 6C’ (Ms 8) = —8,—C (Ms, 8), 
Rec = — M2—V 6C’ (3, Ms) = — M, — C (Bz, M2). (32) 
Using the relations (16) and (18), we can separate 


out the energy dependence of these quantities for 
Ve — 0 in the form 
Bit 283=—e/M, &—8&=—[2(e/2M)*—ep/M) ve, 
&=0, m= — Aur, /3, 


CLG 0, 


Ms = 27v_/3, Ms aa 0, 
C* (6s, M2) = — epve/M. (33) 


In addition to (29) we can derive two more disper- 
sion relations by differentiating 


Rs = koM%o/2M and Ra = kye%,/ 2M 


with respect to Q? and then setting Q?=0. The 
factor. kf in R3 and Ry goes to v? for Q*—0 
and thus compensates for the possible infrared 
divergency in # and 4. 

Let us now consider the quantity 


ke My? 2 (v,Q?) 


Ra= 3 “2 = 2 VOR + ME 


If M,(v, Q*) is an analytic function of v for 
Q? < Qlhax, then R3 and 0R;/8Q? will also be 
analytic functions of v. Since the contribution of 
the one-nucleon state to R3 has the form 


Dw / (ve —v?), 
where D is some constant and vp = Q’/M, it is 


at once clear that 


0 wep 
5@? ey 


D =(); 


2 ores 
i.e., the contribution of the one-nucleon state to 
the dispersion relation for 0R3 /aQ? for Q*=0 
reduces to zero. If we restrict ourselves to the 
states included in formulas (32), we have 


OR; /0Q? = — 263 (v)/v?. (34) 
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For these same states 8 (v)/v? will be an analy- 
tic function of v whose crossing symmetry agrees 
with the symmetry of R;. Then the dispersion re-— 
lations for &( v)/v can be written in the form 


R Ba(v) oye Im @, (v’) dv’ _ dv ae Gy (v’) dv’ 
ad, Opa =\ yi2(y’2— y2) ow Sv’? (v2 — v’) 
0 Yo 


or, finally, 


Red, 6) = 22( 


Yo 


Im &, (v’) dv’ 
FIG . (35) 

Combining (33) with the dispersion relation for 
R, + Rg, we see that 6,(v) and C(é), M3) obey 
separately the dispersion relation (35). 

Analogously, by considering the derivative of 
Ry, we can show that M, also satisfies the dis- 
persion relation (35). For the states included in 
formulas (32) it was possible, in the final result, 
to obtain six dispersion relations for the eight 


quantities characterizing the scattering of y quanta. 


We did not succeed in removing the difficulties con- 
nected with the presence of infrared divergencies 
in the other relations. The repeated differentiation 
with respect to oe gives rise to the appearance of 
unknown constants, which have been calculated by 
some authors with the help of perturbation theory 
and which can be determined experimentally if 
sufficient experimental data are available, in anal- 
ogy to the procedure used in the scattering of me- 
sons and nucleons. In the present paper we shall 
not employ this method. 

To carry out calculations with the help of the 
dispersion relations for the scattering of y quanta 
by nucleons, we require rather detailed data on the 
amplitude for photoproduction. From the available 
data we may conclude that Im ®, = 0. If we fur- 
ther use ©} =0, we find 


My = 0. (36) 


With the assumptions 
C (Mo, é3) =C (8s, Me) =C° (83, Me) = — envy / M, 
M, = M] = — 4y2v/3, 


which do not contradict the available experimental 
data on photoproduction, the number of dispersion 
relations will agree with the number of functions 
introduced. 

To calculate the imaginary parts of the ampli- 
tude we make use of the unitarity of the S matrix. 
For y quantum energies below the threshold of 7 
meson production the imaginary parts of the quan- 
tities R,,...,Rg are small. Above the threshold 
the imaginary parts of R,,...,Rg are determined 
by the unitarity requirement on the S matrix. 


LAPIDUS and CHOU KUANG-CHAO 


Neglecting the terms which are quadratic in the 
electromagnetic interaction, we obtain the relation 


i[“@t (— kes =e, Ke —e, = ¢) — Mh (k’, €3 k, é, s)] 
ca s dQ (q,) (ine (q,, k’, e’, ¢) T yon (q,. k, e, s)] 


+ Ze) dO (qo) [TFon0 (do, K's €', 8) Ty+2 (dos Kk, €, 8)], (38) 
where 
yon (Q, Kk, €, 0) = iEy (#¢) — My {({kexe] q) — i (a{{ke<e] a))} 


— M,{2 ({kxe] q) + i(¢ [[kx e] q])} 
+. + E, {(sk) (eq) + (e) (kq)} 


is the amplitude for the photoproduction of pions 

on a proton. For the lowest states E, corre- 
sponds, as is known, to a transition from a state 
with angular momentum J= ve and negative parity 
accompanied by the creation of a meson in the S4/9 
state; M, corresponds to a transition from J = yy, 
with creation of a meson in the pj;/, state; M3 and 
and E, correspond to a transition from J =" 
with creation of a meson in the p3/, state. It fol- 
lows from (38) that above the threshold 


Im Rye = ve{| Ex? + | Es|?cos 9} = %eAs, 
Im Roe = ve {| Mi |? + 2| Ms |? —| E2|°/6} = veAs, 


(39) 


hin ee Boma. 
Im Rye = Ve { | My |? —| Mal? +-| Ea /?/ 12 + (E2Ms 
+ EyM3) / 2} = veAs, 
Im Rse = — ye {| E.|?/6 
+ (E2Mz + E2M3) / 2} = veAs, 


Im Ree = 0. (40) 


It is easily seen with the help of (40) that the total 
interaction cross section for the y quanta is 


o4=(4r/v-) Im [Rj-(0°)+ Ree(0°)] 


=4n[]E.) +|Mi/? + 2] Mel?—| Eo //6), (41) 


this agrees, as it should, with the total cross sec- 
tion for the photoproduction of 7 mesons.!4 Using 
(40) we obtain 


e8) 


Re & (v) as : =| 


+ 
dv’ |E,P +125? 


T v’ y/2 v2 ’ 
ioe) 
2 5 , ave dv | Me P+ | Moe 
Bee Oe aa ae = ane os ae 
5 p 2, Y 
Re [@, (v) + 28 (v)] = — aT 
jee) 
vz dy’ (60 + 
+ 33 \ ae ) Re 8(v) — 2Re [Ms(v)—MS], 


Yo 


Re [&; (v) — é3 (»)] 


PT hacen? wate v8 dy’ | Ex? + | ES | 
Bea —qre|yt = \ y’ sR oe ’ 
co . * 
ReC (Ms, &:)=Re C (B,, ®,) = a dy’ (Re E, Ms)*+(Re Ey Mg)° 
tT v’ yes ya 5 


Vo 


(42) 


g 


i 
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The contribution from multiple 7 meson production 


and from the production of other particles is neg- 
lected. If it is shown by further analysis that 

Im M, # 0, it is not difficult to take this into 
account. 
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It is shown that a strong electromagnetic-gravitational wave possesses a system of recti- 
linear and parallel characteristics so that the velocity of propagation of any small additional 
disturbance will always be equal to that of light. Therefore, it cannot be expected that there 
should exist solutions with a Euclidean metric at infinity which would be qualitatively differ - 
ent from ordinary electromagnetic waves in finite spatial regions. 


je is well known, there exist two points of view 
with respect to the present situation in classical 
field theory. For many years the point of view was 
held, and is still held by many now, that a unified 
classical field theory has not yet been developed, 
and that one may hope that such a world geometry 
might be constructed from which certain new uni- 
fied field equations of gravitation and electromag- 
netism will be obtained in a manner similar to that 
in which the gravitational equations are obtained 
from the Riemann geometry. Moreover, the uni- 
fied form of writing Maxwell’s and Einstein’s equa- 
tions! which has been achieved already is consid- 
ered to be of no consequence as it introduces no 
new physical ideas into the theory. 

The other point of view consists of supposing 
that the existing classical field theory has received 
its final formulation, and that no further improve- 
ment of electrodynamics through its geometriza- 
tion (in essence, and not in form) is required.” 

Of course, in such a case, one has in mind a 
field not containing any particles, since particles 
are quantum and not classical objects. The energy- 
momentum tensor Tj, for matter refers already 
to a macroscopic, phenomenological theory. There- 
fore, the problem of the existence of a unified clas- 
sical field theory may be solved only for a field 
not containing any particles. 

It is difficult to imagine an actual experiment 
which might decide this question. Therefore, one 
has to seek confirmation of the theory in its in- 
ternal consistency. 

At the basis of contemporary gravitation theory 
lies the assumption of the Riemann character of 
space in which only continuous and single valued 
groups of transformations are admitted. All con- 
sequences of the equations of gravitation and elec- 
trodynamics must not contradict this assumption 


and, naturally, must also not be contrary to the 
well known properties of continuity of the electro- 
magnetic field. 

The equations of Maxwell and of Einstein belong 
to the hyperbolic type, with the coefficients of the 
derivatives being themselves functions of the un- 
known quantities, i.e., of the components of the 
metric tensor. Equations of such type do not al- 
ways have continuous solutions. For example, in 
gasdynamics continuous solutions obtained from 
smooth initial conditions sometimes lead to the 
necessity for the appearance of discontinuities, 
i.e., of shock waves.? A similar situation would 
be completely inadmissible in classical field theory, 

@since it would contradict the basic assumption of 
the Riemann nature of space or of the continuity of 
the electromagnetic field. It would be desirable to 
show that such discontinuities never arise by start- 
ing from the equations in their most general form. 
However, so far we have succeeded only in consid- 
ering the metric of a more special form, which was 
adopted by us earlier.’ It generalizes to a certain 
extent the Einstein-Rosen metric.’ The present 
work differs from that of references 4 and 5 by the 
fact that in it the electromagnetic field is treated 
on the same basis as the gravitational field. 

The principal result of the present work con- 
sists of the fact that for the chosen type of metric 
there always exists a coordinate system in which 
each family of characteristics consists of parallel 
straight lines. The velocity of any additional small 
disturbance, gravitational or electromagnetic, in 
this system of coordinates is always equal to the 
fundamental constant c. Disturbances do not over- 
take each other, therefore discontinuities can never 
arise, in contrast to the equations of gas dynamics. 
Thus, the results which we have obtained provide 
evidence in favor of the position that the contem- 
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porary classical field theory requires no further 
improvement. 
We now consider the propagation of a wave. 


We start by assuming a metric of the following 
form* 


— ds* = Adx? + Cdx? +. 2Bdx,dx3 + Ddxe—— Adx?, (1) 


where the coefficients A, B, C, D, are regarded 
to be functions only of x, and x, (it is sufficient 
to assume this for the investigation of the charac- 
teristics). Maxwell’s equations for the contravari- 
ant components of the electromagnetic field have 
the following form 


a FMV =8) = 0, (ea) 
2 FYB) + 7 (FAV=g)=0, 2b) 
i (F™V 2) +2 (FHV =e) =0, i) 
3% (pay) eo 


From equations (2a) and (2c) we see that F!4= 0 
so that the field may be regarded as purely trans- 
verse. Therefore for the components of the energy- 
momentum tensor we obtain the following expres- 
sion 


ti Ahad eg ght gol Fae s)e 9 (8) 
Therefore 
(0 Sees rt (4) 
from which it follows also that 
T; = —T3, (5) 


since iM =0. 

We now write down Einstein’s equations for the 
components of the contracted curvature tensor Ro, 
Ro3, R33 (cf. reference 4). We choose the units for 
measuring the electromagnetic field in such a way 
that the gravitational equations should have the fol- 
lowing form Rj, = Tix (the subscript on the sym- 
bols C, D, B, a denotes differentiation with re- 
spect to xX,, X4): 


Cag — Cy + (200) 
+ KE, (By a CD; + Cada a Bi] == 2AT 29; 


(Cio, —— Cet: 


Be Dh Co)! (Dia — Dio, 
EOD Be OD aa CzD = Bi) v= 2AT ss; 
Be Bae Oey (Bia, — Bits 
+ 2B (B?—C,D, + CxDs — B)] = 2AT 23 
(o=CD.— B). (6) 


We multiply the first of these equations by D, the 
second by C, the third by — ma and odd On taking 
into account the fact that g?* = Da7}, gone Oger 
g*> = —Ba-!, we obtain on the right hand side 

15 a De = 0, in accordance with (5). On the left 


Hand side, as was shown in reference 4, we shall 
have 


1/, ‘aif 
aut — %qg = 0. (7) 


It is particularly convenient to choose for the solu- 
tion (cf. reference 5): 


= (CD— B’)\" = x, (8) 


From the eobalons for the components Ry, Ry 
and Ry, we obtain* 


Ly — (4%,)7 (Bi + Bi 
Ly — (2x;)7 


C\D, — C,D,) = %4T sa, (9) 


* (2B, B, — C,D, — C,D)) = 41 T 4. (10) 


Here L=I1nA1/?. The indices 44 and 14 on T 
are tensor indices. 

We now prove the compatibility of (9) and (10). 
In order to do this we first of all calculate the dif- 
ference 


fo 0 
seg (64T aa) — 3 (Tae) = — (522 (ATH + 52 (ATH) 


" se V=6 =¢7))). 


In accordance with the ese Lion ah is =0, expres- 
sion (11) is equal to v -g PeTh By utilizing the 
values of the Christoffel symbols and (4) we obtain 


) i) 
Ox, (%1T 44) — Aa (x17 4) 


TH+ eV (11) 


= V Dg (V5, Tate Viel s ee lagl saat a) (12) 


which in turn can be reduced to the following form 
(Zhe 


On substituting the second derivatives of B, C, D 
from (6) we see that (9) and (10) do not contradict 
one another. Thus, the metric (1) chosen by us is 
compatible with the assumption that the electro- 
magnetic field is transverse. 

We now obtain the characteristics of the wave 
equations of the electromagnetic field. In order to 
do this we write Maxwell’s equations in mixed 
components Fi. To the equations (2b, c) we must 
also add the first pair which follows from the fact 
that Fy,k = Ai,k — Ak,i? 


(To2C4 —- T33D4 — 2T 23B,). (13) 


2 y OF? 
Oh eee 2 OF 4 10, VG 3 ANG 
Xy Ox XP i OX 0, Xy Ox, OPFy Ox4 : 
0 2 3 Go 
2 -CFi+ BF c= ae 
0 ppt DFP BP = DF = 0a) 
Ox4 it 1 OX, 4 Ox, 3 
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On constructing in accordance with the general 
rule the characteristic determinant (cf. reference 
6), we obtain 


| 1 aK 0 0 | 
ie ot a ae abit dys yo 
(Hk. ee 8 DAw <= 


Consequently, it has the double roots A =#=1, 

i.e., small additional electromagnetic disturbances 
are propagated with the fundamental velocity also 
in curved space. The same was proved in refer- 
ence 4 for gravitational disturbances propagating 
in a space with the metric (1). Here we have shown 
the compatibility of the two assertions. Thus, the 
propagation of an arbitrarily strong electromag- 
netic wave through space cannot lead in classical 
theory to a violation of the Riemann nature of the 
metric. 

We can also make a remark with respect to 
solutions which have a Euclidean metric at infinity. 
In regions where the metric is Euclidean, the elec- 
tromagnetic field can only be of the type which is 
obtained from the ordinary Maxwell equations with- 
out taking into account the general theory of rela- 
tivity. But this field is connected by fixed recti- 
linear characteristics with regions of space having 
a non-Euclidean metric. Therefore, the field in 
curved regions of space cannot differ qualitatively 
from the result which would be obtained in Euclid- 
ean space. In other words, there is no basis for 
asserting that in the general theory of relativity 
there arise such new solutions of the equations of 
electrodynamics which do not have Euclidean ana- 
logs. 

Therefore, it is doubtful that there exist so- 
called “geons” postulated by Wheeler’ as exact 
nonsingular solutions of the equations of gravita- 
tion and electromagnetism in which the electro- 
magnetic field contains itself within a finite vol- 
ume by gravitational forces (the field in a finite 
volume which is in thermal equilibrium perhaps 
could contain itself, but this would correspond to 
approximate solutions ). 

For the same reasons one can doubt another 
prediction by Wheeler,’ that the presence or ab- 
sence of charges may be explained by the topolog- 
ical connectivity of space. On continuing the rec- 
tilinear characteristics from infinity into the non- 
Euclidean region, we cannot expect that this will 
be accompanied by a change in the topological 
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connectivity. Both conclusions stated above con- 
cerning “geons” and “topological charges” are 
also reached in the course of an analytic investi- 
gation of the equations.* 

Naturally, this refers only to the case of the 
solutions discussed above which depend on two 
variables (x; and x4, or x; and x2, which is 
algebraically very similar, although it leads to 
elliptic equations). It still remains to investigate 
what happens when the solutions depend on more 
than two variables. The following consideration 
may be used as an argument against the existence 
of three-dimensional “geons.” As is well known, 
a two-dimensional potential well is always capable 
of retaining a bound particle in quantum mechanics, 
while a three-dimensional potential well is not al- 


ways able to do so. In other words, the wave equa- | 


tion with variable coefficients has a solution which 
decays exponentially at infinity in two dimensions, 
while the analogous equation in three dimensions 
does not have such a solution. But we see that a 
similar equation in gravitational theory does not 
have decaying solutions even in two dimensions. 
Therefore, there is reason for supposing that 

a fortiori it does not have a three-dimensional 
solution of such a type. 
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*For example, the potential of a cylindrical wave is equal 
to » = 2 tanh [4J (kx, cos(kx,)] in agreement with the usual 
expression for it @) = J, (kx,)cos(kx,). 
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Two-row matrix formalism is used for the description of polarization phenomena in the col- 
lision of two Dirac particles of arbitrary energy. Radiative collisions of two polarized elec- 
trons are considered. The structure of the general formulas for the polarization parameters 


after the collision is investigated, and concrete calculations are carried out in the ultra-rela- 
tivistic and nonrelativistic limits taking into consideration polarization of the target electrons. 


A considerable number of papers!-6 has been 
devoted to radiative collisions of two electrons or 
of an electron and a positron. However, polariza- 
tion phenomena are not discussed in these papers. 
The present paper has two aims. The principal aim 
of the paper is the general investigation of polari- 
zation effects in radiative collisions of two elec- 
trons, and the calculation of the polarization pa- 
rameters in the ultra-relativistic and the non- 
relativistic limits. Our second aim is the appli- 
cation of the formalism of two-row matrices to 
the description of polarization phenomena in the 
collision of Dirac particles of arbitrary energies; 
in our opinion this leads to a certain simplification 
of awkward calculations since it avoids the neces- 
sity of introducing projection operators into the 
formulas. 


1. DESCRIPTION OF THE POLARIZATION OF 
DIRAC PARTICLES BY MEANS OF TWO-ROW 
MATRICES 


In the first nonvanishing (Born) approximation 
the use of a covariant four-row density matrix’ 
for the description of polarization phenomena in 
the collision of Dirac particles is not unavoidable. 
Indeed, the wavefunction of a free particle, normal- 
ized per unit volume, may be represented in the 
following form (we everywhere set h=c=1) 


‘ (2) E+ "I> 
(aaa Ae Ne 
i= (10 )(E) aa) 


where 


c) (2) OL cake Cee ee) 
met ahi x pa? Ob) 
We define the elements of the density matrix in 
the following manner: 
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pap = Siw CPCs” (a, 8 = 1, 2), 


where wi) is the probability of the pure state 
u{) occurring in the mixed ensemble. Then 


o = (1. $6) 22; (2) 


Here 0 = (0;, 09, 03) is the Pauli vector operator; 
 =Sppo= w® 6 go 
is the average spin of the particle in its proper 
coordinate system (in units of f/2), or the po- 
larization vector. Expression (2) which is ordi- 
narily used only in the nonrelativistic limit com- 
pletely describes the polarization of a free Dirac 
particle in the general case. 

The four-row density matrix’~* with elements 
Pr =ujuK (1,k =1, 2, 3, 4, normalized to the vol- 
ume E/p) is related to p by the following simple 
expression 


/ sp 

: ag ete ae da 

th op __ (Sp) p (Sp) (“ae 
E+ p 


M (3) 


(EB .)? 


We now go over to a system consisting of two 
Dirac particles with four-momenta p, = {p,, iE;}, 
Pp, = {p», iE,}. If for the description of polariza- 
tion we utilize parameters taken in the proper co- 
ordinate systems of each of the particles, we may 
carry over the nonrelativistic formalism developed 
by Wolfenstein and Ashkin’® and by Dalitz!! without 
any changes directly to the case of arbitrary p, 
and py». In this case the density matrix of two 
Dirac particles is given by 


ot?) we = {1 x 1 ® a 1 y (6) 


1 (2) 
4 (6%) x 1% + > Tin of) x a zl, 
i,k 


(eos) (4) 
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where X denotes the direct matrix product; c”) 
Bs (¢(), cit), city c2) = (<2, of2), ¢2)) are the 
average spins in the states p, and p, (after re- 
duction to the rest system); Tjk is the polariza- 
tion correlation tensor. 

For independent particles we have 


a => an x a, IP igs = eo a (i, k — It. 2, 3)e (4a) 


We consider the collision of Dirac particles in 
which a transition occurs from the states p; and 
p, into the states qy = {qy, iWi}, 2 = {q2, iWe}. 
We denote the polarization vectors for the par- 
ticles before collision by ¢{!) and ¢{”), and after 
collision by ce and ¢@). We note that an ex- 

Cit ci?) 
Coi C22 
may be brought, in virtue of relations (la) and (1b), 
into the form (g’* Dg), where 


cd op, (Sp’) Coe (Sp) 
Ban Pipe g Cat we Oia eae 1 (E +p)? \ 


al) Gey" - 


From this it follows that in the Born approximation 
the element of the scattering matrix S between 
states of complete polarization for each of the par- 
ticles may be written with the aid of the first com- 
ponents of the Dirac wave functions. 

Let o, 9, of, of be the first compo- 
nents of the wave functions in the states corre- 
sponding to {ait}, fart}, {pitt}, {pots}. 
Then for identical particles we have 


aie tas BUNS Coie yeo.cee) 


9" Ava) PP} fo” Beay 9} 


pression of the type (u’* Cu), where C = 


T 
a ae 


ai > ioe” Aa) "3 fo", Be) 0°} (6) 
a, B=1 

Acq) and Bcq) are two-row matrices, A(q) 
and Bq) are obtained from Ag) and Bq) 
by means of the replacement q, qd», n is the 
number of matrices Aq). If a photon is emitted 
in the collision, then one of the matrices Aiq ) 
and Bq) is a linear function of the polarization 
vector e. 

The density matrix after the collision is related 
to the density matrix before the collision by the well 
known expression 
oh?) ass Siaee Seay Sons Sou Sam 


By regarding the particles before the collision as 

independent, and by going over to the two-row ma- 
trices A(q), Bia), Ata), Bia), we obtain for the 
case of elastic scattering 


D = Spyz Soh St = > {(Sp Aca po” Ah) (SP Bea 0" Bi) | 


%, B=1 


+ (Sp Ata op? Aid) (Sp Bia oh? Bis) 


— 2Re (Sp Aca) pt) Aid Be ps” BA)}, (7) | 


co * Sp.26% Sp” st 
n 
= 1 Si(Sp Ave of? Ach) (SP Bra 08? BS) 
«,B 


+ (Sp Aa) 96” A®)(SP eB po” BG) 


—2Re(Sp ¢ Aol? Ad Br 08? Bi)}, (8) 


Spy 5o" So Ge 


1 {(Sp Ace 05? Alb) (Sp ¢ Bix) 05 Be) 
as 


+ (Sp ¢ Aa eS? AGS) (Sp Bray 9” BS) 


— Re (Sp oBy p? Bib Acw 00 Ah)}, (9) 
fl 
rg= poPie ov x of? ya ‘Sco 


4 n 
=H DMSP 9% Ave 90” A) (Sp o% Bray po” Bie) 
2,8 
+ (Sp o% Ava 95” Ach) (Sp oz Bia po” Ba) 
— 2Re (Sp 9; Aca) py Ach) Se Bix) 0h B)}, (10) 
where 
po = Zl +0e"9), po” = 3-(1 + 0070). 


In the case of radiative scattering formulas 


(7 — 10) continue to hold, only they must be summed 


over the two opposite polarizations of the photon 
e,; and eg 1 ey. 

In the next section we shall consider in greater 
detail the radiative collision of two charged Dirac 
particles. 


2. THE CONNECTION BETWEEN THE MATRICES 
FOR ELASTIC AND INELASTIC SCATTERING 


As is well known, the polarization of electro- 
magnetic radiation is characterized by the three 
components of the Stokes vector-parameter!2-!4 
with ¢] + «}+¢}=1. In such a case the density 
matrix is given by 


2 a : (1 + 8101 + e202 4 G33) = > (1 ew), (11) 


where € is a vector in Poincare space,!? while 


se (t 0 LAO Bins On si 
see ey : @2=(1 9): v= (5 ol: 


| 
| 
| 
| 


RADIATIVE COLLISIONS OF TWO ELECTRONS 


For a system consisting of a photon and two 
Dirac particles the density matrix may be written 
in the following form: 

p 


(1572; 3) 1 (1) 2 
tr KAO 19 4 (6M gM) yx 18 y ye) 


3 
(1) (2) (2 2 
+ ] x (So a! m x 1° Ae Ss} Ti? of) x o x 1) 
t,k=1 


3 
102) (3 
pe ee Deeem Gy eT. ol yc 12) eo) 


Zeal 


ee hen xX o?) x wo 


eee exe Xo}, (12) 
Zh, 1 
where Spi,.p°"??) = 9%) (formula 11), Sp3 p‘t»2>3) 
= pe (formula 4). 

By definition,!*~"4 if the effective cross section 
for the emission of a photon of polarization e 
summed over the spins of the Dirac particles in 
the final state is equal to ®(e), then we have 

__ D (e1) — O (ee) 


“1 = @(e,) +O (es) 


Sy S (ex) por & (ex)* — Sp, 5 & (ex) pl & (es)+ 
DS preGle)p, Ste)* 


e,e2 
_ O[(er + ee) / V2] — ® [(e1 — es) / V2] 
@ (ex) + ® (es) 
_ SP9 8 (er) pf” B (e2)* + SPyp8_2) ef” (ex) 
TSBs oo (6) por ee)t 


e1e, 
_ Ol (er + ies) /V2] — ® [(e1 — ier) / V2} 
wi co) (e1) + Oo (€2) 
SP1,0G (€1) ps” F (€2)* — Spy 9 & (€2) Po 
» SPi0 8 (e) pe? & (e)+ 


’ 


i) 


&3 


6 (e1)* 


? 


== 


® = D(e,) + O(e) = >» Spi26 (e) Ce 8 (e)* = Spr232 
ere, (13) 
_ (2 (e%) 
where @ = (se) 
matrix. Evidently formulas (13), as well as for- 
mulas (7) — (10) for the polarization parameters 
of the Dirac particles (summed over both photon 
polarizations), are a consequence of the following 


is the radiative collision 


relation for p‘?>): 
(1,2,3) 1 hi (ex) pore E(e1)* (er) oes | - (14) 
0 =— ; : 
' © \ 8 (ex) ph B(er)* 8 (ex) os" & (es) 


For the parameters characterizing the correlation 
of the polarizations of the photon and the particles 
we obtain 


4) ) oO) ACB) (1,2,3) 
ib = Spi, 2,3 of x @, ? /Spo 


SP.9 of) & (ex) of? B (ex)* = SPi0 ef” 8 (2) 19" Bl)” (5) 


Wise COP, Se 


(1,2,8) 
) 
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etc., in analogy with (13), with the unit matrix being 
replaced by Oi; where i= 2.2) 3. 

The expressions for T(?)3), Tie?) can be ob- 
tained from (15) if the following replacements are 
carried out: a = of?) and of?) ==3 of) lene 

We now obtain the relation of the matrix & to 


the matrix S which describes elastic scattering. 
Let 


(qb), {qo} | S| {p, 0 }{Pob6"}) 
= DH EMYLEM wu (rsEs) (algae aMlePru (p,L 


a=] 


an 
(2)\ 7 ’(g2P1) ( "(Q1P2 . 
DCH) Leh”? u (wake) (qa) MB” w (sks); 
=1 
uy , 
S= >| ee x Age irae LP x Moe 
4 


ame C ({q1P1}; {Ja, Po}, (urs), 7 (92P2)) 


a? C ({GoP1}; £G1Po}, (202), 7 (HP2)) 
where in the notation L(iP1), m(4iP2) ete. intro- 
duced above the upper index refers to the states 
of the particles which correspond to the matrix 
element. 


Gi 
us kK 
P; Po ¢P, Po P, Ps P; Po 


Feynman diagrams for the radiative collision of two par- 
ticles. 

Feynman diagrams for the radiative collision 
of two particles are shown in the figure. Diagrams 
corresponding to exchange are obtained by means 
of interchanging the lines q, and qp. 

From this we obtain for @(e) in first order 
perturbation theory 

e f(s i(ath—p 
~ —|{e 
tr aN acer 

x C({q = k, Pr}; {2, Po}, (Pr), ay (42P2)) 

1 (pr —k) — p> 

Clk Ga5 Pi) Gas Pare ee) eae el 

'- (@tk)—v 1p go + Se (9sP1) wy (4eP2) 
+e Geral C (np 1927 k, ta “ 1 ) 
i (Pp —k) — pa 

SF G ({9iPr}, {Jas P2 a k}, (as), ny (42P2)) en ears ef 

\e : ea = “| C({go +R, Prd, {915 Pat, y'%P9, (mr) 
; i(ps— BD — 2s 
—C ({qeo, Pr — FR}, {Gus Pot, 1? 7%?) a — Reape el 


le woe C (as, D1); {gy os k, Po}; w(qP2), ny (42P2)) 


ear (E ({Gsopr}, {q1; Po <= k}, (GPa), (MP2) iC ; 
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e is the charge of the particle, w is the frequency 
of the radiation, e is the photon polarization vector. 


3. CHARACTERISTIC FEATURES OF POLARIZA- 
TION PHENOMENA IN THE RADIATIVE COL- 
LISION OF TWO ELECTRONS 


We express the third-order scattering matrix 
element for the radiative collision of two electrons 
in the form (6) with the aid of two-row matrices 
(cf. Appendix). We note that each of the two-row 
matrices may be written in the form M + ioN, 
where for real e we have 


ImM = 0, Lin Ni ==0% (17) 


If we do not take radiation corrections into ac- 
count condition (17) leads to a number of conse- 
quences. 

a) The effective cross section for the radiative 
collision of two electrons may be written in the gen- 
eral case in the following form 


3 

ck ‘ ae 
t, mz: =H 

From condition (17) and formula (10) it follows 

that a= 0, a =0, yi, = STUMP), where 
is the effective cross section for the radiative col- 
lision of unpolarized electrons, while T{YU"P) is the 
polarization correlation tensor after the collision 
of unpolarized electrons. From this it follows 


D =O, (1+ SYTHE? Ct) (ok =the 3y. 


D = Dy + (a Fh?) + (a OP) + 


(18) 


b) The components of the polarization vector for 
the particle after the collision may be written in 
the following manner: 

Cr COP 


For electrons condition (18) leads to the result 
that cj =0 and the tensor bag = 0 for all 
i, k, 2=1, 2, 3. Consequently we have 


“4 
(1) (2) -(2) 1,2 
=o {e+ so Qip ce +S , ik Coe + SS bi?) 


am “1 k,l=1 


Hi 3 3 

os es co) gC 

QS way {> af only? Cor =e Kip cee : 
k=1 k=1 


(19) 


If the electrons are unpolarized before the colli- 
sion, we have ¢") = ¢@) = 9, 

c) The polarization correlation tensor for Dirac 
particles is as by 


3 
1 ( ) 
Tit = OD {lit = 5 Uikn oP. es Un cy ae >| Ockmn et cin : 


m=1 mi, 


For two electrons we have ae = cartes = (0, so 
that 


Tin = [lie + s remn Sin Oa 


m, n=1 


(20) 
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Here lik, Wikmn are tensors of the second and of 
the fourth rank which do not depend on the spins. | 
The linear polarization parameters may be repre- 
sented in the form €, = @¢,/#, €2 = b¢,/, where 
@e, and ¢, have the same structure as ® in 
(19). The degree of linear polarization conse- 
quently does not depend on the polarization of one 
of the electrons if the second one is unpolarized. 

d) In the case of circular polarization we have 


=o {et (ag) + p ie? co? Coe. 


In the case of a radiative collision of electrons 
g=0, hj, =0 and 


3 = a (ES) + (aS?) 


If the electrons are unpolarized the circular polar- 
ization of bremsstrahlung is equal to zero. 

e) We consider the polarization parameters 
which refer simultaneously to the electrons and 
to the photon. From formulas (15) and condition 
(17) it follows that 


(i {EL ae 


(21) 


Tie a1 Ae => ARH (a= 1,2), 


Th = % [Bis + 5} cuise GL (2 = 38, i= 1,2, 3); 


k,l=1 (22) 


(1.2,3) 1 she 
flor = oP tha ae 3 A ikima Oy cont (a a Ie 2), 


Um. 


9,6 4 = (2) -(2 . 
THs” = SAD Fah + sy Fis? (a = 3, i= 1,2, 3). 
[=1 (23) 


Later we shall evaluate the circular polarization 
of “forward” and “backward” bremsstrahlung and 
the polarization of the electron scattered forward 
in the ultra-relativistic limit; in making this cal- 
culation we shall consider the incident electron to 
be longitudinally polarized, while the target has 
arbitrary polarization. In addition, we shall con- 
sider polarization phenomena in the nonrelativistic 
limit. 

We note that if there exists no coupling between 
the apparatus recording the electrons and the pho- 
tons, then the polarization parameters for the 
bremsstrahlung must be averaged over all possible 
values of the momenta of one of the electrons con- 
sistent with the laws of conservation of energy and 
momentum. For example, 


A 


&3 = \ E3 Pf DdQ,, \ opDdQay,, (24) 


where p¢ is the density of states;® 


w?| qi? dQ, dQq, dw 
1qi|/Wi + (|q2{/ We) O[qn{/Ol] qu] * 


Choe 
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In exactly the same way the polarization param- 
eters for the electrons must be averaged over all 
possible values of the photon momenta. 


4. THE ULTRA-RELATIVISTIC LIMIT 


We use the system of units in which h =c =p 
=1. 

In the laboratory coordinate system the momen- 
tum of the incident electron Ej > 1. In the center 
of mass system we have two electrons with mo- 
menta py =—-p,=p, with |p| >1 and 


| Po| = Ey 


The laws of conservation of energy and momen- 
tum in the center of mass system take on the fol- 
lowing form: 


| Px | = JE 


2E=W,+ W.2+4, dz = —qi—k = q. (25) 


If after the radiative collision W, > 1, then it fol- 
lows from (25) that 


W, = (E—o) E/(E—osin?¢/2), 


where @¢ is the angle between k and q, while 
@= (te, 

We consider the emission of the photon “forward” 
and “backward.” In this case the degree of linear 
polarization integrated over the scattering angles 
for the electron is equal to zero. We shall carry 
out the calculation of the circular polarization in 
the center of mass system. We can then go over 
to the laboratory system of coordinates by means 
of the well known formulas of the theory of rela- 
tivity which in the ultra-relativistic limit have the 
following form 


jE WE Ope= NVa (26) 


We shall integrate the result over the scattering 
angle of one of the electrons. We shall consider 
such large energies that In E7 > 1 (E] ~ 1000 
Mev). Then for the interval (E-—w)/E~ 1 we 
may simplify the calculation considerably if we 
restrict ourselves to integration over the small 
angles 0) © sin 0) and neglect the values of the 
initial function at the upper limit. In carrying out 
this calculation we consider the state density to be 
constant. If the target is unpolarized we obtain 


5 A 2E — 2E—o 

eo A 8 =n 2E? =——, 
(|2E—w |? , 1 Vee B/E = 0))) lo PESO 

B= ® pol DORSE “Fp is jin(2é ® ) 
wee 2 (E —»)\ (27) 
+ in(2E es ye 


P, is the degree of longitudinal polarization of the 
incident electron. 
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For the central part of the spectrum we may 
take In E7 = In 2E? > In(E-w)/w. Then on de- 
noting wj7/E] ¥ w/E =y, we obtain 


3 (2/7 —1) 
+ (2/y — 1)? + 3 (4 — x) / 32 4 


(28) 


ee #7] 39 


(T+ y)/8 — 


At the lower limit of the spectrum we have ¢, 
= w]/E], as can be seen from (27). Moreover, 
the relation lim €;=0 which follows from the 

w—0 
above discussion transcends the limitation of the 
approximation In E7 > 1 (E] >1), and is ofa 
more general nature. 

The magnitude of €3 increases as y is in- 
creased. It should be noted that the transverse 
polarization of the incident electron does not af- 
fect the circular polarization of the “forward” 
bremsstrahlung. 

We now examine the influence of the polariza- 
tion of the target on €3. It is due exclusively to 
the recoil of the target electrons (momentum and 
energy of recoil are given by py ~ 1, EJ ~ 1). 
We obtain 

A D 
Here A and B are the same as in (27), 


Py = ow) flee (= = “)) In (26° a, 


(29) 


D = In(2E?=—") + 7 In(2e2S—2" ), 


(0) 


For the middle part of the spectrum we have 
cs a 3Py (2/y¥ — 1) + "/ePo 
3 47]/g5 + (2/'y — 1)? + 3/92 (1 — y)-ACT +) / 84-3 /2PiP2 (2/7—1) ° 
(30) 


Formulas (28) and (30) become exact in the limit 
E1—~ 7 (y#0, y#1). 

The circular polarization at the upper limit of 
the spectrum, where the intensity of bremsstrahl- 
ung increases sharply, has to be discussed sepa- 
rately, since formulas (28) and (30) do not hold 
for w * E. Let the electron have the momentum 
lq,|<«<1 after scattering. Then w ¥ E - 3. In 
the first approximation the matrix element in this 
case has the form 


1 


(91812) ~ rEg ape OES Lie) 90) (99401) 


Then, independently of the target polarization, we 
shall obtain for the circular polarization €3 = Py 
up to terms of order 1/Ez. We note that the same 
formula holds also at the upper limit of the Ci 
ward” bremsstrahlung spectrum in the field of a 


nucleus.!® 


In order to obtain the circular polarization of 
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the photon emitted backward in the center of mass 
system we must in formula (30) replace P, = — Py». 
In the laboratory system of coordinates the photon 
energy in this case is equal to wy © 3w/E = ay. 
If the target is polarized, while the incident 

electron is unpolarized, then in the case w] ~ 1; 
(3 —wz)/wy ~ 1 we have 

fe 3 (1/w, — 1) 

§s= —Pray ({/0,; — 1)? + (7 + 2w,) /8 + 3 (1 —20;)/ 32" 

(31) 


In the case wz = 3% we have 


&; =— (Co'p) /| P| =(G0"k)/@ 


independently of the polarization of the incident 
electron. 

Thus, the circular polarization of the “forward” 
bremsstrahlung is mainly affected by the polariza- 
tion of the incident electron, with €, being inde- 
pendent of target polarization at the upper limit of 
the spectrum, while the circular polarization of 
the “backward” bremsstrahlung, on the other hand, 
depends primarily on the target polarization. 

We now consider the longitudinal polarization 
of the electron scattered forward averaged over 
all the directions of photon emission, assuming that 
W, >1. After carrying out the integration in the 
approximation In Ej] > 1, In W; > 1 we obtain (for 
an unpolarized target) 


Pai (M—N—L) | (Mer), 


(kK] =) (82) 


2 , 1 (13E — W1)2(E — W,)? 
M=W3{16(E+ We +75! yt In 2? 
2 a eae 19 (E — W,)4 ; 
+B YIO(E+ Wy +755 o" | neew, 
3(E— W,)? (5E+ W,)2 
—{32(E + Wy)? + “E— "Ce a 
San (WW? In 2E? + BE? In2EW}}, 
Se ae 
{ wt LEAW Et 4E3y* 
N= 32(F—W 
( 1) law Ing —y, E2+ Wi Ly sme Wy 


— Wi In 2E? — EF? In 2EW 


b= 6(E 4 


eee {Wi ln 26? + B? In 2EW, 


EW? \n2E? + E3W, In 2EW, (33) 


e+ Ww? 

As E]— © the accuracy of formula (33) im- 
proves. If In E/(E-—W,) « In 2E? = Ej, then for 
A =W,/E we obtain 
Py, = P, (16(1 +d)? + = (I 3—h)®— 2 (1 —2) (5 +2) 

peat j) — 3(1 +d) (1 —M)} {16 = Ay? 

oS re ee 


+ 32 (1 —2%)?/(1 +2}. (3.4) 


V.°L.. DY UBOSHDrZ 


In the case W; * E we have Pq, =P, as may be 
seen from (33). Such a result holds for M¢ller 
scattering. Since a circularly polarized photon 
carries away angular momentum, we shall have 
Pg, ~ Py in the case W,<E, while for A < 0.28 
the longitudinal polarization changes sign. For 
small values of q the direct and the exchange 
terms make equal contributions to the result. 

For the polarization of an electron with | q; | 
« 1 (in the laboratory system |q,z| ~ VEZ) we 


obtain 
(35) 


where £{!) and £{?) are respectively the polari- 
zation vectors for the incident electron and the 
target. 


5. THE NONRELATIVISTIC LIMIT 


In the nonrelativistic limit we may, as before, 
utilize the Born approximation, provided 437 
«|p|<«< 1. In the center-of-mass system the law 
of conservation of energy has the following form 

= 4(q? + q¥) + w. From this it follows that 
w~I|pl?; o<«\I|pl, with qy * —q =q. 

The formula for the element of the scattering 
matrix is simplified considerably in the nonrela- 
tivistic limit (cf. Appendix). 

As a result of summing |(q|@|p)|? over the 
electron spins and the polarizations of the photon 
in the final state we obtain 


o — + 1 4 
en hae ae Y papal 


4 


(p? — q?)2 nae. + aaa ie 


a = (pn) {p* — (pn)?} + (qn) {q?—(qn)?} 
— 2 (pn) (qn) {(pq) — (pn) ey pe eek FLL Fs) 


(o== a 
— (p—4,n)*} + 20 © = 5) (pn) ((p — 4, p) 
—(P — 4, n) (pn)}—20 ee. (an) {(p —4, a) 
= (Pq; n)\(qn)}; B= a«(—q), 


Y = (pn)? {p? — ae + (qn) {q? — (qn)*} — 2 (qn) (pn) {(pq) 


— (pn) (qn)} + ° Oa ore 0) ((p? — q?) 
—(P—4,n) (P+, n)} + SIP) (pn) {(p — q, p) 
—(p—4,n)(pn)} 0 F=% (gn) ¢(p — q,a) 

(p + q,n) 


—(p—q,n)(qn)} + 


(p + q)? 
— oF 4 (an) (P+ 4, p) —(P +4, n)(an)}. (88) 


If we carry out the integration over all the direc- 
tions of photon cme n ace a given q and 
assume that? pf = Q w yD ( an)’, then we shall ob- 


(pn) (p= +r 4; P) 
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tain for the differential cross section the following 
expression 
Seow lind sin 0, d@ aes! 4 

oP 15 aay. i p ae #) Geen ! (p+ 7) 

X (4 (p> — q?)? + 3p*q? sin? 05) — (1 + 00°60”) 

2 g2)2 1. QnH2n2 of 2 944 cjn2 

es ae) oF 
Yo is the classical electron radius. Formula (37) 
for unpolarized electrons agrees with the corre- 
sponding formula due to Garibyan.’ The spin cor- 
rection arises exclusively due to exchange (the 
term which is proportional to £{"¢?) is given by 
the interference between the direct and the exchange 
terms). There is no azimuthal asymmetry, just as 
in the case of Mller scattering. The change in the 
electron polarization after a radiative collision is 
also a pure exchange effect. 

For a fixed k 


PS adit Oot — = Dy GP 
& (P-q)* + B (= g)4— (p*— gq’) yA + SED”) 


Gq 


(38) 
qa and y are found from (36). 
After averaging over all n we obtain 


C = () (p + 4)? 7 (2) 
: @P+a@?+@—qs* * °° 


(p —q)* 
(p--q)*-- (Pp — gq)?” 


—M (0) + 5e)} LL — (1 + CCP, 


where 


4 (p2 — q2)2 + 3p2q?2 sin? Q 6p4q? sin? Qo 
(p 
a (p? — q?)? + (qe 


4 es {4 (p? — q2)? + 3p%q? sin? 0,}-2. 


4 
x (Saar ae Sea 
G (p+ q)*/ (39) 


p—q)* 
An unpolarized electron acquires as a result of 
scattering by a polarized target an average spin 
which is equal to 


__ (2) (p — q)* 
ba = bo te + 4)4 + (p—4)* 


— MI Fl —M). (40) 


For the polarization correlation tensor of the 
electrons we obtain 


{a (p +.4)* + B (p—a)sy CH C® — (p? — q?) x (CEP + 8,4) 


as a (p+ 4)*-+ B (p—a)t— (p>? —@) x (1 + OCP”) 
(41) 
- (unp) _ 
In the case ¢(!) = £2) =0 we obtain Tj,’ = 0, 
if i #k, while in the case i=k we have 
ik or A) ; aa 
Ta =—Zopra'+8ep— a1 — a) oe! 


We now consider the linear polarization of 
bremsstrahlung for a photon momentum k. For 
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the basic polarization unit vectors we shall take 
the unit vectors e,; and e,, which are directed 
respectively along [pXn]Xn and p xn. 

In the case € = f e108 bdQq / {og ddQq we ob- 
tain an awkward expression containing logarithms 
which we shall not reproduce here. In this case 
0<€,<1; €,=1 for k=p?/2. Calculation shows 
that €, = 0. 

With regard to the circular polarization we have 
in the first approximation ¢€; = 0. In the second 
approximation we shall obtain for ¢€3 and 5 a 
quantity of order of magnitude |p| < 1. 

In conclusion we will note that polarization 
phenomena in radiative collisions of electrons 
with positrons in the ultra - relativistic. limit 
do not differ qualitatively from polarization 
phenomena in the collision of two electrons. 

In the nonrelativistic limit all the polariza- 
tion effects are of order lip2, and may be 
neglected. Linear polarization of bremsstrah- 
lung exists in the direction of the vector 
[[p—q] xn] Xn. 

All the results of Sec. 3 for radiative 
collisions of two electrons hold also for radi- 
ative collisions of an electron and a positron. 

The author expresses his deep gratitude to 
Professor Ya. A. Smorodinskif for guiding 
this work. 


APPENDIX 


We write the elements of the scattering matrix 
for radiative collisions of electrons with the aid of 
two-row matrices in the following form 


3 * * » 
(q \8 | p) east sypie Co) (g® Dv? ep?) 


S| *! eT 
— » (o C “dsP.) (1) (p® D Ps) g(2)) 


™,M)M!3 


* A(qoP2) , (2) (1)* (911), (1) 
a (o” Civ eof ) (9 Dine os?) 


a yy (oC) o) (oo Derr ow), 


m,m,m, 
—{the same, with the following replacement: 
oD) =p), qi = qo}. 


Here m,, m, and m; is a set of three mutu- 
ally perpendicular unit vectors 
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+ ote) Jee 0(1 + wre BRcran)—20 (aBEs + 9B) —9 Sees ae 
[q,xe] (p,m) — [q,xm] (p,e) Pixel (nm) — [p,xn] (me) ae oy 4. *n] (nm) — [q,xn] (me) 
(Wi + ») (Ei + ) Ey +p Witp a 
=o ae eye uaeceley ei yrymelan ie (me]) |}, 
DOM = 1 + eee + (9H, ae a) 


pee pam gum i(s [q xm] _ oes) 
ns Eps Witp *Witp lea Ws JP” 


pq =(pq)—EW, (p—g)*= (p—q)?— (E— WY. 
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We consider the kinetics of condensation of a cloud of vaporized matter expanding in vacuo. 

It is shown that, under a variety of initial conditions, the matter expands at infinity partly as 

a gas and partly in the form of very small particles of a condensate, and the number and size 
of these particles depends on the evaporated mass and on its initial temperature. It is sug- 
gested that when a large meteorite strikes the surface of a planet without an atmosphere the 
substance of the planet and the body of the meteorite may evaporate and consequently condense; 
this process may be one of the sources of cosmic dust. The feasibility of laboratory investi- 
gations of the condensation of metallic vapors and of the properties or small particles involved 


are discussed. 


Wiges a high velocity meteorite strikes a sur- 
face of a planet or satellite that has no atmosphere 
(such as the moon), a cloud of evaporated matter 
is formed and expands in vacuo. To a certain de- 
gree, a similar phenomenon is encountered under 
laboratory conditions, for example, when wires are 
exploded by electric currents in vacuo, in high- 
intensity pulsed x-ray tubes,! etc. 

What is the state of a substance undergoing very 
large expansion? The point is that the expanding 
and cooling gas (more accurately, the vapor) must 
become saturated at a certain instant of time, after 
which condensation should begin.” According to the 
laws of thermodynamics, a vapor adiabatically ex- 
panded to infinity and cooled to zero temperature 
should become fully condensed. On the other hand, 
it is clear that in the limit of very rapid expansion, 
a pure gas is scattered to infinity, since there is 
not enough time for condensation to take effect. The 
degree of condensation during the stage of large ex- 
pansion and, what is most interesting, the number 
and sizes of the condensate particles, are deter- 
mined by the kinetics of condensation during the 
expansion process, an examination of which is in- 
deed the topic of the present paper. 

It is found that when tremendous meteorites 
strike the surface of a small planet (having a low 
critical velocity) without atmosphere, a consider- 
able mass of the initally evaporated ground and 
meteorite body are scattered in space in the form 
of minute solid particles. A hypothesis can be ad- 
vanced that this process is one of the sources of 
cosmic dust. 

A study of the kinetics of condensation in an 
expanding cloud and a clarification of the condi- 
tions under which the condensate particles become 
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noticeable may bring about new ways of experi- 
mental investigation of condensation of vapors of 
usually solid substances, and also of the optical 
properties of minute particles. 


1. QUALITATIVE ASPECT OF THE CONDEN- 
SATION PROCESS 


We shall examine condensation by using a 
simple model of a gas sphere expanding adiabat- 
ically in vacuo, without touching upon the hydro- 
dynamics of the process that has resulted in the 
gas cloud. By suitable choice of sphere param- 
eters — mass M and energy E — such a model 
can always be reconciled more or less correctly 
with the specific conditions of interest. For the 
sake of being definite, let us assume that in the 
initial instant of time the gas was stationary and 
its density equaled the normal density of the solid 
state py. The condensation begins during the stage 
of large expansion and strong cooling (it is as- 
sumed that the initial internal energy €) = E/M 
exceeds slightly the heat of evaporation U). Here 
almost all the energy is already kinetic and the 
gas is scattered almost inertially with a mean 
velocity u = V2e€) . Accurate to a factor on the 
order of unity, the radius of the boundary of the 
sphere is r=ut and the mean density is* 


p= 3M fAnr® = 05 (Co/ 0), (1) 


where t)=ry/u is the time scale, and ro is the 
initial radius. The law of cooling is given by the 
adiabatic equation 


T = [AeS/® ppv S13 r-), (2) 


*We shall be interested only in quantities averaged over 


the mass. 
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Here S is the specific entropy, y the adiabatic 
exponent, and A a constant determined by the well- 
known formulas of statistical mechanics. Satura- 
tion takes place when the Poisson adiabat (1) inter- 
sects the vapor-tension curve, which can be rep- 
resented approximately as 


p= Be AT i= Const: (3) 


After passing through the saturation stage, the 
vapor continues to cool “by inertia,” following the 
Poisson adiabat, and becomes supersaturated (see 


ee Schematic time depend- 


ence of the temperature of 
the substance. 1— Poisson 
adiabat, 2 — equilibrium 
cutve for a two-phase sys- 
tem with specified entropy 
(initially, at a small de- 
gree of condensation, the 
curve almost coincides 
with the vapor-tension 
curve), 3—true adiabat 

of the substance. 


diagram). The speed of formation of the nuclei of 
the liquid phase depends to a very high degree on 
the degree of supersaturation, and therefore the 
number of produced condensation centers increases 
very rapidly with increasing supersaturation. Even 
a short time after passing through the saturation 
state, which is considerably shorter than the satu- 
ration time t, itself, the speed of condensation 
becomes such that the liberation of latent heat 
stops the increase in supersaturation (supercool- 
ing). 

Moreover, the condensation accelerates even 
if the number of centers is constant, owing to the 
increase in the surface of the drops to which the 
vapor molecules adhere. Therefore the acceler- 
ating condensation not only stops the rise in super 
cooling, but slows it down. The formation of new 
nuclei, which is exceedingly sensitive to the mag- 
nitude of supersaturation, immediately ceases and 
condensation from now on proceeds via adhesion 
of vapor molecules to the drops already present. 
Thus, all the condensation centers are generated 
at the very beginning of the process, directly after 
saturated state is reached. Their number, which 
at that time equals the number of particles of con- 
densate scattering to infinity, depends on the maxi- 
mum supersaturation attained, which in turn is de- 
termined by the interplay between two opposite in- 
fluences: cooling of the vapor due to the work of 
expansion, and heating of the vapor due to the 
latent heat liberated during condensation. 

After passing through the maximum, the degree 
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of supersaturation does not fall to zero; by regu- 
lating the balance between the adhesion of mole- 
cules to the drops and evaporation of the drops, 
it is automatically set at a level where a small ! 
excess of adhesion over evaporation exists: the | 
speed of condensation has “followed” the expansion 
and a state close to saturation has been maintained 
in the system. In this case the adiabat creeps 
along the equilibrium curve of the two-phase sys- 
tem (of fixed entropy) and almost coincides with | 
its 

At large expansion the acts of adhesion become | 
too rare; the rate of adhesion, which is proportional | 
to the density, i.e., ~t~®, is no longer capable of ! 
“following” the expansion, and the thermodynamic | 
“equilibrium” in the system is disturbed, leading | 
to so-called quenching. Soon the condensation 1 
ceases completely, and the residue of the gas 
(together with the drops) is again cooled rapidly 
along the Poisson adiabat (see diagram ). 

The degree of condensation in the final state 
(or, at a known number of drops — the dimensions 
of the condensate particles) is determined by the 
instant when the thermodynamic “equilibrium” is 
disturbed and quenching occurs. All the numerical | 
calculations will henceforth pertain to the evapora-. ; 
tion and condensation of iron meteorites. The 
table lists the calculated temperature and number 
of atoms of iron per cm’, T, and nj, at the in- | 
stant when saturation is reached, for certain val- 
ues of the initial energy €). The same table lists 
the entropy S, on which the parameters of the 
saturated state depend directly, and the initial 
temperature Ty (as well as the scattering veloc- 
ity u).* For iron vapor in the region of condensa- 
tion, y=, A= 6.65 x 10-4em*g"!deg*/?, and 
B-="3.3°<10"e/em™ 


2. EQUATIONS FOR THE KINETICS OF THE 
CONDENSATION 


Let us write down the adiabatic equation in the 
condensation region 


*In the calculation of the thermodynamic functions of a 
gas at the density of solid iron, p, = 7.87 g/cm’, the nuclear 
specific heat was represented by the formula Cayce = 3R at 
T <T’ and Cpyc = *4R at T > T’, where T’ is the temperature 
at which the kinetic energy of thermal motion of the nuclei, 
‘4RT’, is equalized with the height of the potential barrier for 
the free displacement of the atoms in the body, i.e., with a 
magnitude on the order of the self-diffusion activation energy. 
We used T”’ = 19,000°. The electronic portion of the specific 
heat is found from Latter’s data,? based on calculations by the 
Thomas-Fermi method. In the temperature interval T ~ 2—30 ev 
and at a density p, the electron energy is fairly well approxi- 
mated by the formula € = 0.865 T** ev/atom. The Debye tem- 
perature of iron is © = 420° 
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£9, ev/atom To, ev S, cal/mole-deg u, km/sec T,, deg ny,cm)> 
25.6 5 48.3 Se 3100 8.041019 
71.9 10 60.8 {D0 2130 7.15-1016 
138 15 71 08 PINES 1700 2.86-1014 
222 20 81.3 5 1430 14.43.1012 
[¢, (1 —x) + ¢)x] dT +- RT (1 —x) aV/V where Teg is the temperature of vapor saturated 
B28 1h de 0, (4) at a given density, expressed by (3). 


Here c;, and c, are the specific heats of the vapor 
(at constant volume) and the liquid, V=1/p is 
the specific volume, and x is the degree of con- 
densation [(c,—c,) T « U in the third term ]. 

If I(t) is the speed of formation of condensa- 
tion centers, i.e., the number of surviving nuclei 
per molecule per second, and g(t, t’) is the 
number of molecules contained at the instant t 
in a drop that has grown from a nucleus produced 
at the instant t’, then the degree of condensation 
at the instant t is 


t 
nS \ T(t’) g(t, dt’. (5) 
iy 

We make the following basic. assumption: let the 
expansion be so slow that the process of production 
of the nuclei is quasi-stationary, i.e., the rate of 
production at each instant coincides with the rate 
under stationary conditions, in which the super- 
saturation is maintained constant (equal to the 
actual value at a given instant), and the super- 
critical nuclei are eliminated from the system 
and are replaced by an equivalent amount of vapor 
(the limits of applicability of this assumption will 
be explained below).* 

Under stationary conditions and in the absence 
of ions, the speed of production of nuclei is known 
to be°*® 


I, = Ce-® = nv2w V o/kT e-?, (6) 
B = ADmax/kT = 16n0?w?/3k?q?T8 = 6/0. (7) 


Here n is the number of molecules of vapor per 
em?, v their thermal velocity, o the surface ten- 
sion, w the volume per molecule in the liquid, 
q=U/R, and b is an arbitrary symbol. @ is the 
degree of supercooling, which is connected with the 
radius r* of a critical nucleus containing g* 

= 4rr*3/3a molecules by the condition for maxi- 
mum thermodynamic potential A&(r): 


GS (Teg 7) Teq=290/kqr’, (8) 
*An analogous assumption was used by Tunitskii,* who 


considered the condensation of a homogenous vapor at con- 
stant volume and specified initial supersaturation. 


It is known that the electric charge facilitates 
greatly the formation of condensation centers. 
When a gas expands in vacuo, the ionization during 
the stage of strong cooling is always much greater 
than the thermodynamic-equilibrium value, as a 
result of the quenching effect,’ so that the number 
of ions is quite considerable. Unlike the process 
in a cloud chamber, where so-called critical super- 
saturation is produced artificially and all ions sim- 
ply become condensation centers, in the case of 
“slow” expansion saturation does not reach a crit- 
ical value and the condensation is produced by far 
from all ions. Bearing this in mind, we must gen- 
eralize the formula for the rate of production of 
nuclei to include the case of charged nuclei. 

After finding the maximum value of the known 
expression® for the increase in thermodynamic 
potential of the system upon production of a charged 
drop of radius r in the vapor, and transforming 
[Ade (r)]max with the aid of (7), we can represent 
the activation energy in the following form 


Be = AD, max/kT = B (®){ 1 + 8a%/r’3 — 6a /dr], (9) 


where d is the effective radius of the ion in the 
drop, which must be defined as a radius of the 
molecular cell in the liquid, d = (3w/47)'/3, re 

is the critical radius of the charged nucleus [con- 
nected with the supercooling* @ by the condition 
that Ade(r) be a maximum], and a= (e2/1670)'/3, 

In, the limit as @—0 the difference between the 
charged and uncharged nuclei disappears: ré ~ r* 
and Ade max © A®max. Calculations show that 
when the supercooling is only slightly less than the 
critical value 6, both radii are almost the same. 
To the contrary, the activation energy A®e max 
is considerably less than A®max down to very 
small values of supersaturation, which indeed cor- 
responds to a sharp predominance of production of 
charged nuclei. 

*69 = (2ow/kqr®)(1-a?/r2*); the maximum (critical) value 
of supercooling corresponds to the radius rx = 4% and is 
equal to 0, = (30w/2)x4 ’kqa. For 0 > 6, the maximum of the 
function A®,(r) vanishes and the charged complexes of all 
sizes exhibit a tendency to grow without limit. The nuclei 
usually contain one ion each so that e is the electron charge, 
the dielectric constant of the drop is assumed to be infinite. 
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Deriving successively the formula for the rate 
of formation of charged nuclei (per ion), it is 
possible to show that when the supercooling is not 
too close to critical the factor preceding the expo- 
nent is quite close to C in (6) 

Thus, at 6 < 6, the total rate of formation of 
condensation centers (per molecule) is 


T= In+yle=C(e* + ye"), (10) 


where y is the number of ions per molecule. 

The rate of growth of a supercritical drop 
equals the difference between the rates of adhe- 
sion and evaporation of the molecules. We neg- 
lect as an approximation the difference between 
the evaporation from a drop and the evaporation 
from a flat liquid surface (this, as shown by cal- 
culation, does not exaggerate the rate of growth 
greatly). In addition, we assume that the tempera- 
ture of the drop coincides with the temperature of 
the vapor (the heat of condensation liberated by 
the drop is dissipated sufficiently rapidly). As- 
suming furthermore a coefficient of accommoda- 
tion equal to unity, we can write®® 


dg / dt = 4nd? g’/snv[1 — e-9/T). (11) 


The system comprising (4), (5), and (1) should be 
solved with initial conditions T= T, and x=0 
at t= ty. 


3. NUMBER OF CONDENSATION CENTERS 


All the condensation centers are generated 
during a very short time interval, when the super- 
cooling is close to the maximum value @max. The 
total number of centers (per molecule) is 

na 
.= \ I [8 (t’)) di =f (Orc) Atins 
ty 


(12) 


where Aty is the effective duration of the satura- 
tion maximum. 

Relegating the approximate calculation of 9max 
and v to the appendix, we give here only the final 
results. The maximum supercooling, as a function 
of the parameters of the saturated state and of the 
constants of the substance, is determined from the 
transcendental equation 


1 


er) fy 


Cc 93 3 
— 53-1075 an 1 mae | l — xp) (— Omar) a F 
(13) 
where the function I(@) is given by (6) — (10), 
C@, =c,/R, and the reciprocal time, l/t 4nd?n4V4, 
is a quantity of the order of the probability of the 
gas-kinetical collisions of the vapor molecule dur- 


1 (0 
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ing the instant of saturation, since d, by definition, 
is of the order of the radius of the molecule. The . 
number of condensation centers is 


ie haa. 
Oras) x er ara 
Ts b+? (ty exp eee ee 
=e IGE 7 (“ae (+) E exp ( T, Umax | ] 
(14) | 


In the derivation of (13) and (14) we used the | 
condition that the nuclei were produced by a quasi- 
stationary process; this defined the concept of 
“slowness” of expansion, which was assumed at 
the very outset. This condition states that the re- | 
laxation time for the establishment of a stationary _ 
rate of production of nuclei during the instant when | 
they are produced most intensely (i.e., at the maxi- 
mum supercooling) is small compared with the ef- 
fective duration Atm of maximum supercooling. 
The relaxation time, as shown by Zel’dovich,? is 
on the order of the time necessary to grow from 
a small subcritical complex to a nucleus of critical 
dimensions, with allowance for the random charac- 
ter of the adhesion and evaporation of the molecules:; 
Tre] = g*2/4D, where D=nv4ar* is the coefficiens; 
of “diffusion along the g axis.” Determining Atm 
by comparing (14) and (12) and performing simple 
transformations we obtain the condition for “slow” 
expansion in the following form 


Nmax wT o ( q ie Oras G ty 
= —4 : C r ; 
rel D /s ice b /s T1 


Sie (15) 


1 


Let us examine a specific example: say, that of 
an iron meteorite of mass M = 33 X 10° tons strik- 
ing the moon.* Without going into an analysis of 
the hydrodynamics of the impact, we assume for 
the initial heating of the equivalent body of the 
meteoritic sphere a value €, = 71.9 ev/atom 
(Ty = 10 ev = 116,000°). The speed of scattering 
is u=15.5 km/sec (it is greater than the critical 
velocity for the moon, which equals 2.4 km/sec). 
Obviously, the meteorite would fall with the same 
velocity were all its kinetic energy converted upon 
impact instantaneously and without condensation 
into heat concentrated in the body of the meteorite 
itself. In fact, the heating chosen corresponds to 
a large rate of fall. 

Iron vapor becomes saturated at an instant 
tj = 6.8 x 10°* sec if scattered to 1050m with 
T, = 2130° and ny = 7.15 x 10'®em=3. An esti- 
mate based on the previously described method! 
shows that at the instant of saturation the degree 
of ionization is y = 2.1 x 1074 (while the equilib- 


*For comparison we recall that the mass of the Tunguska 
(iron) meteorite is estimated to be 40 x 10% tons. 


| 
| 
| 


| 
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rium ionization should be Yeq = 4% 10-8), We 
assume for the calculation a surface tension* o 

= 1100 erg/cm? and q = 47,500°. Solution of (13) 
yields max = 0.0765, which is less than the crit- 
ical supercooling 6, = 0.119. Here g* = 46, Be 

= 24.4, and B = 43.1. The number of condensation 
centers, based on (14), is v = 4x 107"! per atom. 
Of these, only a negligible fraction, ~ 107°, are 
uncharged. The criterion for the “slowness” of 
the process (15) is fulfilled with great margin, 

6 = 98. 

Because of the exponential character of I(6), 
the value of max, as can be seen from (13), de- 
pends only logarithmically on the right half of the 
equation. It is found to be exceedingly stable, al- 
most insensitive to the initial parameters of the 
sphere and to the approximations made in the 
derivation of the formulas. Thus, when the right 
half of (13) is changed by a factor of 101°, Omax 
changes by merely 20 —40%. In particular, 09max 
and v depend little on the concentration of the 
ions: a solution of (13) on the assumption that 
there are no ions, y=0, yields @max = 0.09, 
hence v =1.5 x 107!!, 

The very weak dependence of the value of the 
maximum supercooling on the initial conditions 
makes it possible to establish approximate simi- 
larity laws for the transition from one set of ini- 
tial conditions to another set upon condensation of 
a given substance. Noting that the saturation tem- 


perature also depends very weakly, logarithmically, 


on the initial conditions, owing to the exponential 
character of the vapor-tension curve, we obtain 
approximately from (14) and (15) 


y == const: (#;/%), 6 const-(t,/t). (16) 


The quantity t,/7, has a simple physical mean- 


ing: this is of the order of magnitude of the number 
of collisions experienced by a vapor molecule dur- 
ing the entire time from the instant of saturation 
to infinity. In fact, if the expansion law n~ t™ 
and the definition of T; [see (13)] are taken into 
account, we find for the number of collisions an 
order of magnitude 

co 

\ nond?dt ~ n,v0,nd?t, ~ ty/t. 

iy 
In our example the “number of collisions” is t,/7; 
= 1.1 x 108. Thus, the criterion of “slowness” of 
the expansion process, 6 > 1, necessitates that 
the “number of collisions” be t;/7, >> 10°. 


*According to reference 8, o = 1220—950 erg/cm”’ at 
T = 1570°K; we were unable to find other data for conditions 


closer to ours. 
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4. DEGREE OF CONDENSATION AND DIMEN- 
SIONS OF PARTICLES IN THE FINAL STATE 


Let us consider the stage of thermodynamic 
“equilibrium.” By definition, the temperature at 
this stage is at all times close to the temperature 
of saturated vapor in a system with constant en- 
tropy, and therefore the degree of condensation 
x(t) which “follows” the expansion can in first 
approximation be determined simply from the 
adiabatic equation (4), in which we put T ~ Teq: 

Considering that the temperature of the satu- 
rated vapor depends very weakly, logarithmically, 
on the density and that calculations show that it 
changes little during the entire quasi-equilibrium 
stage, we assume approximately that T * Teq 
~ T, ~ const. We then obtain from (4), subject 
to the initial condition t=t, and x=0 


dxjdt = (3Tx/q)(1—x/t, x = 1—(t,/2)3T/9.” (17) 


The degree of supercooling @ is obtained in ~ 
the next approximation from the kinetic equation, 
which is now equivalent to the equation of drop 
growth, since x=vg and v=const. Noting that 
n=ny(1-—x)(t; jie) and assuming approximately 
T= Teg = T,;, we write the equation of drop growth 
(11) in the form 


y/s 
T1 


OSHGhs = 


3 
xh(1—x)(F) ¢@, 9) =1—exp (— £8). 
(18) 
With the aid of (17) we obtain the function ¢ (t), 
and consequently also @(t): 


304 Ty =z( 1 yr [1 (I asia Fang 
ig or q ty y is ly a ( t ) J : 


The function g(t) goes through a minimum at 
t = %3t,(T,/q « 1) (for which it can be shown 
that @min K1 and O®min K 9max) and then in- 
creases; the supercooling increases simultaneously. 
The thermodynamic “equilibrium” is maintained 
as long as the adhesion and evaporation of drops 
cancel each other out to a considerable degree and 
the excess of adhesion over evaporation is small 
compared with the rates of these processes them- 
selves (the quantity g, which characterizes the 
difference in these rates, is much less than unity). 
A growth in the difference in the rates to a value 
on the order of the rates themselves [i.e., a 
growth in y to ~1, and in 6 to ~T,;/q; see (18)] 
signifies that the thermodynamic equilibrium in 
the system is disturbed and that quenching begins. 
The instant of occurrence of quenching t, can be 
found from (19) by putting g =1 and calculating 
the degree of condensation x, = x(t,) with the 
aid of (17). 


(19) 
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A decrease in the rate of drop evaporation 
below the rate of adhesion at t >t, signifies that 
the heat of condensation is now carried away from 
the drops slowly, and that the temperature of the 
drop becomes higher than the temperature of the 
surrounding vapor. 

There is no longer need, however, for further 
examination of the kinetics with allowance for the 
temperature difference. It is easy to show that 
even under extreme assumptions the degree of 
condensation after the instant t, remains almost 
constant, and upon scattering to “infinity” and 
cooling to “zero” temperature the resultant de- 
gree of condensation is x, © X,.* 

In the numerical example considered in the 
preceding section, t, = 2.65 sec and Xo = 0.44, 
i.e., approximately half the iron vapor escapes 
into space in the form of a gas and the other half 
in the form of solid particles which contain on the 
average 2a =X./v = 10!" atoms each and have a 
radius reo = 3.1 X10 em (a total of approxi- . 
mately 3 x 10?! particles; the coagulation of the 
particles is estimated to be negligible). The 
equation for the final degree of condensation also 
obeys an approximate similarity law. Namely, it 
is seen from (19) that t/t, ¥ const, since 7, /tyv'/? 
* const. Consequently, the degree of condensation, 
according to (17), is also x, * const, i.e., in the 
final state xm ~ const = 0.44. The size of the iron 
particles in scattering to infinity (substituting the 
numerical value for the constant based on our ex- 
Binple tis /Leo, = 208 X10. *\(t, 77, ) Cl. 

The solution obtained in this paper is correct 
up to the case when very small particles are pro- 
duced. Thus, at the limit of applicability of the 
approximations, i.e., at 6 ~ 1, we have t, Nee 


=10;,and 12:8 x10" cm (g.. = 8 X 10* atoms). 


In “fast” processes, when 6< 1, the complexes 
formed are still smaller, and when the number of 
collisions t,;/t, becomes not too large, there is 
no “condensation” at all. 

The number of collisions, from the definitions 
of the quantities t, and 7,, is 


t4/T1 = fies (1to/1,)'*4rd2n,0, Tt Mhes” [ny (&) 7s, 


i.e., the dimensions of the condensate particles, 
Yo, are proportional to the linear dimensions of 

*If it is assumed that at t >t, the drops merely join to- 
gether the vapor molecules but are not evaporated, we obtain 
Xo = x, + (*%4) (1—x,)T,/q. To the contrary, by assuming that 
the drops are only evaporated as a result of the stored thermal 
energy, and there is no adhesion, we find x, = x, — 3T,/q. Both 
values are quite close to x,, since T,/q « 1. We note that 
cooling of the drops by radiation causes their evaporation to 
cease and accelerates the solidification. 
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the evaporated body and decrease very rapidly with 
increasing initial heating. 

In conclusion, let us carry out the estimate for 
conditions close to those in the laboratory. Thus, 
for example, when 1g of iron with initial heat € 
= 13 ev/atom (corresponding to Tp © 35,000°) is 
evaporated, the condensation of the vapor expand- 
ing in vacuo terminates at t, ¥ 5 X 107° sec when 
scattered by approximately 30 cm, and the dimen- 
sions of the condensate particles are ro * TOs: 
em. It is not particularly difficult to generalize 
the kinetic computations to include the case of 
scattering not in a vacuum, but in a gas with finite 
pressure. By suitable choice of evaporation con- 
ditions it is possible to obtain particles of desired 
size in the laboratory. 

I take this opportunity to thank Ya. B. Zel’dovich 
for interest in the work and for valuable discussions. 
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APPROXIMATE CALCULATION OF THE NUMBER 
OF CONDENSATION CENTERS 


Maximum supersaturation is reached within a 
time ty —t; Kt; after the instant of saturation, 
when the temperature and the volume differ little 
from the values at the instant of saturation T,, Vj, | 
and x <1. Introducing @ instead of T into the | 
adiabatic equation (4) and putting approximately 
tt, and T= Teg © Ti, we obtain 


ce do qty dx | 9 dx 


afin eas Meee oe x 
ip 3T, dt’ iG 


a ha = (= 9 LOE: (owen 


(20) 


As long as the right half is close to unity the super- 
cooling increases linearly with time; it slows down 
only in the region of the maximum. 

Differentiating (5), we write down the condition 
for the maximum of 6 (d@/dt =0): 


tm 
2 : dg tml’), 3 
PAF — § y | Ua m , 1 
(gly = 1g) aCe \ 1) So ai = 38 
(21) 


Since the function I(@) is highly peaked and the 
principal contribution to the integral in (21) is 
made by time values very close to the upper limit, 
when @ is close to max, we extend the expan- 
sion near the maximum ' 

O's 8 (t’) a Oiae % (fm ies 


a = — + (d?8/dt)\m > 0 


(22) 


to the entire interval of integration.’ We put also 
0= Omax, N=ny, and T=T, in (11). Integrating 
(11), we can write approximately 
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d — {*\2{1— ex 
ge rt Se exp(— (23) 


q Onach ole dg 
dl T oa ) 


97 dt 3 O° 


Let us insert (23) and (10) in (21) and break up the 
interval into two, corresponding to charged and 
uncharged drops. 

Going from the integration variable t’ to 0’, 
in accordance with (22), and then to 8’ and Be» 
we evaluate the integrals by using expansions of 
the following type 


B= 8 (0) =B + (dB/d9)m(8’ —Onax), 8=B (Bmax) (24) 


for the transformation of the slow factors in front 
of the exponentials. (An estimate shows that 
dBe/dé ~ dg/dé = — 28/0.) 

To find the unknown curvature of the maximum 
of a, we differentiate (20) with respect to time, 
differentiate (5) twice, and calculate (d*x/dt?)m 
by the foregoing method. This yields the lacking 
equation for a. 

It can be shown that when the “slowness” con- 
dition is satisfied by the process (15) the first term 
in (21) is much smaller than the integral and, fur- 
thermore, the term containing the initial rate of 
drop growth (dg/dt)) is also small. 

Physically this means that the principal role 
in the rate of condensation is played by the rate 
of growth of the drops, which accelerates because 
of the increasing surface, and not by the production 
of the critical nuclei themselves, a process which 
in itself is not in position to suppress the growth 
in supersaturation when @ = 6max (the drops have 
time to grow strongly for the duration At; of the 
maximum ). 

Neglecting the foregoing terms, we can readily 
eliminate a from the system of equations for the 
unknowns 9max and a, and to obtain the princi- 
pal equation (13). Calculating integral (12) by this 
method, we find the number of centers of conden- 
sation (14). 

The time to reach maximum supersaturation 
can be obtained by extrapolating the linear law of 
@(t) upto Omax, which is justified, since the 
duration of the maximum At, is much shorter 
than ty, —t;. We obtain 
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The degree of the condensation at the instant of 
maximum is 


Xmi= 0.1660, 7 ;,n go eile (26) 


Note added in proof (October 29, 1959). As was 
graciously reported to us by I. S. Shklovskii, the 
question of interplanetary matter was investigated 
in detail by V. G. Fesenkov.? Fesenkov suggests 
that the dust in the solar system is formed as a 
result of purely mechanical pulverization of matter 
upon collision between meteoritic bodies and aster- 
oids and planets without atmospheres, and does not 
dwell on the physical process occurring during the 
impact. This effect pertains to the later stage of 
propagation of the shock wave, when its amplitude 
is no longer sufficient for complete evaporation 
of the substance, and exists along with the phenom- 
enon noted in the article. 
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Some processes due to free neutrinos, not heretofore considered, are discussed. Particular 
attention is paid to those processes which, in principle, could help decide whether two neutral 
lepton pairs [electron pair (ve and ve) and muon pair (vy, and v,,)] exist. 


To answer the fundamental question about the 


which in essence is analogous to the method used to distinguish neutrinos from antineutrinos 
or K® mesons from K°® mesons. In principle the problem is solved when an experiment is 
carried out showing whether a beam of Py is capable of initiating transitions which can with- 
out any doubt be initiated by ve (for example the reaction vy, + p—e*+n). 

The suggested experiment, although difficult, should be feasible with accelerators capable 
of producing more intense beams then those produced by present-day accelerators. 


INTRODUCTION 


Berue and Peierls! in 1934 were the first to 
estimate the cross section for production of B 
particles in the collisions of free neutrinos with 
nuclei at energies of the order of 1 Mev. As is 
well known the cross section turned out to be of 
the order of 10~“4 cm? and for this reason effects 
due to free neutrinos were for a long time con- 
sidered to be unobservable. Subsequently it was 
shown by the author and by Alvarez?*? that such 
experiments are quite feasible and only recently 
Reines and Cowan, and also Davis, successfully 
performed experiments in which free antineutri- 
nos from reactors were used. These experiments 
proved that neutrinos can be observed and are 
therefore “real,” that they are two-component 
neutrinos‘ and also that the neutrino and antineu- 
trino are different particles.° 

The aim of the present work is to emphasize 
the possibility of solving certain physical problems 
by studying effects due to free neutrinos not here- 
tofore discussed. The corresponding experiments 
may turn out to be not feasible today, however it 
seems to us a discussion of them is no more pre- 
mature than the discussion in its time of the anti- 
neutrino experiments from reactors. 

The question discussed is the possibility of de- 
ciding, in principle, whether the neutrino emitted 
in the 7—~yp decay (v,) and the neutrino emitted 
in 6 decay (ve) are identical particles or not. 
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identity of vy and ve a method is proposed 


REACTIONS DUE TO NEUTRINOS 


All slow processes known to us are apparently 
due to the interactions of the following fermion 
pairs: 

(e*ve), (pA), 


(ev), (pA). 


Any pair of particles may interact with itself or 
with another pair and, according to the Markov- 
Sakata-Okun’ scheme, of all the strange particles 
only the A hyperon is included in the “strange” 
pair. In the language of the universal interactions 
theory"® this scheme implies that the current J* 
entering into the weak interactions Lagrangian 
consists of four terms 


(pn), 
(pn), 


(u* vn), 
(1) 


(u-Vp) , 


J* = J (ev) + J Uy) + J (payed (pA), (2) 
each of which corresponds to one of the above- 
mentioned pairs. 

Some of the processes that may be induced by 
free neutrinos are listed below using the assump- 
tion that the Markov-Sakata-Okun’ scheme and the 
universal interactions theory are valid. 

The identity of ve and Vy iS an open question 
and is discussed in the next section. Neither theo- 
retical nor experimental arguments exist for the 
assertion that ve and Vy are identical particles. 
Therefore below, as well as in the above expres- 
sion for the current, we use the notation (e*ve), 
(u*v,,) instead of the conventional Ce") (Gate): 


ELECTRON AND MUON NEUTRINOS 


We consider here collision of neutrinos with 
real targets, i.e., with negative electrons, protons 
and nuclei (A). Among the processes listed only 
1, 2, 3 and 10 have been préviously discussed in 
the literature. In the present work we restrict 
ourselves for the majority of the processes to 
brief comments inserted in the Table. Below we 
discuss in more detail only those processes that 
have a bearing on the question of the distinguish- 
ability of the ve and Vy particles. 
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ARE ve AND vy IDENTICAL PARTICLES? 


The upper limit on the mass of the neutral lep- 
tons emitted in p decay, the magnitude of the 
Michel parameter p and theoretical considera- 
tions permit one to conclude that the neutral lep- 
tons in « decay have either vanishing or very 
small mass and are not identical. On this basis 
the decay of u mesons is usually described by 
the scheme 4 —e+v+v. However it is easy 


Some reactions induced by free neutrinos on real targets 


e————— eS 


Process 


No. 


Reaction 


Remarks 


oO 


10 


14 


12 


16 


vy tpoettn 


War = NaPe 
v, + A-— hyperfragment + et 
ve. tn>z +et 
vy,tA>Kt+e +A, 


vy, +A>K +et+A 
v,+e- 2K +K? 


ae 
Dp ae = S-@t 
veep A ve-ret + en A 
v,tA>zytette+A 
vee > yy = ay 
Vernet =e Veer ptie 
y +Ary +et+po +A, 
VP ASN, ec Bt a A 
yt popttn, 
Teen Pee on 
y +Acnrta pt A, 


LAsr+ptta 


a) 
4) 


See Ne 
4 + po A+et, 


y 
y 
y, +4 — hyperfragment + pt 


In the study of this process‘ free neutral 
leptons were observed for the first time. 
The experiment confirmed the two-compo- 
nent nature of the neutrino. 


The absence of this process® proved that 
Ve and Ve are distinct. 


A study of this process could be of in- 
terest for astrophysics, in particular for 
measuring the neutrino flux from the sun.° 


Inverse 7—e decay in the field of a nu- 
cleus. 7+ mesons are produced by Ve, 77 
mesons are produced by Vl. 


Only V (and not V) can produce strange 
particles. 


This process is possible only in nuclear 
matter. 


See process 4. 
See process 5. 


Neutrino scattering by electrons is pre- 
dicted by the universal theiry of weak in- 
teractions.® 


ete™ pair production in the field of a nu- 
cleus.* This process is the inverse of the 
lepton electron bremsstrahlung described 
in reference 10. 


Inverse p, decay 
Forbidden if ve FV). 


fs—e pair creation in the field of a 
nucleus. 


Inverse jJ capture. 


Forbidden if ve FY. 


Inverse 7— 1 decay in the field of a 
nucleus. 


Forbidden if Ve VYy- 


. -W 
*This process was recently studied theoretically by Ya. B. Smorodinskii and Chou 


Kuang Chao. 
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aaa ERSDERDRTEITDEREIIacrnnTEnnTEnEeSTEsnTS REESE ISSSUEEEISNESD NT 
Process | Reaction Remarks 
No. | 
} 
17 vy, + A> Bo + Kt+ A, 
| yb A> pi t+ K~ + A, 
18 Vt Asy, T RP Ro > A, Neutrino scattering by ££ meson in the 
: = ; field of a nucleus. 
} y A>y, tutte +A 
vu aR 
19 i e > V, tp, Inverse [J decay. 
NR nd Tee Th aA Forbidden if Ve A Wy. 
x) ies ASIA. Sa er aaa js—e pair creation in the field of a nu- 
= = Se 
vy, ~ A> AES oO ey), picy 
24 Dy ee Mh see If Ve # Y, this reaction is possible only 
: : as a second order process. 


to see that the totality of experimental and theo- 
retical information only implies that the two neu- 
tral leptons in yp decay must not be identical, and 
does not necessarily require that they be particle 
and antiparticle. The possible existence of two 
pairs of neutrinos was already considered by 
Oneda and Pati.!! At first sight the hypothesis 
of two types of neutrinos — electron neutrino 
(Ye, Ye) and muon neutrino (v,, ¥,) — may seem 
an unnecessary complication. However there are 
arguments that make the hypothesis of distinct 
electron and muon neutrinos attractive. 

The absence in nature of a number of processes 


of the type u+p—-et+p, u—~et+erte, etc. shows 


that in each of the currents in the weak interactions 
Lagrangian apparently only pairs consisting of one 
charged and one neutral particle are permitted 
[see Eqs. (1) and (2)]. The existence of only a 
“charged” current, as was pointed out by Gell- 
Mann and Feynman,® could be very naturally ex- 
plained if there existed in nature a charged vector 
boson B, coupled to various fermions with “inter- 
mediate” strength; then all weak interaction proc- 
esses known to us would be due to an interaction 
of second order in the “intermediate” coupling 
constant. As was shown by Feinberg, and also by 
Gell-Mann and Feynman,’ the nonlocality in the 
u-e decay process corresponding to an interme- 
diate vector boson would imply a probability for 
decay through the channel p —e+y in contra- 
diction with experimental data.!3 

However it is not difficult to see that even if 
the B meson existed the probability in question 
would be zero* (as is fully consistent with experi- 
ment) if the electron and muon neutrinos are dif- 
ferent. Thus, the fact that the weak interactions 


*The y. > e + y process is also possible in the absence of 
the B meson in higher order of perturbation theory as long as 
there is only one kind of neutrino-antineutrino pair, whereas it 
is absolutely forbidden if ve # Vyus 


current in the Lagrangian is “charged” could be 
very well explained on the hypothesis of an inter- 
mediate boson only provided ve and vy are dif- 
ferent. Besides this argument it seems to us the 
hypothesis of two different types of neutrinos, un- 
able to annihilate each other,* is attractive from 
the point of view of symmetry and systematics of 
particles and also could help us understand the 
difference in the nature of the muon and electron. 

It follows from the above that experimental in- 
formation on the identity of ve and v, is of 
paramount importance. One possibility consists 
in measuring the helicity of the 4 meson. If only 
one kind of neutrino-antineutrino pair exists in 
nature then the V-A interaction requires that the 
helicity of the meson be positive. Should this 
helicity be found experimentally to be negative it 
would serve as a strong argument in favor of the 
existence of two kinds of neutrinos; the u* decay 
could be described according to the scheme 
(Die Ee Vio Lie 

The experiments of Love et al.!® however show 
that the helicity of the ~~ meson is apparently 
positive. Therefore the question on the existence 
of two kinds of neutrinos in nature remains open. 
The positive helicity of the ~~ meson indicates 
however that if two kinds of neutrino-antineutrino 
pairs do exist in nature then the weak interactions 
should be described as in (1) and the decay of the 
u* meson should proceed according to the scheme 


pb — e+ ve + vy. Here, as usual, the electron neu- 


trino is defined as the particle emitted with the 
positron in B decay. Its helicity has been deter- 
mined experimentally and was found to be nega- 
tive’® (the helicity of De is, of course, the oppo- 
site). As regards vy, and vy: these particles 
*We note, in particular, that if Ve, Ve and Vy, Vy, are dif- 
ferent the muonium system (+ e~) cannot make transitions** 


into the antimuonium system (7 e+) in any order of approxima- 


tion. 


ELECTRON AND MUON NEUTRINOS 


are defined as having respectively negative and 
positive helicities. The decay of the 7+ meson 
is thus described by m*—p*+ vy. This notation 
was used in the preceding section. 


There remains one more fundamental possibility 
for settling the question of whether Ve and vy are 


different particles, and this is discussed in the fol- 
lowing section. 


PROPOSED EXPERIMENT FOR DETECTING 
THE DIFFERENCE BETWEEN ve AND Vu 


The method discussed below is in essence anal- 
ogous to that used to determine whether the neu- 
trino and antineutrino (we are referring here to 
Ve and Ve) are identical?’ or whether the K® me- 
son and K? meson are identical.!’ In these cases 
particle and antiparticle were proved to be dis- 
tinct when transitions, whose matrix elements 
would be nonvanishing if the particle and antipar- 
ticle were identical, were not observed experimen- 
tally. For example the absence of the process 
Ve + Cl?’ — a3" + B- proves that ve and Ve are 
distinct since the process ve + Cl?’ — A+ B- 
without any doubt does occur. 

_ In our case we are concerned not with the al- 
ready settled problem about the distinction between 
neutrino and antineutrino but rather with the dis- 
tinction between ve and vy (or ve and vy). If 
Ve and vy, are different then it is already known 
which reactions should produce Ve and ve and 
should not produce wy, and Yu (and vice versa). 

To settle the question it is necessary to ascer- 
tain experimentally whether a beam of v, is 
capable of inducing transitions which can definitely 
be induced by Ye. From the experimental point of 
view a beam of muon neutrinos is more attractive 
than a beam of electron neutrinos for the following 
reasons. The usual intense sources of electron 
neutrinos are radioactive isotopes. Their very 
nature makes them incapable of emitting high en- 
ergy neutrinos. A good source of muon neutrinos 
is the m-y decay in which the neutrinos are pro- 
duced with high energies. It would be of interest 
to use a high energy antineutrino, say > 100 Mev, 
since the cross section for neutrino induced proc- 
esses grows rapidly with energy. However at very 
high energies the intensity of generation of muon 
neutrinos is reduced due to the relativistic in- 
crease in the lifetime of the a mesons and there- 
fore we shall discuss an experiment for a neutrino 
with energy < 100 Mev. 

Now as an example let us consider the reactions 
(see table, processes 1 — 21) 
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Yu + ppt +n, (a) 
Yue poe on. (b) 


The reaction (b), if ve and vy are identical, 
was successfully observed by Reines and Cowan,‘ 
and if ve # v,, the reaction is unobservable. The 
reaction (a) is a threshold reaction and therefore 
can never be observed for vy energies < 100 Mev. 
The problem is to determine the cross section for 
reaction (b). When the neutrons from reaction (b) 
are in the energy region where their detection is 
possible with good efficiency inside a large scin- 
tillation counter containing cadmium, the method 
of Reines and Cowan is fully applicable. When the 
event caused by reaction (b) takes place two pulses 
will appear in the scintillation counter, one corre- 
sponding to the release of the positron energy (the 
neutron receives a small share of the energy) and 
the other, delayed with respect to the first one, 
corresponding to the release of the photon energy 
from the neutron capture in cadmium. To detect 
the reaction (b) a Reines and Cowan type scintilla- 
tion counter may be placed in a beam of muon anti- 
neutrinos incapable of inducing reaction (a) (for 
energy reasons) and containing a negligibly small 
admixture of electron antineutrinos which could 
cause the “trivial” reaction ve +p—e*+n. 

To clarify the experimental conditions let us 
discuss the production of neutral leptons of vari- 
ous kinds in cyclic accelerators where protons 
attain an energy of, say, 700 Bev. The radioactive 
elements that are produced in the target and in 
other parts of the accelerator are sources of ve 
and, to a smaller degree, of Ve of low energy 
(<10 Mev). These electron neutrinos will not 
give rise to an appreciable background because 

a) their energy is low and it is easy to discrim- 
inate against them by an analysis of the corre- 
sponding pulses from the scintillator; 

b) the cross section for the reaction ve + p 
—et+n is proportional to the square of the en- 
ergy of the incident antineutrinos and is relatively 
small at low energies. 

Pions of both signs will be produced at the tar- 
get of the synchrocyclotron. They will give rise to 
neutral leptons according to the scheme 


2) we >a" + Vet Vu 


4) Le 3 + Ve oe Vury 


1) out te, 


3) wet, 
5) w + nucleus — »,. 
The admixtures of ve and vy in the beam are 


harmless since it is already known that the neu- 
trino (both vy and ve) is incapable of inducing 
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the reaction under study. It is easy to see that 
“harmful” ve come only from the decay 4 of y™ 
mesons. However pz mesons stopped in a mate- 
rial of high atomic number (it is not difficult to 
take care of the possibility of mesons stopping in 
light materials) practically do not decay, and p - 
meson decay in flight may be ignored since the 
mean free path for s-meson decay is measured 
in hundreds of meters and it is reasonable to place 
the detector for reaction (b) at a distance of * 10m 
from the target. 

It is thus possible to achieve a beam of Vy par- 
ticles with practically no admixture of ve. Fur- 
thermore the Vv, from reaction 2) (stopped pu~ 
mesons) will have an average energy of ~ 35 Mev, 
and although the Vu from reaction 3) may have a 
- significantly higher energy (decay in flight) their 
intensity will in general be low.* 

The number of Vy produced in reaction 2) may 
be close to the number of m* mesons produced in 
the target and therefore the number of Dy that 
present day machines are capable of producing 
could be equal to 10! sec7!. At the present time 
models of new accelerators are being discussed, 
which would be capable in principle of a proton in- 
tensity larger by three orders of magnitude. Thus 
one may think that a flux = 10° Pu /em? sec at 
a distance of 10m from the target may be realistic 
in the not too distant future. The cross section for 
reaction (b) was estimated using perturbation the- 
ory and found equal to 2 x 1074! em? if ve = Vy, 
for Ve energy equal to 35 Mev. If one were to 
use a Scintillation counter of the Reines and Cowan 
type (1—2m) then the number of events (for ve 
= Vy) will be ~1 per hour (@ ~ 108 cm~? sec!) 
for a registration efficiency equal to unity. As 
was recently shown by Reines and Cowan‘ the ef- 
ficiency may exceed 0.5. Technically, the regis- 
tration of one of the events under consideration 
is less difficult than in the Reines and Cowan ex- 
periment since the energy of the emitted B* par- 
ticles is high. Thus the feasibility of the experi- 
ment depends on the size of the background; this 
is difficult to estimate a priori. One can only say 
that unfortunately the signal-to-background ratio 
should be considerably lower than in the Reines 
and Cowan experiment. Attention is called to the 
fact that the Vu from the reaction 2) are emitted 
isotropically, in contrast to the neutrons produced 
in the target. This makes it possible to reduce 
the difficulties due to the background from the 
accelerator by placing the Vy detector at an 


*The vy, flux from the 7~ > y~ decay in flight may be appre- 
ciable only if the high energy proton beam falls on an external 
target located several meters away from the massive parts 
(shield, etc.) of the accelerator. 
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angle of 290° with respect to the direction of 
the high energy protons incident on the target. 

To sum up one could say that an experiment 
to establish the identity of ve and vy, although 
very difficult, should be seriously considered in 
the planning of new accelerators. In particular 
the problem of shielding of the Yu detector from 
radiation should be looked to in the very first 
stages of design. 

In conclusion the author takes great pleasure 
in thanking Chou Kuang-Chao, L. B. Okun’ and 
Ya. A. Smorodinskii for numerous discussions, 
and also E. M. Lipmanov who kindly showed us, 
prior to publication, the paper in which arguments 
are presented in favor of the hypothesis of two 
kinds of neutrino pairs. 
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Corrections are calculated to various effects in neutron beta decay coming from terms ~m/M 
(m and M are the electron and nucleon masses), depending on Gell-Mann “weak magnetism” 

and proton recoil. It is shown that in electron-neutrino correlation and in the electron asym- 

metry in the decay of polarized neutrons these corrections reach several percent. 


1. INTRODUCTION 


As a result of intensive theoretical and experi- 
mental investigations in the last few years, the 
V-A form of the weak interaction has obviously 
been uniquely established.'?»? Starting with the 
equality between the pu -decay constant Gy, and 
the Fermi constant Gp of beta decay, Feynman 
and Gell-Mann enunciated a proposal on the pro- 
found analogy between the vector part of the weak 
interaction and the nucleon current in electrody- 
namics. As Gell-Mann showed in a later paper,‘ 
this leads to the appearance of supplementary 
terms (“weak magnetism”) in the formulas for 
the effects observed in beta decay. The observa- 
tion of these corrections in an experiment would 
greatly strengthen the hypothesis. The correc- 
tions connected with the Feynman—Gell-Mann 
hypothesis for the beta decay of nucleons have 
been considered in other papers.°”® 

In the present work we examine the influence 
of strong interactions on the simplest case of beta 
decay, the decay of the neutron. A phenomenological 
analysis of the strong interactions leads (as is 
known") in the case of the V-A form to the appear- 
ance of six form factors which depend, thanks to 
the locality of the weak interaction, only on the 
square of the 4-momentum transfer. In examining 
the matrix element, we take into account only terms 
of the order m/M (m and M are the electron and 
neutron masses) and neglect terms of higher order. 
It is shown that 1) the dependence of the form fac- 
tors on the 4-momentum transfer can be neglected 
so that they can be considered constant; 2) besides 
the ordinary beta-decay constants G and A, only 
a constant corresponding to “weak magnetism” 
enters. The other terms in the amplitude are 
shown to be second-order. 

Essentially, the value of the new constant is de- 
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termined by the anomalous magnetic moments of 
the nucleons. Therefore, the final formulas in this 
approximation contain no undetermined parameters. 

Corrections to the effects observed which are 
obtained here arise both from “weak magnetism” 
and from the calculation of proton recoil in ordi- 
nary matrix elements. Although these corrections 
are not great and make up, generally speaking, 
~ 0.1% of the fundamental effect, in some cases 
(electron-neutrino correlation and electron asym- 
metry in the decay of polarized neutrons) they 
reach several percent and could be measured if 
the accuracy of present experiments were increased 
afew times. The measurement of such effects is 
essential because it would assure a test of present- 
day theory to an accuracy of 1%, free of any sup- 
position of nuclear characteristics. 

It may be in place here to emphasize the differ - 
ence between the setup for the verification of the 
V-A interaction hypothesis and that for the elec- 
tromagnetic analogy of Feynman and Gell-Mann. 
The latter predicts a numerical value for the 
“weak magnetism” effect, the former establishes 
only the form of the amplitude. The investigation 
of neutron decay gives sufficient information for 
the verification of both hypotheses. 

If the theory is confirmed by experiment, it 
can really lead to an understanding of the law of 
the weak interaction, in particular, one can get 
an understanding of the ratio of the coupling con- 
stants for p decay and beta decay taking into ac- 
count various corrections coming from the inter- 
action with the radiation field and the pion field. 
The work of Berman® was devoted to this question. 

One must emphasize that as long as the influence 
of the effects mentioned above on beta decay is not 
investigated in sufficient theoretical detail it is use- 
less to pose the question of a rigorous test of the 
V-A theory by looking at nuclear beta decays. 
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2. THE MATRIX ELEMENT 


According to the Feynman—Gell-Mann theory, 
the neutron beta decay Hamiltonian has the form 
of a product of the lepton and nucleon “currents.” 
The strong interaction of the nucleons in the ma- 
trix element can be taken care of phenomenologic- 
ally by the introduction of form factors which, from 
the locality of the lepton interaction, depend only on 
one invariant, the square of the 4-momentum trans- 
fer of the nucleon. Then the most general expres- 
sion for the matrix element is 


1/ 
m my, M, =| /s 
rd 


€0 Yo Po No 


S = (2n)*i8 (n — p—e » 


R= (G/ V 2) [Wen (1 + ¥5) ws] 
x [Up (Q1%u + G2 Spy ky + tag ky + 0, Yu Ts 


+ besuy ¥5 Ry + ibs ¥5 Ry) Un). (1) 


Here n and p are the 4-momenta of the neutron 
and proton; v and e are the 4-momenta of the 
anti-neutrino and the electron; aj and bj are ar- 
bitrary functions of the square of the momentum 
transfer; k=p—n); pp) = —ipy, n= —ing, etc.; 
and Oy) = (1/21) X (yp -Yvyy). We use the 
invariant spinor normalization (Uu=+1), and 
the appearance of one factor in (1) is connected 
with this. We note also that for an invariant nor- 
malization of the spinor uy we introduced a neu- 
trino mass my, which in the final results is equal 
to zero. 

The invariance of the theory under time re- 
versal leads to the relation 


Rag = R_p—ay (2) 


where the states (-—8) and (—a@) are obtained 
from 8 and a by changing: the sign of the spins 
and of the spatial components of the momenta. The 
requirement of unitarity of the S matrix to first 
order in the weak coupling constant gives 


Ras = Rea (3) 


From (2) and (3), the reality of the form factors 
coming from amplitude (1) follows. 

If we limit our consideration to corrections of 
the order m/M only, then expression (1) simpli- 
fies, in an essential way. This happens for the 
following reasons: 

1. If one considers that G invariance®?!? holds 
for strong interactions, then 


Ae = be= 0. (4) 


Since in our calculations we want to fix our atten- 
tion on corrections coming from the neutron-proton 
mass difference A, (4) means that the ratios a;/a, 


$.. Mo BIEN KDI et al 


and b,/b3 are of the order A/M (this is also con- | 
firmed by lowest order perturbation theory). Be- 
sides this, the terms with b, and a3 are multi- 
plied in the matrix element by a quantity of the 
order of A. Therefore they give only a contribu- 
tion on the order of (A/M)? and can be neglected. | 

2. The term with b3 is also of the order (A/M)? | 
since first, k,, enters in it and second, the matrix 
element is of the order A/M from the ys. 

3. The dependence of the form factors on k? can 
be neglected in our case (see reference 7). This 
is connected with the fact that an expansion of the 
form factors in a series in k? (for example, for 
a,) has the form a; (k*) =1 —r°k?/6+. Here 
r represents the dimensions of the nucleon and 
the corresponding correction is of higher order 
than A/M. 

4, Therefore, in the approximation that omits 
only terms linear in A/M, only one additional 
term determined by the strong interactions (a) 
is left in the matrix element. In conformity with 
the Feynman-Gell-Mann hypothesis, by analogy 
with electrodynamics a, should be replaced by 
—[i9/2M, where py is the difference in the 
anomalous magnetic moments of the proton and 
neutron. 

So the final expression for R takes the form 


v0 | 
eae OM Syke, ry Myts) Un | , 


(5) 


R= 7 Liter, (1+ 10) [tp (1, 


where 2 is the ratio of the Gamow-Teller and 
Fermi constants. 

To calculate the observed effects with the aid 
of (5) we use the method of covariant density ma- 
trices. The density matrix of the initial state 
has the form 


= > (1+ 1X5 Ce A) DX, (7). (6) 


Here A,(n) = (nyy, + iMpn)/2iMy is a projection 
operator, and et = Sp iys YyPo is the 4-component 
pseudovector of the neutron polarization, satisfying 
the condition 


a Ny, == 0. (7) 


The degree of polarization is given as VEL En - 
The density matrix of the final state is equal to 


% (8) 
where 
Pip ars NG, (e) Oz AS (v) Os Ne (e), 
pis a A (p) No, Po Neg Ay (p). 


In these formulas 
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Os = %a OB a, N; == "Va NEw 
Ou = y, (1 + 5), ie aa Sax Ry MY atts) - 
Here it must be kept in mind that the matrices in 
pig act on the spin variables of the leptons, while 
the matrices in on act on the spin variables of 
the nucleons. Furthermore, expression (8) for the 
density matrices leaves out a common factor com- 
ing from the matrix element (1). This factor will 
be taken into account in the final expressions. 

In conclusion we note that the definition of po- 
larization (6) differs from the ordinary one by a 
factor m/E, which is connected with the choice 
of a covariant normalization (in particular, with 
such a definition we get for the polarization 3- 
vector of the electron in the two-component theory 
not —8, but —p/m). 


3. ELECTRON-NEUTRINO CORRELATION 


Let us go now to a consideration of the observed 
effects. First we look at the electron-neutrino cor- 
relation in the decay of an unpolarized neutrino. For 
this it is necessary to calculate Spp for é=0 
and the density of the final states. As we have al- 
ready noted, we keep terms ~ A/M in these cal- 
culations and neglect terms of higher order. The 
expression for the statistical weight has the follow- 
ing form in the approximation considered: 


1- 3 (E — pceos8)—A 


aes i \ pE(E,—E)*dE dQ. (9) 


Here dQ = 27 sin 6d0, @ is the angle between the 
directions of emission of the electron and the neu- 
trino, E and p are the total energy and momen- 
tum of the electron, and Ey, is the maximum energy 


of the electron, equal, in the approximation used, to 
E, = A—(A?—m?) /2M. 


The calculations of the expression of the electron- 
neutrino correlation are very cumbersome, and 
we give only the final result 


dW (E, cos) = A (E) (1 + Ba(E) 
cos § + 8%b (E) cos? §) dE dQ, 
where £ is the electron velocity, 


(10) 


5 548, 
A(E)= gaye PE (Eo — BI" \1 4 2413 (1 +322) + Sau] o 


2 be x UN 
= flat he 2he] it a aia 


! ee Si) ar 
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{—h? 
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a(E) = 


m2 


aad 2h) sae 


F 12, 
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and yw is the difference between the total mag- 
netic moments of the proton and neutron. As is 
evident from the formulas, ‘the corrections ~ A/M 
come both from “weak magnetism” and from tak- 
ing into account proton recoil. It is interesting to 
note the appearance of cos? 6 terms, which are 
missing in the ordinary e-y correlation formulas 
and turn up here because of the inclusion of recoil. 
The size of the corrections to the ordinary effects 
is given in Table I. It is evident that the correc- 
tions come up to a few percent. This is partially 
connected with the fact that the term (1 ae in 
the fundamental process is rather small because 
of the nearness of A to unity (A = 1.2). 


TABLE I. Corrections to e-v 
correlation in % 


Total 
pea Feel ES 
Mev magnetism 
0.74 0.4 1) 
Ohi 1.4 207 
AAA 2.4 3.0 
Le29 3.3 4.2 


4, THE ELECTRON SPECTRUM AND THE PROB- 
ABILITY OF DECAY 


Integrating (10) over the angle between the elec- 
tron and neutrino, we get the following expression 
for the electron spectrum: 


dW (E) = 4 (2n)°G2pE (E, — E)2{1 + 3 
— ONO a) AM i oe) 


<E /M—2h(u 4-2) m?/ ME) dE. (11) 


The corrections to the spectrum are shown to 
be small (the fundamental process determines 
the term 1+3A?) and reach a few tenths of a per- 
cent. For example, for the electron energies 0.91, 
1.11, and 1.29 Mev, the total corrections are, re- 
spectively, 0.3, 0.4, and 0.6% 

From (11) we get the following expression for 
the total decay probability. 
In Beis Bie ft (1 + Bh? — Dh(h +) )Eo 


4 m 


Wa 4G? { 


(2m) 


4 EO joey 
oy 0 oo | 


x[(5? + 1 +a = (1+ 52 ON ey i) 


3 
2 4 AN >) me ED 
(= Eo— pei Ei — om) (53 sh “ir 15 t D) i ) M 


fb... 49 44.) m* Eo) 
+(e - 70 — 15 Y) |. 


The correction to the probability is small and 
comes to about 0.2%. 


(12) 
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5. ASYMMETRY AND ELECTRON POLARIZATION 


Now we look at the asymmetry in the emission 
of electrons in the decay of a polarized neutron. 
By a long, but not complicated calculation, one can 
get the formula given below for the angular distri- 
bution of the electrons 


dW (E, cos 9.) 
= (1/4) —-(spectrum)— [1 + Pfc (E) cos 9] dQ,, (13) 
where 


Pie 


ea (ASte 7) 2 A 
4+ 3X2 nil (1 + 3h2)2 [ (3 + 2h 1) aT 


B m? 
— (3d? + 90? + BK— 1) a — 2? (A— 1) ME 


P is the degree of polarization of the neutron, and 
6@ is the angle between the direction of polariza- 
tion of the neutron and the momentum of the elec- 
tron. From Table II it is evident that the correc- 
tions to the asymmetry of the electrons come to 
several percent, which fact, as in the electron- 
neutrino case, is partially due to the smallness of 
the basic effect [proportional to A(A-1)]. We 
note that the corrections to the asymmetry of the 


neutrino, where the basic effect is large, are small. 


TABLE II. Corrections to the 
asymmetry of the electrons 


in % 
Total From y 
obese weak eat 
energy, i 2? 
ies magnetism 
0.74 | 1.3 0.3 
(Oh 1.8 0.5 
os eee 0.6 
4709 Su) 3.0 0.8 


In conclusion we given the expression for the 
electron polarization Pe, calculated with the aid 


S. \ Mi (BIEN =I beta, 


of the amplitude (5) (with ordinary normalization): 


Pp=—p(14+2 7H ae). (14) 
The corrections to the polarization are small and 
for energies of 0.71, 0.91, and 1.11 Mev make up, 
respectively, 0.14, 0.08, and 0.07%. 

Finally, we note that, as the calculations show, 
the radiation corrections, although they change 
the effective value of the beta-decay constant, 
have practically no influence on the effect ob- 
served by us. 

The authors are grateful to Prof. V. Telegdi 
for his examination of the results of this work. 
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The uniqueness of the determination of the scattering amplitude from the analyticity and uni- 
tarity conditions is considered for the problem of scattering of scalar neutral and charged 
mesons from a static nucleon in the one-meson approximation. The analysis is carried out 
by describing the analytic properties of the scattering amplitude on all sheets of the Riemann 
surface. As a result it is found that the non-unique terms appearing in the solution are char- 
acteristic of scattering from virtual or Breit-Wigner levels. 


In the course of the last few years it has been 
discussed repeatedly (see, for example, refer- 
ences 1 and 2) whether the conditions of analytic- 
ity and unitarity (in addition to the data on the 
mass spectrum) are sufficient for the determina- 


tion of the amplitude for various physical processes. 


Castillejo, Dalitz, and Dyson? showed that in the 
problem of the scattering of charged (or neutral) 
scalar mesons from a static nucleon in the one- 
meson approximation the conditions of analyticity 
and unitarity do not determine the scattering am- 
plitude uniquely. One can therefore add certain 
additional terms to the scattering amplitude with- 
out violating these conditions. In the present paper 
we consider the same problem by a somewhat dif- 
ferent method from that employed by the aforemen- 
tioned authors (we also remark on the scattering 
of mesons from nucleons in the Lee model). It 
seems to us that our approach makes the physical 
meaning of the non-unique terms more apparent. 

Let us first consider the scattering of neutral 
scalar mesons from a static nucleon in the one- 
meson approximation. It is known that the solution 
of this problem by the usual methods of field the- 
ory leads to a vanishing scattering cross section. 
We will get a different result if we use only the 
conditions of analyticity and unitarity. 

In the case of a static nucleon only the S wave 
gives a contribution to the scattering amplitude for 
scalar mesons. The general expression for the 
scattering amplitude will therefore be of the form 


f (@) = (e — 1)/ 2k, (1) 


where w and k are the energy and the momentum 
of the meson (fh =c =1), and k=vVw*-yp?. Since 
we are using the one-meson approximation, the 
scattering phase 6 is real. 
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In specifying the analytic properties of f(w) 
in the complex plane w we shall consider the 
many-valued function f(w) on all sheets of its 
Riemann surface. This is in contrast to the usual 
method where f(w) is given only on one sheet 
by introducing a cut in the complex plane. In the 
one-meson approximation the function f(w) has 
two branch points of second order at w=yp and 
w=-p, So that the Riemann surface for f(w) 
consists of four sheets. Owing to the requirement 
of relativistic invariance (for the mesons) the 
expressions Vw-yu and Vw+y cannot enter in 
f(w) separately, but only through the momentum 
k, i.e., in the combination Vw*—p*. Two of the 
four Riemann sheets, therefore, coincide pairwise, 
so that the Riemann surface consists of two sheets. 

We shall call the first sheet of the Riemann 
surface that sheet on which ¢g = arg Vw*—p? varies 
between the limits 0 < g <7, and the second sheet, 
that on which 1 <q < 27. The values of f(w) on 
the first and second sheets will be denoted by f;(w) 
and f,(w), respectively. With this definition the 
first Riemann sheet corresponds to the complex 
plane of w with cuts from p to + and from 
—yu to —© (here argvw-—yp varies between 
the limits 0 and 7, and arg vw+yp _ between 
—1/2 and 7/2), and f{,(w) is that value of the 
amplitude which appears in the usual form of the 
dispersion relations. For real w > the function 
f,;(w) is the physical scattering amplitude. 

By the usual method of the theory of many-valued 
functions (see, for example, reference 4), we in- 
troduce, instead of f,; and f,, the two functions 


¢y () = [fr (@) + fe ()1/2, $2 (@) = fi () fe (). (2) 


It is easily seen that y,(w) and 92(w) are 
single-valued analytic functions and can therefore 
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be defined through their poles, if they vanish at in- 
finity and contain no essential singularities. The 
functions f, and f, are given interms of 9, 

and 92 by 


(3) 


where one of the signs corresponds to f;, the other 
to fy. 

We now write down the condition of unitarity. 
This condition is valid only for physical values of 
the energy: wreal, w>w, argvw*—-y2=Q, and 
is written in the form 


Im fr (©) = R{ fa (©), (4) 


Let us write (4) in terms of the functions yg, and 
~2, We note that for Inw=0, w>u, 


fo() = filo). 


Indeed, f,(w) differs from f,(w) only by the 
sign in front of k=Vw?—yp?. Since 6(k) in (1) 
is an odd function of k, 6(k) =-—6(-k), andis 
also real, a change of the sign of k is equivalent 
to complex conjugation. It follows from (2) and 
(5) that in the physical region (Im w=0, w> wp) 


$, (©) = Refi(@),  $2(o) = |f1 (0) |. (6) 


With the help of (6) and (4) we easily obtain the 
relation 


fie(©)=a=—V — ye, 


o=—o+ 10, o>. 


(5) 


(7) 


As is evident from its derivation, this relation is 
valid only in the physical region (Im w=0, w>u). 
However, since ~;,(w) and @2(w) are analytic 
in the entire complex plane, expression (7) can be 
continued analytically, and we arrive at the result 
that (7) is valid everywhere. Substituting (7) in (3), 
we obtain 


2 (0) = g2 (0) — (0? — 2) & (0). 


fie (O) =O, =-£ Vo o>, 


(8) 


The upper sign in (8) corresponds to the value 
of the amplitude on the first sheet, f,;(w), the 
lower sign so that on the second sheet, f,(w). 
[With the alternative choice of signs formula (4) 
would not be true.] 

Up to now we have not used at all the fact that 


f(w) is the scattering amplitude for neutral mesons. 


As a consequence of the neutrality of the scattered 
mesons the scattered amplitude must be invariant 
under the substitution w — —-w: 


re) = fo), (9) 


since Vw*-—y?2 does not change under this substi- 
tution, relation (9) must be true for f,;(w) as well 
as for f,(w). This means that g,(w) and 92 (w) 


are even functions of w, i.e., functions of w*. 


IOFFE 

Considering that y,(w) and g2,(w) must be ana- 
lytic functions which vanish at infinity [this is seen 
immediately from (1) and (2)] and satisfy (7), we 
write down the following general expression for 

gy and @2:* 


n 
Oy (w) a S a7 / (w? = Ai), 
t=1 


N 
i>} cas /—py"@?—M), (10) 


é=1 


$2 (®) = 


where Aj and aj are certain (in general com- 
plex) constants, «; ==+1, and the root (Ag Suey 
must be taken on the first sheet (0 < arg (rg — p2y'/? 
<). The N coefficients aj are not independent 
but are functions of Aj; as is seen from (7), they 
can be determined from the system of N equations 


12 2, V2 ‘ 
4 ap Ke — pi 
hi = ee 5 eae S/Ep 
ill aes e—v? 


Er 

= (2 — py ; pe 

It is easily seen by substituting (10) in (8) that 
the still undetermined constants Aj correspond 
to poles of the scattering amplitude which lie either 
on the first (€j =+1) or on the second sheet (€j 
=-—1). On the basis of physical considerations we 
can make definite assertions regarding the poles 
on the first sheet: these poles correspond to real 
physical states; the poles on the second sheet may 
lie anywhere in the complex plane. Accordingly, 
we must require, in the neutral theory, that f, (w) 
have no poles, i.e., all «€j = -—1. After substituting 
(10) in (8) we then obtain for the general expression 
for the scattering amplitude f; (w) 


fr (o) = Sf [ar /(o®— 2) ] 1 — V (o? — p4) / 03 — p)]. (12) 
i=1 


As an illustrative example we consider the case 
of a single real polet N=1, A? =? <p?. We 
easily find from (11) that a = —i(2? —p?yi/2 
= (u? —)?)1/2, and (12) is written as 

4 


fi (o) == Rome [Vu — 2 a. iV o& — | — 2 r ion 


(13) 
Expression (13) for the scattering amplitude is 


*It is assumed in (10) that 9,(w) and ,(w) have only simple 
poles. In principle, some of the poles may, of course, be mul- 
tiple. The consideration of multiple poles, however, does not 
introduce anything new in the following discussion, so that we 
Shall leave it out in order to keep the presentation simple. 

t\? cannot be real and larger than pu’. This can be seen with- 
out solving equations (11): for \? > p? at least one of the func- 
tions 9,(@), 9,(@) would be complex for w? > p?, which would 
contradict (6) and would lead to a non-zero imaginary part of 
the scattering amplitude for w? < p?. 
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of a familiar form: it is the scattering amplitude 
for a virtual level in ordinary quantum mechanics. 

For each complex value rg there must be an- 
other value ri which is the Lompley conjugate of 
the first one: Ae = n2*; the coefficients Qj and 
aj will also be OG pIee conjugates of each other. 
This follows immediately from (10), since, accord- 
ing to (6), the functions g,(w) and ~.(w) must 
be real for real w >y. For complex values of A 
the simplest expression for the scattering ampli- 
tude must, therefore, contain two terms of the 
sum (12) and can be written after some simple 
transformations 


fr (@) = Th (8 — B*) — Bx" — Bx] /[A? + 2ik Imx —| x7], (14) 
where «x = (A?-y?)'/2, g=/k. [In deriving (14) 
from (12) one must keep in mind that according to 
our definition of the root (A2*— 22 = —k*.] The 
denominator in (14) agrees in oe nonrelativistic 
approximation with the denominator in the Breit- 
Wigner formula for a resonance, E—E, + ivE i 
I'>0, since Imx>0. 

We thus obtain the following result. The con- 
ditions of unitarity and analyticity in the one-meson 
approximation of the neutral scalar theory do not 
determine the scattering amplitude uniquely. The 
non-unique terms which appear are characteristic 
of resonance scattering from virtual (Wigner) or 
Breit-Wigner levels whose position (and, in the 
case of Breit-Wigner levels, width) can be arbi- 
trary. 

This result agrees with the result of Castillejo, 
Dalitz, and Dyson? that the scattering amplitude can 
be determined up to an arbitrary number of param- 
eters such that to every two real parameters there 
corresponds a zero of the scattering amplitude in 
the physical region. In our solution the presence 
of zeros of the scattering amplitude follows at once 
from the presence of virtual and Breit-Wigner reso- 
nances. Indeed, let us add a single Breit-Wigner 
resonance to the scattering amplitude. This reso- 
nance, determined by two real parameters (energy 
and level width), has the property that in going 
through it the scattering phase changes by 17, i.e., 
the scattering amplitude goes through zero. If 
there are n Breit-Wigner resonances, the scat- 
tering amplitude will have (n—1) zeros on the 
real axis in the physical region for finite values 
of w. If we add a single virtual level, the phase 
changes by 1/2, but the virtual level is determined 
by a single parameter, the energy, So that two pa- 
rameters, i.e., two virtual levels, will again corre- 
spond to a zero in the scattering amplitude. Thus 
we see that in our discussion 2n real parameters 
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give rise to (2n—1) zeros of the scattering am- 
plitude in the physical region.* 

Let us now turn to the charged theory. All con- 
siderations leading to formulas (2) to (8) remain 
unchanged, the only difference being that the for- 
mulas (1) to (8) refer now to both scattering am- 
plitudes: f,(w) for the positive and f_(w) for 
the negative mesons. The symmetry condition (9) 
is now written 


J AO) seat (an) 


and leads to the corresponding conditions for the 
functions 7 (w) and pt(w): 


(15) 


a (0) = (—©), @& (0) = (—2). (16) 
In analogy to (10), the functions y,(w) and 
Y2(w) can be expressed as sums over poles, 
a =a /(—N), g =D BF /(o—W), 
Pr = d)a; /(o—h; ), o => 8 /(@—; ) (17) 


(the summation over i goes from 1 to N), where, 
according to (16), 


ee) Cas (18) 


eNOS (5 eet 
a a; , PE ee Bre 


Owing to formula (18) it is sufficient to find the 
general expression for the functions gf, gz alone. 
The unitarity condition for these functions has the 
form (7). Substituting (17) in this condition, we ob- 
tain easily the following equations for the deter- 
mination of the coefficients aj and $j in terms 
of the locations of the poles Aj: 


+5+ N + 
a; h; 2 ~ k 
3 / cn + 
ee Pa je = K; — pe 
LE ae (19 
ie \ ye ) 
subject to the condition 
N y 
Se = aa ex) ee — 7) Mis 0, (i972) 


é=1 i=] 


which guarantees the correct neste) of the func- 
tion ~3(w) at infinity (g7(w) ~ 1/w*) [the cor- 
rect behavior of the function (w) at infinity, 


lim gf(w) ~ 1/w is automatically assured by the 
W— 00 


representation (17)]. As in the case of neutral me- 


*In reference 3, 2n zeros correspond to 2n parameters. The 
apparent difference from our results is explained by the fact that 
in the paper of Castillejo, Dalitz, and Dyson the solution con- 
taining no additional parameters (with vanishing R function) 
has two poles of the scattering amplitude on the second sheet. 
In our case these two poles are included in the number of inde- 


pendent parameters. 
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sons, €; =+1 is the condition for the appearance 
of poles on the first sheet (real poles), while €j 
= -—1 corresponds to poles on the second sheet. 
Let us consider a very simple example: the 
scattering amplitude has a real pole at w=0 
(corresponding to a one-nucleon state) anda 
pole on the second sheet at w=aA, ImA=0, 
AX <p. [There must be at least one pole on the 
second sheet, otherwise equation (19’) cannot be 
fulfilled.] The solutions of equations (19) are 
easily found, and we obtain for the functions gj 
and 97 


Be oict > ae Wee yiRtae 
91 () aa) pe Vwe—2 mo) a p (@ — 5 d 
+ 4 ATS 4 
Pi hO) = 2y p24 Vp? — 2 ay yar =| : (20) 


The scattering amplitude for positive mesons has 
the form 


LO=r% oor cee Sie 
x=Vw—®, (21) 
Close to the real pole 
fo) h/(u+x)o, (22) 


and in the neighborhood of the virtual pole 
f, (@) =D? / wu (u + x) (Rk + ix). (23) 


The scattering amplitude near the real pole is 
usually expressed in terms of the coupling con- 
stant g?: f{(w) ~ g’/w. We see from (22) that 


P=d/(p+Vwe—P; 
g cannot exceed unity. This is also in agreement 
with the results of reference 3. 

Our considerations can be immediately applied 
to the scattering of mesons in the Lee model.’ In 
virtue of the fact that in this model the process 
N+6-V can occur, while the process V + @ 


Bayle 
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—N is excluded, the scattering amplitude must 
have one branch point at w=+p, as the branch 
point at w=-—p must not occur. Therefore, the 
scattering amplitude is again a two -valued function 
and can be written in the form (2) or (3). As be- 
fore, the condition of unitarity has the form (4), 

so that equations (3) and (4) are also valid in the 
Lee model. However, relation (8) contradicts the 
assumption of the presence of only one branch 
point at w=+p inthe scattering amplitude. From 
this it follows that the conditions of unitarity and 
analyticity (including the assumption of the pres- 
ence of only one branch point) are inconsistent 
with each other in the Lee model.* This result 
was also obtained by Ter-Martirosyan,°® who used 
the method of Castillejo, Dalitz, and Dyson. 


The author expresses his gratitude to K. A. Ter- 


Martirosyan and A. A. Logunov for valuable com- 
ments and to Yu. A. Gol’fand for useful advice. 
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*It should however be noted that in the expression for the 
scattering amplitude in the Lee model calculated with the 
usual Hamiltonian an additional branch point (of the logarith- 
mic type) occurs at @ =o. The problem of the consistency of 
the analyticity and unitarity relations in the Lee model with 
account of this singularity cannot apparently be easily solved 
by the proposed method. 
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The connection between the optical constants of metals and their microscopic characteristics 
is considered. It is shown that a combination of measurements of the optical constants of 
metals in the infrared region over a wide range of wavelengths with measurements of the 
static conductivity of the same specimens at different temperatures enables one to deter- 
mine the conduction electron concentration, the electron velocity at the Fermi surface, and 
the frequency of the interelectronic collisions. A scheme is suggested to process the experi- 
mental data, taking into account recent theoretical results. 


Rae ENTLY there have been obtained in a number 
of papers! further developments of the theory 
which connects the optical constants of metals with 
their most important microscopic characteristics. 
The new theoretical results have, however, still not 
yet been taken into consideration when the experi- 
mental data are worked out. In particular, the 
quantum character of the interaction between the 
conduction electrons and the electromagnetic field 
and the role of the interelectronic collisions which 
are shown experimentally to be important even 
in the near infrared region are not taken into ac- 
count. The processing of experimental data on the 
basis of an incomplete theory can lead to errone- 
ous conclusions. It is thus essential to choose a 
scheme for processing the experimental data which 
takes recent theoretical results into account at the 
same time as the metal-optical measurements are 
continued and broadened. In the scheme for proc- 
essing the experimental data which is proposed 
here the measurements of the optical constants 
must be supplemented by measurements of the 
conductivity of the same samples at various tem- 
peratures. The combination of such measurements 
enables one to determine the conduction electron 
concentration, the electron velocity at the Fermi 
surface, the frequencies of collisions of electrons 
with phonons and with impurities, and the fre- 
quency of interelectronic collisions. 

We use in the present paper the following no- 
tation: n is the real part of the complex index of 
refraction; « the imaginary part of the complex 
index of refraction, Z=R+iX the surface im- 
pedance, N the conduction electron concentration, 
v the electron velocity at the Fermi surface, 6 


1249 


=v/c, v®© the frequency of the interelectronic 
collisions, vef the frequency of the electron- 
phonon collisions, v® the frequency of the elec- 
tron-impurity collisions, vege = vel + vee + pn 
the effective collision frequency, w the cyclic 
frequency of light, w» the limiting frequency of 
the internal photoeffect, > the wavelength of the 
light in microns, o 9 the static conductivity, T 
the absolute temperature, © the Debye tempera- 
ture, p the density, 6 the skin depth, 1 = v/vegf 
the mean free path, and c and kK the velocity of 
light and Boltzmann’s constant. In the following 
all quantities except > are expressed in cgs 
units. 

We shall consider a model in which we can in- 
troduce for the electrons an effective number of 
collisions 


Vefe = vel i-L yee 1 yn, (1) 


We shall assume that: 1) the conduction electrons 
can be considered to be a Fermi gas, 2) the Fermi 
surface is spherical, and 3) the electrons are re- 
flected diffusely from the metal surface. Under 
these assumptions we find that in the region where 
the inequalities 


v/@ <5, Vere /O< 1, ©/0) <1, (2) 


are satisfied the following relations will be valid 
for the real and the imaginary part of the surface 
impedance®"* 


*In the majority of cases the anomalous skin-effect occurs 
even at room temperatures when measurements are made on 
good conductors in the infrared region of the spectrum. We 
must in that case understand by n and x their effective 
values.” We shall omit the indices “‘eff.”’ 
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cX [nm = 4x /(n? + x?) = 134-10" (1 + p?G) / V Nr, (3) 
cR/n = 4n/(n? + x2) = 0.758 

+ 3.54. 107° N—% (vef + vee + v") — p®BD, (4) 

where* 
p=2.59-1048 YN, G= 0.0865 + 0.2169 4+ 0.12597, 
D = 0.215 + 0.748q + 0.750q? + 0.21643, 
g = 2.045-10-5vere / V NB. (5) 


As far as the dependence of veff on w and T is 
concerned we can say the following. According to 
Gurzhi’ 


v(o, T) = vo (T) [1 + (4/ 2nkT)?], (6) 


where v§©(T) is the corresponding classical fre- 
quency of the interelectronic collisions which is 
proportional to T*. In the near infrared region 
fiw > kT so that we must use for v@ the expres - 
sion obtained from the quantum transport equation! 


vel (T) = vol (T) 9 (T), (7) 


where vet rT) is the classical expression for the 
electron-phonon collision frequency which is valid 
when hw «kT. The values of the function ¢ (T) 
were evaluated by Gurzhi.2 When T >, 9(T) 
~1 and vel ~ vet. when T< 0, v@ differs 
from yet the more the lower the temperature. 
When T<«o, vef—o, while ve —0.4'(0), 
where v’(@) is the classical high temperature 
electron-phonon collision frequency at T=® 
li.e.; for T > 0, yet = v’(@) T/@]. The electron- 
impurity collision frequency v™ depends neither 
on w noron T. 

Substituting (6) and (7) into (4) we obtain 


4n / (n® + x?) = 0.758 + 3.54- 1075 (vil + ve? + vw") / VN 


+ 1.83-102vo°/ V NT?X2 — pBD. (8) 


The terms p’G and p’8D in Eqs. (3) and (8) are 
small corrections to the main terms. The deter- 
mination of the microscopic parameters from the 
measurements of the optical constants can there- 


*We shall use for G and D the expressions obtained in 
referances 6 and 7 by using the classical transport equation. 
The evaluation of these expressions if one uses the quantum 
transport equation leads according to Gurzhi! to somewhat dif- 
ferent coefficients. Taking into account that these terms occur 
only as corrections we may calculate them with less accuracy 
and use instead of the complicated quantum expressions the 
formulae given here using Eq. (1). When, however, these terms 
are large we must use for them the expressions obtained by 
Gurzhi. 
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fore proceed by the method of successive approxi- 
mations.* 

In the first approximation we put in (3) and (8) 
p= 0. We then determine N from (3). Substitut- 
ing this value for N into (8) we find the depend- 
ence of 4n/(n? +x?) on A~ which must be a 
linear dependence in the approximation considered, 
and the slope of the straight line gives vf© and 
the intersection with the ordinate axis determines 
v if vel, vee, and v™ are known. We can then 
evaluate the correction terms and find the same 
microscopic parameters in the next approximation. 
One can usually limit oneself to the second approx- 
imation since the third approximation differs by 
less than 1% from the second one. 

As was stated in the foregoing one must know 
veto + vfe + vO = vfl + vf? +o + vfh(p—1) im 
order to determine v. To evaluate this sum we | 
must use measurements of oy. If T >@, then i 
y ~1 and itis sufficient to measure op of the 
sample under investigation at the temperature of 
the optical experiment, since 


vol ++ vo’ + v" = 2,53 (N / a9) 108. (9) 


If T< @ itis necessary to determine vet as 
well as oy. This can be done in two ways: 1) using 
the temperature dependence of op of the sample 
under investigation at low temperatures one can | 
separate off the temperature independent quantity | 
v™ and.after that determine vf; 2) using the tabu- 
lated values of the static conductivity of the pure 


metal in bulk ofl, and taking into account that 


90. / Go = (ve! + vo + v)/ (ve + v6), 


we can also determine v$! and v™.t 

We noted already in the foregoing that the ex- 
pressions we gave for R and X are valid only 
under the condition that the inequalities (2) are 
satisfied. After the microscopic characteristics 
of the metal are determined one can easily verify 
whether the first two inequalities are satisfied. 


*The determination of the microscopic characteristics of a 
metal from optical measurements can be done also using ex- 
pressions for n, x, n?—x?, k/n, and \/n? + x?.? The most ra- 
tional method is, however, to use the expressions for R and 
X as the coefficients in the terms with G and D are very 
small compared with the coefficients in the analogous terms 
in the expressions for n, x, and so on. 

tIf the inequality v&° « v&! is satisfied we can assume 
oM = 2.53 x 10°N/v£! whence follows that 


4n es 7} 
my gt OB 0.896108 VN <-[t+@-») =] 
ee 0 
4 1B tO SOs aa 
Vitae 7° 
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If the first two inequalities are satisfied one can 
use the following criterion to decide whether the 
third inequality is satisfied: the quantity 

N = 1.79.10(1 + p°ay?( A.) 


n® + x2 


may not depend on A and the dependence of the 
quantity M = 4n/(n? +x?) +p2BD on A must be 

a quadratic one. The measurements must then 

be performed in a sufficiently wide range of wave- 
lengths. Experiments show that for a number of 
metais (Ag, Cu, Al) there exists a wavelength 
region where this inequality is satisfied. 

One can thus determine N, v, and hee by 
measuring the optical constants. Nearly all meas- 
urements of optical constants are at present per- 
formed with polycrystalline samples. The optical 
measurements determine therefore some average 
values for these quantities. The microscopic char- 
acteristics obtained can be compared with the re- 
sults of other experiments. 

One can determine the quantity v§° from a 
measurement of the temperature dependence of 
0) at T >®@®. Indeed, in that temperature range 
vst +y2=a+bT, vS&=eT*, where a, b, and 
g are constants. Separating out the quadratic 
term in the curve that describes the dependence 
of od) on T, one can easily obtain vee. One 
must note that the contribution of the interelec- 
tronic collisions in the quantity cR/m = 4n/(n? +x?) 
is important in the near infrared region, since 
vee(w) is in that frequency region comparable to 
yet while at the same time the contribution of 
the interelectronic collisions to the static conduc- 
tivity is small since v@° « v&t. One finds there- 
fore the magnitude of vf©° more reliably from 
optical measurements than from a measurement 
of the temperature dependence of dy. 

The experimentally obtained quantity v can 
also be compared with the theoretical estimate of 
this quantity carried out by Ginzburg and Silin:® 


(10) 


ee 
0 


ve wo 2,2N0 (RT)*E9 ety (hi / por). 


Here Ey = ameffv? = 3.07 X 10-2"/Nv_ is the elec- 
tron energy at the Fermi surface,* e the electron 
charge, Po = Meffv = 6.15 Xx 10°?" VN/v the elec- 
Peonmomentum’ at the Fermi surface, r =-2 x 107° 
for a screened Coulomb field and y(f/ppr) some 
function of fi/ppr which was evaluated in refer- 
ence 8. 

The quantities N and v obtained by the optical 


*In their paper, as also in reference 7, N = 2/3mv7(dy/dE),, 
where (dy/dE), is the density of states near the Fermi surface. 


Hence es 99 AR 
Mm ore = V3 (2ah)ON | Bumv8 = 6.15. 10-7 VN / 03. 


method can be compared with data obtained from 
the measurement of the electronic specific heat or 
with data obtained from measuring the surface im- 
pedance at radiofrequencies at low temperatures.’ 
If we measure the electronic specific heat we ob- 
tain the quantity 


v/V N =1,44-10?/V x 


(here ce =yT is the electronic specific heat per 
em?®). From measurements of the surface imped- 
ance in the radio-frequency range we can deter- 
mine the quantity 


(11a) 


o/N = 2.53-108/ (0/0). (11b) 


Here o and / refer to the radio-frequency range. 
If we can neglect anisotropy and consider the elec- 
trons in the metal as a Fermi gas rather than a 
Fermi liquid, then optical measurements, elec- 
tronic specific heat measurements, and radiofre- 
quency measurements must give the same values 
for v//VN and v/N. If, however, the anisotropy 
is important or if there is an important additional 
correlation between the electrons (Fermi liquid) 
different experimental methods will, as was shown 
by Silin* lead to different values for these quanti- 
ties. Such a comparison can thus give us some 
basis to reach a conclusion about the role of the 
anisotropy or about the presence of additional 
correlations, but only in the case where all these 
measurements are performed on the same sam- 
ples. 

In conclusion I express my gratitude to V. L. 
Ginzburg, V. P. Silin, and I. L. Fabelinskii for 
discussing the present paper. 
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The probabilities for Ke, decays are computed. Selection rules for the decays and isotopic 
relations between various Kg, decays are determined on the basis of the Sakata model. 


1. INTRODUCTION 


‘Tats article is concerned with the Ke, decays 
of the K meson 


K—-e+v- 2r, (1) 


in which, in contrast to the well known Ke3 decay, 
not one but two pions are emitted. As yet Ke, de- 
cays have not been observed experimentally. Theo- 
retical estimates by Oneda,! based on a comparison 
of the available volume in phase space and of the 
matrix elements for Kgs and Ke3 decays, show 
that the probability for Ke, decay is significantly 
smaller than the probability for Ke3 decay. 

The Kg, decays are of interest since they pro- 
vide a way to test some of the consequences of the 
Sakata model’ for strongly interacting particles. 

In this model all strongly interacting particles 
are composed of protons, neutrons, A hyperons 
and their antiparticles. If, in the framework of 
the Sakata model, it is assumed that the leptonic 
decays of strange particles are caused by the 
interaction 


(pA) (év) + (Ap) (ve), (2) 
then it is easy to obtain the following selection 
rules governing these decays:*° 

KOS AS ee (3) 
JANIE) see (4) 


where AQ, AS, AT are the change in charge, 
strangeness and isotopic spin respectively of the 
strongly interacting particles. 

Below we calculate the probability for Kg, de- 
cay on the basis of the universal Fermi interaction 
theory® and discuss the consequences of the selec- 
tion rules (3) and (4). 


2. MATRIX ELEMENT FOR THE Kg, DECAY 


According to the universal V-A interaction 
theory the Lagrangian density of the interaction 
(2) responsible for leptonic decays of strange 


particles and, in particular, for the Kg, decay, 
is given by 


L= 2 [bere (1 + 5) bu] [Porte (1 + Ys) dal + hice, (5) 


where the weak interaction coupling constant G 
= (1.01 + 0.01)m~* x 10° and m is the proton 
mass (h=c=1). 

Since in the Kg, decay a substantial role is 
played by virtual strong interactions along with 
the weak interaction (5), we cannot calculate the 
matrix element for Ke, decay with the help of 
(5); we can only establish its most general form 
consistent with the usual invariance requirements 
and using the fact that it is sufficient to consider 
only lowest order perturbation theory for the weak 
interactions (see review article by Okun’’). 

We have 


M = GVailvya (1 + Ys) Ue (IGE E2Ex)—", (6) 


where ue and uy are the electron and neutrino 
spinors and VG is a 4-vector constructed in the 
most general way possible out of the momenta of 
the strongly interacting particles. It is easy to 
show that 


Vie= (hea hike ia (7) 


where fj are unknown invariant functions of the 
sealar products ky*k,, kj-q and k,-q; k, and ky 
are the momentum 4-vectors of the pions, q is 
the momentum 4-vector of the K meson. We as- 
sume that the structures fi are weak functions of 
their arguments and will treat them as constants 
in the following discussion. 

Making use of the momentum conservation law 


q=h,+Re+pe+ Py (8) 


and of the Dirac equation for the electron and the 
neutrino 


A 


Pylly =0, ‘Pelle = Melle (9) 


and ignoring the mass of the electron, we easily 
convert Eq. (6) into 


M = (G/2V E,E2Ex) Va [usta (1 + Ys) uel, (10) 
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OM Ke, 


where | 


Va = [fika + faltola = + {(fr + fa) (Ra + Beda + (fr — fe) 


x(k, — ke)a} = > {f (Ri + Re)a + g (Ri — Re)a}. (11) 


3. ISOTOPIC RELATIONS BETWEEN VARIOUS 
Ke, DECAYS 


It is easy to verify that the following Kg, decays 


of the K* and K" mesons do not violate the law of 
charge conservation 


K* > n° + 7° + et + y, (a) 
Kee ee xn ee et ay, (b) 
K° n> 4+ n+ et+y, (c) 
Ko nt + n9+e° 1%, (d) 
Aveo et ol gh G gay, (e) 


[Decays of the K~ and K° mesons are easily ob- 
tained from (a) — (e) by replacing all particles by 
antiparticles. ] 

Let us see what restrictions are imposed on 


the matrix elements of decays (a) — (e) by the selec- 


tion rules (3) and (4). First of all it is obvious that 
for the decays (d) and (e) we have AQ = —AS=1 
and consequently these decays are forbidden with- 
in the framework of the Sakata model. Next, from 
the rule AT =% it follows that the two pions in 
the decays (a), (b) and (c) must be in the states 
with T=0 and T= 1 only. It is easy to see that 
both these states are possible only in (b); in (a) 
only the state T=0, and in (c) only the state 

T =1, is possible. 

Introducing the amplitudes V° and Vv) cor- 
responding to transitions into the states T=0 and 
T =1 we obtain for the amplitudes of the (a), (b) 
and (ce) decays® 


VO Ve V.=V8, V, == VO + Voy 2. +12) 


which shows that they are related. 

Since the T =0 state should be even under the 
exchange of the two pions it corresponds in Eq. 
(11) to the term 


VO = =f (ky + Re) (13) 
The T=1 state corresponds to the term 
yo =+ g (ki— kp). (14) 


2 


4. PROBABILITY OF Kg, DECAY 


The differential Kg, decay probability is given by 
dw = > (2n)*| M |? (gq — ky — Re — Pe — Pv) 


appease p,, 
(2m)§ (2n)8” 


d®k, dk 


15 
X ay Gs i; 
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where the summation is over the polarizations of 
the electron and the neutrino. Substituting for M 


from Eq. (10) and performing the above mentioned 
summation we obtain 


dp SY yV y2 
2 (2n)8E, Pe) (V pv) — V? (pep,)] 


ak, ak, ap, dp, 


x8 (q — ky — kp — Pe — Pv) Ey E2 E E ’ 


(16) 


é 


with the 4-vector V_ given by Eq. (11). 

It is convenient to carry out the integrations 
by the invariant method used by Dalitz in a dis- 
cussion of the decay K*— 37+ y.® We introduce 
the new variables 


Q=k+ Ro, 
F = pe T Py, 


R= fk. =tor pions 
L=p.e—p, for leptons 


(17) 
(18) 


In terms of these variables the conservation law 
becomes 


Q+F=4q. (19) 


The phase space volume element for the pions will 
be written as 
dk, d®ky 


Ft = 40 em’) 8 (kb — m2) dha, 


= 48 (k2/2+4-k2/2—m?) 8 (kK?) dh, dh, 


= (Q?-+ R’—4m?) 5 (QR) d#Q dR, (20) 


where m is the pion mass. Analogously for lep- 
tons 
d’p, d®p, 


— 4 4 
os =$(F2 + L?)8(FL) d'F d'L. 


(21) 


e v 


The expression for the total probability now 
becomes 


G2 > 4 
~ 2 Qn) Ey \\ salY yeh) 
— V?F*]8 (QR) 8 (Q? + R?— 4m’) 
x 8 (FL) 8(F2 + L2) d'Q d'R d*F d*L8} (q—F —Q) (22) 


(oy) 


The integration over d‘F is trivial because of the 
6(q—F-Q), and the integration over d‘L yields 


w 8 (QR) 8 (Q? + R?— 4m’) (VF)? 


= TBE; | 


— V2F} d¢R dQ. (23) 


In order to proceed with the integration it is neces- 
sary to specify the structure of the function V. We 
shall consider the decay (b) for which 


Vo=+1fQ4+ gR/V 2}. 


The probability for the decay (a) is obtained by set- 
ting g=0 in the final answer and dividing by two. 
For the decay (c) one must take Vc = gR/2. The 


(24) 
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integration over d‘R yields 


w= ee \ PUGH — OFX 
+ £ [2Q9F* + (QF)] X#} dQ. (25) 


Here F=q-Q and X =v(Q?-4m?)/Q*. The in- 
tegration over d‘Q@ will be performed as follows. 
Let us write d‘Q = dQ,|Q|? d|Q|d, and let us 
change from the variable |Q| to Qe, the “effec- 
tive mass” of the two pions 


Ts V@E—@ = V (EF; + £.)"— (i + k,)? 
We then get 
dQ = V @— Q2 QedQo dQe dQ. (27) 


By considering the decay in the rest frame of 
the K meson (Ex =M) we find that the integra- 
tion over dQ gives 4m. To integrate over dQ) 
we establish the limits between which Q) varies 
for fixed Qe. From the equality Q+F=M it 
follows that 


(26) 


Qo = (M? + Q— F9/2M. (28) 


The maximum value of Q) is obtained when 
F2 =0 when both leptons are emitted in the same 
direction: 


Qo max = (M? + Qe)/2M. (29) 


The minimum value of Q), as can be seen from 
Eq. (26), is equal to Qe. The limits of integration 


over Qe are simple: 
2m< QeKM (30) 


As a result of the Q) integration we obtain 


G?n8 M7 Q? Qe 4 a Qs Q? 
dw = Tay {P| 245 +2573 2 In na | 
Q? — 4m? g? 4 Qs Qs 9 Q8 
ly Se +4 [7+ 84-62 


+(9 Sak 12-43) In se | ee, (31) 


The above expression gives the spectrum in the 
“effective mass” of the two pions produced in the 
Key decay. 

The total decay probability is obtained by inte- 
grating this spectrum between the limits (2m/M)? 
and 1. This integration cannot be performed all 
the way in terms of elementary functions and it is 
therefore useful to consider the integral of (31) in 
certain simple limiting cases. 

1) For m/M —0 we obtain 


GM'n3 


a , 2 
OY = inje-3- 16-30 [F hel Ik (32) 
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2) For 2m/M —1 we obtain 


4 V2M (M—2m)"2 2 Lee 
~ 5. 13-11-9-7-5-3 bie M |: (33)4 


The exact value of the probability which is of inter- 
est to us lies between the results (32) and (33). A | 
numerical integration yields 


GM? 


scagg (f20.0296 + g?0.0029}. 


w= (34) 
Since the interference term fg has dropped out | 
we see that the probability for the decay (b) is 

equal to the sum of twice the probability for the I 
decay (a) plus half the probability for the decay 


(c). 


| 
| 
5. CONCLUSION 


The Kg, decay probability obtained above may 
be compared with the probability for Ke3 decay. 
The latter, calculated according to the universal 
Fermi interactions theory, (see, e.g., Okun’’) | 
is equal to 


WK,, = 0,58G*x?M>/768r°, 


where xk is a dimensionless parameter and M : 
is the K-meson mass. 

The constants f and g appearing in the ex- 
pression for the Kg, decay probability have the 
dimensions of an inverse mass. Considering, for 
example, the decay (a) and setting f = xk/m,, 
kK/mK, K/myN (where mz, mK, and my are the 
pion, K-meson and nucleon masses) we obtain 
for the ratio of the Ke, and Ke3 probabilities 


L.27-10% fox f = x/mp, 
1.02-1075 for | = x/Mx, 
0.28-10°% = for f =x/my. (35) 


We see that the Ke, decay probability is excep- 
tionally small in comparison with the Ke3 proba- 
bility. Therefore a detailed experimental test of 
the results obtained above apparently will not be 
possible in the near future. An exception is the 
verification of the absence of the decay K*— 2at 
+e >+D. In photoemulsions this decay should look 
like an anomalous 7 decay. If the presently avail- 
able statistics of t decays were increased by an 
order of magnitude the decay K*— 2n*++e7+D 
should be discovered provided that its probability 
is comparable to the probabilities (35). An obser- 
vation of this decay would indicate the incorrect- 
ness of the Sakata model in the sense indicated 
above. Of course, not seeing the decay would not 
constitute proof that the Sakata model is right 


ON>*Ke, 


since the rule AQ = AS may be completely un- 
related to it (see, e.g., Oneda!'). 


APPENDIX 


As an illustration of the invariant integration 
method let us consider the integral 


= (8 (QR)8(Q? + RY — 4m) (VF)? — (V2F4)] dR. 
Using expression (24) for V we have 
(VF)? —V*F* = © {P ((QF)® — QF] + (g?/2) [(RF)?— 
+ gfV 2[(QF) (RF) — (QR) F?)). 
In the above expression the first term is independ- 
ent of R; therefore integrating it is equivalent to 
multiplication by 27 V(Q?2 —4m?2)/Q? , since 
\8 (QR) 8 (Q? + R?— 4m?) BR = 2 VE 4m. 
The integral 
| (RN) 8 (QR) 8 (Q? + R?— 4m?) dR = 0 


for an arbitrary vector N. Consequently the third 
term in (A.1) disappears upon d‘*R integration. 
Finally, since 


R°F?] 
(A.1) 


| (RF)?3 (QR) 3(Q° + R?— 4m) AR 
= 2 or —eriy (Sa). 


it is easy to see that 


DECAY 1255 


es AF) — RYP*]° (QR) 8 (Q* + R?— 4am) GR 


= pers mi Soe). 
In the end we obtain 


=F {rrer—ermy 2 
ih a [2Q?F? + (QF)?] Va . 
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The theory of permutation groups is used to demonstrate the equivalence of wave functions of 
the shell theory with LS coupling, for the states with higher symmetry of the orbital part, and 
the antisymmetrized wave functions composed of wave functions of nucleon clusters. Very 


simple examples are considered. 


The question of nucleon clusters in nuclei is quite 
timely at present. In this connection, it is interest- 
ing to segregate the internal coordinates of such 
clusters so as to investigate the effect of spatial 
correlation on the nucleons, the interactions be- 
tween different nuclear models, etc. This question 
was qualitatively examined by Baz’.’ It has also 
been noted? that in the theory of shells with LS 
coupling the wave functions for the oscillator po- 
tential, in the case of C!? and O!*, coincide with 
the wave functions of the @ model; an analogous 
phenomenon takes place also for the lower excited 
states of Be® with J = 0*, 2*, and 4*.3 

We wish to point out the general fact that for 
the lowest states of the light nuclei in the LS coup- 
ling, when the orbital portion of the wave function 
has a Young tableau of maximum possible symme- 
try (for example, for B!°, [442]), the wave func- 
tion of shell theory for the oscillator potential co- 
incides with the antisymmetrized wave function 
made up of the wave functions of the nucleon clus- 
ters (for B!° this cluster consists of two a par- 
ticles plus a deuteron, for Li’ this is an a particle 
plus a triton, etc.). 

The question of the structure of the wave func- 
tion of Be® was examined by Perring and Skyrme, 
but very briefly and without use of the theory of 
permutation groups. The use of group theory 
yields a general approach to the problem. 

Our analysis is based on the following prem- 
ises. 

1. For the state of the system with total orbital 
momentum L, spin S, isobaric spin T, anda 
Young tableau for the orbital part of the wave 
function [@] = [Q;, Q),...Qm], the total wave 
function ~([@]LST) can be constructed in the 
following manner 


$ ([a] LST) = AD (L [a] r) x (ST [a] r). (1) 


2 


where A is the antisymmetrization operator, 

r the Yamanochi symbol’ possible for the given 
[a], while [@] and fF are symbols analogous 

to q@ and r but for the conjugate representation. 
Expression (1) is equivalent to the one usually em- 
ployed* 


 (la] LST) = >) ® (L [a] r) x (ST [a] 7), (2) 


but is more convenient for our purposes, since it 
is possible to go in it from basis functions of the 
orthogonal representation of the permutation 
group‘ [which are used in (1) and (2)] to functions 
constructed with the aid of Weyl operators, i.e., 
symmetrized by rows of the Young tableau [a]r 
and antisymmetrized by columns.° The construc- 
tion of these latter functions is much simpler. We 
shall henceforth deal only with these, and retain 
the notation of (1). 

2. We note that 


$ ({a] LST) = A® (L) x (ST [a] 7) = A® (L [a] 7) x (ST), 
(3) 

i.e., there is no need of constructing #(L[a]r), 
if the function y(ST[@]r) is constructed, and 
vice versa. The antisymmetrization operator A 
will automatically pick out the necessary term 
from the expansion ®(L) in functions of differ- 
ent symmetry (provided the final result is not 
zero). 

3. For the spin-orbit functions, corresponding 
to the Young tableau with maximum symmetry 


[@] =[a,a,...am] (only ay can be less than 4), 
we can write 


x (ST [a] ro) = x (Sx = OT, = 0 [a4] 12384) x (S272 [09] 5678)... 


x %(SmPm[%m] 2 — om, N— Om + Lye a7) 


= dry (ST [ajr). (4) 


1256 


ON THE CLUSTERING OF NUCLEONS IN LIGHT NUCLEI 


Equation (4) is correct because the Young tableaux 
[@] with five cells in each column cannot be rea- 
lized for the spin-charge portion of the wave func- 
tion. Equation (4) reflects the specific features of 
the Young patterns of high asymmetry and is essen- 
tial to our analysis. 

From relations (3) and (4) we have 


 ([a] LST) = AW (L) x (S,T3 [a] 1234) x (SoT2 [a9] 5678) . .. 
x X(SmT im lem] 2— Om, N—O%m + 1,...,N). (5) 


We next consider two specific examples. We 
start with Be®. In the shell theory the orbital wave 
function of the configuration p‘* with [a,] =[4] 
and L=0 contains a polynomial? (the exponential 
factor is not written out) 


Wate) (7Fe) + (Petz) (Fels) + (Fsts) (Tera), (6) 


which in accordance with [a,]=[4] is symmet- 
rical in the coordinates of all four nucleons. If, 

on the other hand, we consider the configuration 
s‘p* in the state [4,4], S=0, T=0, and L=0, 
then according to (1) and (3) it is necessary to con- 
struct the orbital part with the aid of the Weyl op- 
erator for one of the tableaux of form [a] = [44], 
for example [44]r). Then the polynomial (6) be- 
comes 


(tee fa) (lo ——Lo)(tz —Ta)(t'e—Ta) 253% (7) 
The function @(L=0[44]r,.) is obtained by 
multiplying the latter expression by a function 
which is symmetrical in the coordinates of all 
the nucleons, exp{—v(r?+...+7%)/2}. yr’ 
is readily converted to a form corresponding to 
nucleon clustering. 

It now remains to explain, for the case of Be®, 
the connection between the polynomial (7) of the 
shell model and the corresponding expression in 
the wave function of the @ model. The coordi- 
nate transformation from the shell model to the 
a@ model is linear, therefore the corresponding 
polynomials in the @ model should be of fourth 
degree. The polynomial 


(Ri— R,)* 
(Ri = = (ri + Te+r3+1a); Re = = (peated tr, ts))= 


is symmetrical in the coordinates 1...4 and 
5...8, but is not symmetrical for the permuta- 
tion of the nucleons between these groups. There- 
fore the application of the Weyl operator, corre- 
sponding to the tableau [44], to this polynomial 
will yield in the end a non-vanishing function that 
should coincide with (7), accurate to within.a fac- 
tor, by virtue of the uniqueness of the construction 
of (7). 


10 
In exactly the same manner, for the case of Be’, 
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the sixth-degree shell-function polynomial analo- 
gous to (7) and constructed with the aid of the Weyl 
operator for the tableau [442], will be equivalent 
to the polynomial (Rq, - Ra,)*(Ra- Ra,a,)’s 
which describes the clustering aad. States with 
S=1 and T=0 will correspond to a “deuteron” 
in the triplet state, while states with S=0 and 

T =1 will correspond to the deuteron in the singlet 
state. 

In the case when L> 0 or when we consider a 
d-shell etc. the wave functions are subjected to 
Talmi transformations,® but all the conclusions 
concerning the properties of the states whose or- 
bital wave function has a Young tableau of maxi- 
mum possible symmetry remain in force. For 
the d-shell and higher shells the question of the 
additional quantum numbers necessary to classify 
the states may arise. We shall not discuss this 
question. If the self-consistent potential differs 
from the oscillator potential, the functions may 
not coincide, but will still be close to each other 
(large overlap). 

For light nuclei, the most substantial is the @ 
clustering. It can be calculated for a nuclei of 
the type Be®, c!*, ete by writing down the wave 
function in the “a representation” and then intro- 
ducing a certain “compression” of the internal 
dimensions of the a particles, characterized by 
a parameter ¢€<1. The resultant wave function 
will no longer coincide with the wave function of 
shell theory, but will represent, with the aid of 
this one parameter e, the configuration mixing 
due to @ correlation. 

Such an qa correlation can also be taken into 
account in other than q@ nuclei. For example, in 
B!° it is possible to use the parentage technique*! 
to determine the states of eight nucleons and two 
nucleons, and then introduce the aforementioned 
internal compression in the states of the eight nu- 
cleons, described by the Young tableau [4, 4]. 
What consequences should result from such an @ 
correlation? First, it should increase the quad- 
rupole moments and the probabilities of quadru- 
pole transitions. This is seen with Be® as an ex- 
ample. If ¢ «1, the nucleus will represent a 
“dumbell” with large asphericity, i.e., a nucleus 
with “different” qa particles. Next, the values of 
ft should increase somewhat for those cases when 
anew a cluster appears in 6 decay in the final 
nucleus, for example in the decays 

Lit — Be® (J* = 2"), BY—C™. 

The technique of the computation in such an @ 

model was developed in principle by Biel.® 
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The range of external magnetic field values for which a single domain ferromagnetic ellipsoid 
can exist in the intermediate state is found. The structure of the intermediate state for the 
case of a ferromagnetic superconducting plate is examined, using the “unbranched” model. 


] - The possibility of observing superconductivity 
in ferromagnetics has been discussed theoretically 
from the thermodynamic viewpoint by Ginzburg! 
and the author.” 
zwit® discovered experimentally that certain ferro- 
magnetics become superconductors; the specimen 
they studied was found to be in the intermediate 
state. The question considered below is this: for 
what external magnetic fields can a single domain 
ferromagnetic superconductor.in the form of an 
ellipsoid exist in the intermediate state? 

For simplicity we take the ferromagnetic spe- 
cimen in the form of an ellipsoid of rotation with 
spontaneous magnetization My, directed parallel 
to the rotation axis. Let the external magnetic 
field Hp in which the specimen is situated be also 
parallel to this axis. The magnetic permeability 
uw of the specimen we put equal to unity, which 
corresponds to saturation. As follows from Eq. 

(9) of reference 2, the thermodynamic potential 
of such a specimen referred to unit volume is 
equal to 


(1a) 
(1b) 


O, SSS A— 2x (1 — ny) — Moo, 
@, = H2/8n (1 —n)), 


where the indices n and s refer respectively to 
specimens entirely in the normal or superconduct- 
ing states, A= ou 4 > 0, 6% and 6) are the 
thermodynamic potentials of unit volume of the 
specimen in the absence of the external magnetic 
field, 4mm, is the demagnetization coefficient along 
the rotation axis of the specimen. The value of n, 
varies from zero (for a cylinder) to unity (for a 
plane disc); below we will use n instead of nj. 
The field H)> 0, if it is directed along Mo, and 
Hy < 0, if it is in the opposite direction to My. The 
latter circumstance apparently occurs only for spe- 
cimens possessing a definite coercive force He, 
preventing the rotation of Mo into a direction par- 
allel to the field. Of course, the situation with Hy 


Recently, Mattias, Suhl, and Coren- 


and My) in opposite directions is not one of ther- 
modynamic equilibrium; however, for Hy < He it 
can be considered a stable one. We formally in- 
clude the presence of. such a coercive force by con- 
sidering My as a fixed parameter My > 0. 

The condition ®g = @y) determines the critical 
fields* 


H*) — —4nM, (1—n) LV 8xA (I—n). (2) 


In fields H™. < Hy) < H™ Wethaver 2 @,seie= 

it is more advantageous thermodynamically for the 
specimen to be entirely in the superconducting state. 
In fields H)>H™ and H)< H™ we have p< 4g, 
i.e., it is more advantageous for the specimen to be 
entirely in the normal state. Remembering that in 
the normal state the induction 


B=H,+4nM,(1—n) (3) 


and using (2), we find that it is advantageous for the 
specimen to be in the normal state for |B| 

> ¥8rA(1—n). In the case of a cylinder n=0 
and the superconducting state is impossible if the 
induction exceeds the value 


Bo==) SrA. (4) 


In analogy to the case of ordinary superconductors 
(see reference 4, Sec. 43), the quantity (4) is the 

magnitude of the mean microscopic magnetic field 
for which there is equilibrium between the normal 
and superconducting phases. For ordinary super- 
conductors such equilibrium occurs in the field 


Hom = V 8rd. (5) 


It is clear that when My — 0 the difference between 
the induction B and the field H disappears and 
condition (4) then agrees with (5). 


¥*In reference 2 there are misprints in Eqs. (12), (13), and 
(15); in the expressions for H, the first terms on the right 
should contain the factor (1—n,). 
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From (3) and (4) it follows that if the external 
field is in the range 


as RU c(i 
HY = —4nM,(1—n) LV 8rA, (6) 


then the induction in the specimen |B] < Be, and 
the appearance of superconducting regions is pos- 
sible. In the figure (diagram a) the region of 
fields for which superconductivity is allowed lies 
between the straight lines III and IV. 


Values of the fields H¢*), He, H’ as functions of the 
coefficient of demagnetization: a — for 4nM,/\/8nA = 2, b—for 
M, = 0. The straight line I gives Ho), II gives Ho), III gives 
Ho, IV gives Hey, V gives H’; the dotted curve gives H6*) 
(fields plotted in units of \/87A). 


To determine the range of fields in which the 
specimen will be in the intermediate state, further 
considerations apply. If the specimen is entirely 
superconducting, the field at its equator is a maxi- 
mum and is equal to H)y/(1—n). It is natural that 
the destruction of superconductivity starts in the 
field for which the induction |Be| in the normal 
layer formed at the equator of the ellipsoid ex- 
ceeds Be — the condition of appearance of such 
a layer can be taken as the same as for a cylinder 
specimen. Writing Be = Hy/(1-—n) + 47My, we 
find that if the external field lies inside the range 


HAD <A) < HS, HS = (— 40M) +V 8x) (1 — 2), (7) 


then |Be| = Be anda pure superconducting state 
is impossible. In the figure, the regions within 
which a pure superconducting state is impossible 
are limited by the straight lines II, IV and I, III. 
Inside the range of fields given by (7), a pure super- 
conducting state is realized (the region between 
lines I and II in the figure). 

It is still necessary to remember that if the 
field Hy exceeds the value 
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H! = [A —2nM3 (1 —n)]/Mo, SRS), 


then the thermodynamic potential of the normal 
state (la) becomes negative. At the same time 
the presence of superconducting regions always 1 
contributes a positive increment to the potential i 
[which can be seen from (1b)]. This means that ] 
in fields Hy) >H’ superconductivity disappears, 
and only the normal phase can exist. With this 
limitation we find the region of fields in which the 
superconducting ferromagnetic ellipsoid can exist _ 
in an intermediate state. In the figure (diagram a) | 
this region is shaded. The dotted line shows the | 
curves H(+) defining the region inside which | 
@g < Sy. Diagram b, given for comparison in 
| 


\ 
| 
|] 


the figure, corresponds to an ordinary supercon- 
ductor My=0. In this case the field H’ ~—0 and 
the limitation existing for My ~0 is removed. | 

It is a noteworthy fact that when 47M) > v87A : 
a single domain ferromagnetic ellipsoid can only | 
be entirely superconducting because of the coer- 
cive force in fields of the opposite direction to the 
spontaneous magnetization. If the coercive force ; 
He is not large enough, then when Hy > He rota- | 
tion of My occurs and part of the superconducting ~ 
region in the figure is unattainable. The difficulty 
indicated in obtaining a pure superconducting state 
is possibly relevant to the experiments of Mattias, 
Suhl and Corenzwit,’? where the ferromagnetic spe- 
cimen was always in the intermediate state. 

2. In this section the structure of the interme- 
diate state is determined for a single domain fer- 
romagnetic plate with spontaneous magnetization 
My perpendicular to its plane. The discussion 
proceeds in the framework of the so-called “un- 
branched” model studied by Landau® for the case 
of ordinary superconductors. 

We write Maxwell’s equation for the plate 


divB=0, curlB = 4x curlM, + (4n/c)j; = 0. (9) 


where B=H+ 47M) (the magnetic permeability 
H#=1), jg is the superconducting current arising 
at the surface dividing the superconducting from 
the normal phase. Because this is a surface cur- 
rent and curl M)=0 everywhere apart from the 
surface of the specimen, we have put in (9) curl B 
= 0, and, as is usual, will take into account the 
jump in B in the boundary conditions. These 
conditions are that on one side of the surface in 
the superconducting phase B=0, and on the other 
side in the normal phase |B|= Be, where Bg is 
determined in (4). 

Since the equations for the field (9) agree with 
the analogous equations of Landau® (there H re- 
places B), all the results of this work concerning 
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the determination of the form of the layers can be 
directly taken over to our case (with the substitu- 
tion of Be for He). 

To determine the dependence of the thickness 
of the layers on the external magnetic field Ho 
applied perpendicular to the plate, it is necessary 
to write down the corresponding thermodynamic 
potential (cf. reference 4, Sec. 44): 


BH 
8x J’ 


M= M, + Ms, (10) 


D= do |o ! @m— > MH, 


B2 
HdB = a BM, 
where Mg is the part of the total moment of the 
Specimen caused by the superconducting currents 
flowing at the boundary dividing the normal and 
superconducting portions. 

Let one of the surfaces of the plate be in the 
yz plane and M) be directed along the positive 
x axis. Calling ag and ay the thicknesses of 
the superconducting and normal layers, respec- 
tively, we have a=ag+ ay. Using the theorem 
on the flow of induction, we obtain the relationship 
aHy = an Be; using this in (10) it is possible to 
eliminate the terms not depending on a. Perform- 
ing calculations analogous to those of Landau,‘ 
we find for the thermodynamic potential referred 
to unit surface area of the plate the expression 


D = C + (Bo/4e) a[f (A) eahfs (A). (11) 


Here, C does not depend on a; h=|H)/Bg]; 
a=47M)/Bg; the signs + and — refer to the 
cases H)<0 and H)>0 respectively, 


jy ="] ey eet int Vers eae) 


2 Vio 
+ Bl int thee Sy Ge iin eta Veein2|, 
2 -_ C Co “104 
fi) = VGIG), Io) =) VV 1S tan ae 
j © 

Gh — hy". (12) 
For h<l1 

f(A) = (h2/n) {In (1/h) —3 In 2 + 8/a} = (h?/n) In (0.56/h), 

(12’) 


fi(h) = /2k; 
for 1-h<l1 


f(h)=e2(1—h)in2, fil) =e *(1—A)In2. (12") 


The function £(h) has been tabulated by Lifshitz 
and Sharvin.° Using (12) and reference 6, the cor- 
responding values of f,;(h) can be found. 

The complete thermodynamic potential of une 
specimen, together with the component (11) still 
contains the term 
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@, = (BB/4n) (U/a) Ay, (13) 


accounting for the “surface tension” at the bound- 
ary between the normal and superconducting phases. 
Here I is the thickness of the plate and the coef- 
ficient of surface tension is written as By A,/8m. 
The minimization condition with respect to a of 
the sum of (11) and (13) gives 


a= {1A,/{f (h) Eahhs ()]Y. (14) 


For @=0 we obtain Landau’s result. 

As remarked above [formula (8)], the presence 
of superconducting regions in a ferromagnetic for 
Hy > 0 is possible only in fields h < h’ = 1/2a, 
for which ®, >0. It can be considered that a 
=4nM)/V87A is large and the field h’ «1. In 
this case it is possible to use approximation (12’), 
and f(h) >f,(h), and the pole appearing in (14) 
for Hy >0 is not attained. 

Thus, in fields 0 <h <h’ the dependence of 
thickness a on h gives the formula 


a = {nlA,/h? [In (0.56 / A) —0.5 ah]} 


For quite small values of h the logarithmic term 
predominates and the dependence of a on h is 
the same as in the case of non-ferromagnetic ma- 
terial. With increasing field for h =h’ supercon- 
ductivity collapses and the normal phase is estab- 
lished. 

In fields Hy < 0, in the opposite direction to 
My) (as above we assume the presence of a cor- 
responding coercive force), in (14) the + sign 
should be taken. In the limiting case (1—h) <1 
we have f(h) « af;(h) and 


a = [nlA,/a(1—A) In QY'”, 


i.e., the dependence is a~(1l —n)!? instead of 
aor (al hia occuring for non-ferromagnetics. 

The corresponding formulae for ag = a(1—h) 
and ay =ah are obvious. 

A discussion of the structure of the intermedi- 
ate state in the “branched” and filamentary models 
(cf. Landau! and Andrew’) will be presented in a 
later paper. 
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The behavior, in the high momentum region, of single-particle Green’s functions and of some 
asymptotic values of the vertex part and the four-vertex diagram in the quantum electrodynam - 
ics of zero spin particles is investigated by the renormalization group procedure. It is estab- 
lished that we step out of the weak coupling region in the nonlinear meson field interaction 
(“four-meson” interaction) earlier than in the electromagnetic interaction. 


ip The interaction of scalar particles with the 
electromagnetic field has been investigated re- 
peatedly. These studies were concerned with the 
perturbation theory in the interaction picture! and 
with the problem of the partial summing of the per- 
turbation expansions.” The divergencies of the S 
matrix are completely removed by renormalizing 
the mass and the charge and by introducing an ad- 
ditional “four-meson” compensation term in the 
effective interaction Lagrangian. The necessity 
of introducing a “four-meson” compensation term 
leads to a two-charge formulation of the theory 
analogous to the procedure used in pseudoscalar 
meson theory.? 

In our discussion we use the Duffin-Kemmer 
formalism.’ The basic interaction Lagrangian is 
given by the expression 


gi (x) = 0:6 (x) Ad (x): +h OXY), 


where ~(x) and #(x) are scalar field operators 
used in the Kemmer formalism, 


= Ag, 
where I are the five-rowed Kemmer matrices 


(k = 0,1, 2,3), X is a five-rowed matrix which 
satisfies the equation 

(x) Xp (x) = $* (*) 9), 
and y*(x) and g(x) are ordinary scalar field 
operators. 

It is of interest to apply the renormalization 
group procedure? to scalar electrodynamics. In 
this case the multiplicative renormalization group 
involves two charges. In another paper? the author 
has derived the group equations, which are of the 
form 


Gz = 2G, Dz = 23D, 


12 
€2 = 23 €j, 


Here G is the meson Green’s function,* D is 
the photon Green’s function, I’ is the vertex part, 
O) is the four-vertex operator describing the inter- 
action of two mesons, h is the second charge, dy 
is an arbitrary coefficient in the longitudinal part 
of the photon Green’s function. It should be noted 
that in the derivation of (2) dj was assumed to be 
arbitrary. 

The expressions for G, I, and O inthe 
Duffin-Kemmer formalism have a complicated 
matrix structure. From perturbation theory we 


find for G 
4 ma (p) + 6 (p) (p? — p?) + mpd y (p) 
Gp) eae 
4 
seer NG ieee Mle 


Ye ae (3) 


We shall not write down the general form of T° 
and O. Among all the scalars of the four-vertex 
function Oa@fyd6 we shall be interested in the one 
which goes into the construction of the second in- 
variant charge term. This function is obtained 
from those parts of OapBy6 which have the ma- 
trix structure XqgXy6. Let us denote this func - 
tion by O,. Further below we shall make some 
remarks on the matrix structure of the different 
asymptotic values of the vertex part. 

The differential equations of Lie for the renor- 
malization group? are obtained from (2) in the 
usual way.® The set of scalar functions appearing 


*In the following we shall always call the zero-spin parti- 
cle the ‘‘meson.”’ 


1263 


1264 


in the right side of (3) and in the symmetric asym- 
ptotic values of the vertex part and of the four-ver- 
tex operator © will be denoted by s(x, y, e’, 
ed}, h) (x and y are the dimensionless momen- 
tum and mass of the meson’). The invariant 
charges are defined in the following way: 


a(x, y, e*, h) =e*d (x, y, e*, h), 
pix, e,) =hotx, y, 7, N) 


= dy (x, y, e?, h, ed} O, (x, y, 3; 'h, edi). (4) 

It is appropriate here to make two remarks 
about p(x, y, e’, h). 

1) Of the four functions, a, b, dy, f, appear- 
ing in (3), only the function dj is used in the 
transformation of hy(x, y, e’, h). The functions 
b and f, which multiply (p?—-p’) and Y, re- 
spectively, drop out in all internal lines ending in 
h vertices as a consequence of the specific ma- 
trix structure of these vertices (see reference 5). 
The function a can be chosen equal to dy in the 
regions of interest to us, i.e., the ultraviolet and 
infrared regions. In fact, perturbation calculations 
in the infrared region give a=b=dy (see also 
reference 6). In the ultraviolet region, where 
|p?| >> m’, the function a is not uniquely deter- 
mined, and can be taken equal to dy? 

2) It is seen from (4) that hy is independent 
of dj, while O, and diy depend on dy sepa- 
rately. This can be understood in the following 
way. hg cannot depend on dj in virtue of the 
gauge invariance of the theory, since the second 
invariant charge appears explicitly in the expres- 
sion for the transverse Green’s function of the 
photon. On the other hand, the independence of 
the second invariant charge from the longitudinal 
gauge of the photon Green’s function is not obvious 
apriori. Generally speaking, we must therefore 
interpret Eq. (4) as a kind of consistency condi- 
tion for the gauge invariance and renormalization 
invariance of the theory. Lowest order (in e? 
and h) perturbation calculations in the ultraviolet 
region confirm the independence of hy from dj. 

2. The ultraviolet and infrared asymptotes of 
the functions d(x, y, e*,h), v(x, y, e?, h), and 
B(x. 5.7, e’d), h) are found by solving the Lie 
differential equations of the renormalization group 
using the results of perturbation theory. The de- 
tailed investigation of the corresponding diagrams 
leads to the result that in the considered approxi- 
mation the meson and photon Green’s functions 
and the vertex part do not depend on the second 
charge p. It is therefore sufficient to use the 
single-charge approximation for the calculation 
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of the momentum asymptotes of the above-men- 
tioned functions. 


For |p?| > m? 


we have 
d(x, e) = (\— ae 


249/163 
b (x, e, dj) =x ; 
240 2 my 
du (x, e, ed?) = x0" Id (x, e)]—*, 


0 2 5 
CA ch) grr td (x, 


Formulas (5), (6), and (7) agree with the corre- 
sponding expressions obtained by Gor’kov and 
Khalatnikov.? 

The vertex part depends on three independent 
momentum arguments. It can therefore have vari- 
ous asymptotic values in the ultraviolet region. As 


the most interesting cases we consider the symmet-_ 


ric and the doubly logarithmic asymptotes. The 
symmetric asymptote of the vertex part can be 
expressed in terms of scalar functions of the 
momentum argument: 


Pr" (p%, p®, p) =I"T (p) — (p/m) Xf (p?)— 1. (9) 


Here f(p”) is the same function as in (3), owing 
to the Ward identity. It is given by formula (8). 
For I (x, e’, e’dy) we have 


249 gare? 3 
T (x, e%, ed’) =x * ee ifs (x, e*)]*. (10) 


We now turn to the doubly logarithmic asymp-. 
tote of the vertex part. For the case of spinor 
electrodynamics this asymptote was found by 
Sudakov’ and Blank and Shirkov.® To obtain it 
in the scalar electrodynamics, we must derive 
the explicit form of the doubly logarithmic terms 
in the second order of perturbation theory. Apply- 
ing the method of Sudakov to scalar electrodynam- 
ics, we find for the vertex operator in second order, 


with |k’| >|p?|, |q?| > m’, 
n __ pn e2 2 Rk 
l® (p, g, 2) =T (I= sy In < lin <) 
eV ke ee) ke ke 
—(sr3) 3 X In 7m In @l° (11) 


We therefore seek the logarithmic asymptote of 
the vertex part in the form 


Pi (p, ¢, k= TT (orgs he) 


ie pie 2 
Peds we 
m X sy |n 


Rk? ie 2 
pe [in gli (p, @®, Re). (12) 


We limit ourselves to finding T'(p’, q’, k?). The 
calculation is analogous to that of references 8 
and 3. Introducing the dimensionless momenta 
Xx, y, Z and the dimensionless mass u, which 
satisfy the conditions |z| > |x|, |y| >|ul, 


| 
| 
| 
| 


Nie ay 


Si a a a ee en 


RENORMALIZATION GROUP IN 


we obtain 
Tees ze*) Rene, 48x? d(z, e?) 
In Foe Yo: Zo; ey) : (in 2 ia e BN ree a) 
3 az, e*) 3 Zz di(&,7e>) d(y, e?) 
a 2 In (Xo¥o) IN Fa e?) e 2 In Z [in $ (Xo, e) + Ine e?) 
Come (Coses) 3 Me Gs (Yapes) 
Ponts, Pacey 2s aa) 
3 nz 1p tw &) 
aa In-Ing iy (13) 
For e? Inz<«1 we have 
UN Gah hy 25 Ee Fina e z Zz Coco 
In Pe ye als = In 5 In x, ale (14) 


We note further that the exponent of the infrared 
singularity of the Green’s function is the same as 
in spinor electrodynamics, in accordance with the 
result of the paper of Gor’kov.® 

3. We now consider the second charge in the 
theory. As was shown earlier, it does not give 
any contribution to the single-particle Green’s 
functions and to the vertex part in the considered 
approximation. The second charge plays a most 
essential role in the discussion of the four-vertex 
operator, in particular, of the function 0,. Let 
us consider the system of equations for the invari- 
ant charges in the ultraviolet region: 


dso | dz = cD (a, p), dp / dz = pP (ce, p), (15) 


where 
os = ed (Z,.c”, h), pi= he (2, c,h), 


D(e,e)=(546 0]. 
©(, )= [Feb 0)| 


From a study of the lowest order diagrams we find 


A= Hse 


e=1 


as) dz =— dic, do / dz = — p10" — 959 — 30°, (16) 
where 
dj=1/48n?, 9, =3/4n?, 92 =3/16n°, 
Qs = 5 / 320”. 


The solution of the first equation of (16) is given 


by (5). . 
Eliminating z from the two equations, we ob- 


tain 
do | do = — 1 / d; —(2/ 41) (p | 5) —(¢s/ di) (9? / 3°). 17) 
The solution of this equation is 


o = [h/e®—a — btan (p — 2) ]e* exp (cp), (18) 


where 


o=cln(s/e), tane=a/b, Gey) ea fa: 


6 = 2,09, c= 0.064. 


| 
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We are interested in the values o? > e?. For 
finite and non-vanishing h and e? we find that 
la|<7/2. For g=0 (c= e”?) we have p=h. 
Different values of the ratio h/e* give rise to 
different curves, which form the family of curves 
p(y, @). For values of sufficiently close to 
™/2+ a, we leave the region of weak coupling with 
respect to p. We can therefore limit the discus- 
sion to that part of the phase plane (p, @) which 
corresponds to the variation of ¢g in the interval 
[0, 7/2 + a@]. The figure shows the curves corre- 
sponding to the values h/e? =+1, +10. The be- 
havior of each curve is shown from the value 
y =0 to the first asymptote. The value o for 
which p—© is given by 


(19) 


Sete =e exp te (wt f2 a)}. 


Curve I: h/e? =— 10, Curve II: h/e?= -7 
—1, Curve II: h/e? = 1, Curve IV: h/e? = ~ 
10; along the abscissa we write the val- 
ues of ~= c* In(/e’). 


~ 


Using (5) we can find a relation between the 
value of the dimensionless momentum x for 
p—* and e* and h: 

In Xp-s00 = (48x? / e”) [1 —e?/ op+00]- (20) 
It is easily seen that the ratio e?/ Ip» 00 varies 
between the limits 


Bee Ca Spaeo ale 


Noting further that the value In x at which o—~~@, 
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is equal to 487°/e”, we find that always In x)--« 
< In Xg-~0- 

We should thus expect that the weak coupling 
hypothesis for p breaks down earlier than for o. 
Indeed, the family of asymptotes (19) is bounded 
from the right by the value e? exp(cm) © 1.22e?. 
Since e* <1, the asymptote which is farthest to 
the right is in the region of values op ~0o <1. 
For all curves of the family we shall therefore 
leave the region of weak coupling with respect to 
p before this occurs with respect to o. For ex- 
ample, for h/e? =1 the second invariant charge 
p goes to unity as o—1.15e?. 

The ratio of the logarithms of the dimensionless 


momenta for which p~ 1 and o~1, is equal to 
lnvaxa/ lite 0,19 riyicraaaky. 


In conclusion we give the expression for the 
symmetric asymptote of the function 0: 


—e*d)/ gr? 


x, e”, hy ed) =x [d (x, e*)]> “(cos 8/sin a) 


X [cos (p + 8)]?/sin (p+), (21) 


where 


tan 8 = (2a + 362) / (3ab — 26), 
A=— (9b? + 4), 


tana, = b/a, 
B = 30/ (90? +- 4). 


We see with the aid of (7) that the product 0,04, 
is independent of dj. 
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The author takes this opportunity to express 
his deep gratitude to D. V. Shirkov, under whose 
guidance this work has been carried out. 
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A thorough investigation is made of the interaction between elementary excitations in a Fermi 
liquid for large values of the relative angular momentum. It is shown that this interaction is 
of the nature of an attractive force, so that the suggestion that He? is superfluid seems to be 
justified. Expressions in terms of observable quantities are derived for the asymptotic values 
of the excitation scattering amplitudes for large values of J. A formula is deduced for the ef- 
fective mass of an excitation in a Fermi liquid by quantum field theory methods. 


1. STATEMENT OF THE PROBLEM 


As is well known, liquid He® remains non- 
superfluid down to the lowest temperatures so 

far reached (T 2 0.2°K).! This indicates that 

the interaction between elementary excitations in 
liquid He® has a repulsive nature, at least at dis- 
tances of the order of the mean inter-atomic dis- 
tances. If the opposite were the case, as for elec- 
trons in a superconducting metal, atoms of He? 
would form Cooper pairs? at sufficiently low tem- 
peratures, with a binding energy of the order of 
the Fermi energy. This would lead to He? becom- 
ing superfluid at temperatures around the Fermi 
degeneracy temperature. 

There is a special reason why He® could go 
over into the superfluid state at very low tempera- 
tures. As Landau has pointed out, for the forma- 
tion of Cooper pairs in a Fermi system it is suf- 
ficient that the interaction between the elementary 
excitations have an attractive character for any 
one value of the relative angular momentum J, 
i.e., that at least one phase of the scattering of 
one excitation by another should have a positive 
sign. (We have in mind the case of large J, when 
the phases are small and positive.) In this case 
the pairs will be formed with non-zero orbital 
momentum. Also, Pomeranchuk has remarked 
that at sufficiently large values of the angular 
momentum, the excitations should evidently 
attract one another. ‘This is because large values 
of the momentum correspond to large distances 
between the excitations, so that forces should act 
which are analogous to the van der Waals forces 
between distant atoms. For identical particles 
these forces are always attractive, regardless of 


the properties of the surrounding medium.? The 
existence of such an interaction would lead to the 
formation of Cooper pairs in He® and, as a result, 
to a transition into a new state which in all proba- 
bility would be superfluid. Since the interaction is 
very weak at large distances, a transition into a 
superfluid state would only be expected at very 
low temperatures. 

This discussion is not in itself rigorous, since 
the interaction of elementary excitations in a 
liquid differs substantially from the interaction 
of isolated atoms or of solute atoms in a dilute 
solution. The present work is concerned with 
the detailed study of the interactions between ele- 
mentary excitations in a Fermi liquid for a large 
relative angular momentum 2. It will be shown 
that this interaction is indeed of an attractive 
nature and makes it most likely that He® becomes 
superfluid at very low temperatures. An aSsymp- 
totic expression for the scattering phase for large 
1 is obtained in terms of observable quantities. 
Quantum field theory is used for the calculation, 
and this makes it applicable to the general case 
without the assumption that the interaction be- 
tween atoms is weak at small distances, which is 
obviously not valid for a liquid. 


2. LONG-RANGE FORCES 


The possibility of separating out, mathematic- 
ally, the effects due to long-range forces, i.e., 
forces that fall off with distance according to a 
power law (and not exponentially), in the same 
way as van der Waal’s forces, is connected with 
the fact that their existence leads to the appear- 
ance in the scattering amplitude of terms with a 
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branch-point singularity in the square of the 
momentum transfer 


k? = 2p? (1 — cos 9) 


at k2=0 (2 is the scattering angle and p the 
momentum in the center-of-mass system). 

One can see this from perturbation theory by 
calculating the Born scattering amplitude in a 
field that decreases as r™ at large distances. 
For example, two identical atoms interact at 
large* distances as‘ 


co 


U(r) =— (=| a” (76) dé) = ; (1) 


where a@(w) is the atomic polarizability (h=c 
= 1). Such an interaction leads to characteristic 
terms in the scattering amplitude, of the form 


F (k?) = re \ a2 (i2) dé (2) 
0 
(m is the atomic mass). 

It is precisely such terms that determine the 
asymptotic behavior of the scattering phases at 
large l. In fact, terms which do not have a singu- 
larity in scattering amplitude at k? = 0 give an 
exponential fall off as 1— ©, as can easily be 
seen by expanding in Legendre polynomials. Terms 
that have a branch point at k* = 0 lead, when ex- 
panded in Legendre polynomials, to coefficients 
that decrease according to a power law with in- 
creasing 1.7 

Let us examine, for example, the term in the 
scattering amplitude 


he ARS} (3) 


where p is not a positive integer, and express it 
in the form 


225) 


4 
Fe= 5 Di (21+ 1) Pi (cos) m, mae '—1, (4) 


P L 
where 067 is the scattering phase. 
Using the expansion of (1—cos #)P in Le- 
gendre polynomials [see reference 6, p 214, Eq. 
(12)] we obtain 


peter pert T(E — ep) D (op sb lyf (epap = 1) 
x0 (i+ p+ 1)T (—?) 

or.as f—- © 

y= 2181 =~ iA (ep) (T (e+ 1) /T (— pl". 5) 
~ *The distances are assumed large compared with the atoms, 
but small compared with the effective wavelengths in the atomic 
spectrum. 

tWe should point out the well known analogy between the 


discussion here and the investigation by Okun’ and Pomeran- 
chuk® of the peripheral interaction between elementary particles. 
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We are interested in the case p= Y, ; then 
Nia 216, = 9iA (ep)4l-°. (6) 


In a similar way it can be shown that the presence 
of terms in the scattering amplitude of the form 


A’ke In k? 


(n is a positive integer) leads to an expression 
behaving as 172(2+1) asymptotically. 

From what has been said it is clear that in 
order to determine the nature of the interaction . 
between the excitations in a Fermi liquid at large 
1, by quantum field theory, we must pick out those 
Feynman diagrams of the scattering which have a 
singularity for small momentum transfer, k, with 
the smallest power of k. 


3. ASYMPTOTIC BEHAVIOR OF THE SCATTER- 
ING AMPLITUDE AT LARGE /. APPROXI- 
MATE DISCUSSION 


As will be shown below, the problem of deter- 
mining the scattering amplitude for excitations in 
a Fermi liquid at large / can be solved quite rig- 
orously in general form. In this section, however, 
we shall treat this in a simpler way, based on the 
specific property of helium atoms — the rigidity of 
their electron shells, which is reflected in the di- 
electric constant, which is nearly unity. Because 
of this, the force acting between two distant atoms 
in liquid He® (or between the elementary excita- 
tions, in so far as in a Fermi liquid the number of 
excitations is equal to the number of atoms, since 
to each atom there corresponds an excitation) is 
almost exactly equal to the force between two iso- 
lated helium atoms. 

Because of the rigidity of the electron shells 
the polarizability of each of the interacting atoms 
is practically unaltered by the presence of neigh- 
boring atoms. Since the dielectric constant is 
nearly unity, the polarization of the intervening 
atoms does not alter the force of the interaction 
between the atoms we are considering. We should 
point out that although the energy of interaction be- 
tween atoms in the liquid is, at large distances, 
close to the interaction energy for isolated atoms, 
the scattering amplitude for the excitations is not 
at. all similar to that for atoms, since interaction 
with neighboring atoms has a considerable influ- 
ence on the excitation motion. This interaction 
could, in principle, even change the sign of the 
amplitude. The problem in this section is to ex- 
press the excitation scattering amplitude, or more 
precisely its singular part, in terms of the singu- 
lar part of the scattering amplitude for isolated 
atoms, given by Eq. (2). 


ON THE SUPERFLUIDITY OF LIQUID He? 


For this purpose we separate the Hamiltonian 

for the system, H, into two parts: 

H=Hy+V,, 
where in we only the interaction of atoms in the 
liquid at distances r = ry is included, ry being 
some distance which is much greater than the in- 
teratomic distance in liquid helium. All the other 
interactions are included in Hy. (The magnitude 
of rg does not enter into the result, so that its 
exact value is immaterial.) From what has been 
said at the beginning of the section, it is clear that 
for helium V, can be taken with sufficient accu- 
racy as a pair interaction between atoms, with an 
interaction potential given by Eq. (1). As the in- 
teraction is weak at large distances, perturbation 
theory can be used for studying the scattering of 
excitations related to va Since all the “long- 
range” part of the interaction is contained in Vie 
the singularity sought in the scattering amplitude 
is connected with Vi3 the amplitude determined 
by Ay has no singularity. 

For the further discussion we shall use the 
method for studying the properties of a Fermi 
liquid developed by Landau," based on quantum 
field theory. Those parts of Landau’s theory 
which we need will be briefly described. 

The Green’s function of the system Ggg(P), 
represented by a continuous line on a Feynman 
diagram, will play an important part. The Green’s 
function has the form 


Gag (P) = G(P) bap = {a/[e — 0 (p — py) + 18] + 9 (P)} bap 
(7) 
(6=ye/|e|, y—> +0). Here g(P) is a function 
that has no singularity at « ~ 0; p*p ; P is the 
4-momentum vector with components P {e, p}; 
a, B, y...=1,2... are the spin indices, which 
can take two values; a is the renormalization 
factor -(0.< a <1). 
Another important expression is 


G(P)G(P + K), 


where K=K{w, k} is the 4-momentum transfer 
vector. For small K this expression can be 
written 


2na*Ik 
wo — vik 


G(P)G(P+K)=i 8(e)8(p—po) + E(P), (8) 


where g(P) is a smooth function of P, 1 Cn, Lt 
does not contain any 6 -function part. 

The vertex part Tag y6( Pi» Pai K) is also 
important in the theory. This is a combination of 
all diagrams with two entering and two leaving 
fermion ends, which is related to the transition 
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amplitude of excitations, originally in the states 
a, Py; B, P, into the states y, P,+K; 6, PP, <K 


by the relation 


le tars Ves Pe Pia, P, — K) 

= — Fal ap, (Pr, Po, K) (9) 
(F is the scattering amplitude and m* the effec- 
tive mass). 

We shall need the limiting value of the vertex 
part I’ for K—0, i.e., for w—0 and k—0. 
This value depends on the limit of w/k for these 
conditions. We introduce the Landau notation 


Vag.48 (Payee) = nee Vatny8 (Pps Pe K)e Lagat Pasa) 
hives 
= limDap,y8 (Pry Pai K). (10) 
+0 


@/k->0 


As Landau’ has shown, at the Fermi surface 
the function [4 6 (P1, P2) is simply related to 
the second variational derivative of the energy of 
the liquid with respect to the distribution function 
for elementary excitations fgg 5 (Py, Pz). That 
is, 


fap, 78 (Pi, Po) = Ole, 7d (Pa, 125). 
| Pil =| P2| = Po. (11) 


rk and I are related by 


Teo, 43 (Pi, Po) = Tae, x8 (Pi, Po) 


PPO fro, ; 
++ Samp \ Peeve (PiQ) Pip, «8 (Q, Pe) dQq. (12) 


The integration in Eq. (12) is over all directions 
of the vector q at the surface of the Fermi sphere. 
There are several relations which connect rk 
and I’ with the derivatives of the Green’s func- 

tion with respect to different variables. We give 
now the derivation of one such relation which we 
shall require. We introduce into the Hamiltonian 
of a Fermi liquid an infinitesimal time-independent 
external field with a potential (per particle), 


8U = 8U yer (13) 


and calculate the change in the Green’s function of 
the liquid under the influence of such a field.* 
Since the field is considered infinitesimally small, 
first-order perturbation theory will suffice. The 
interaction between the particles of the liquid must 
obviously be calculated exactly. We obtain for the 
change 6G inthe G-function the Feynman dia- 
gram shown in Fig. 1, where the wavy line repre- 


*The derivation of (16) and of (26) (of Sec. 5), is due to 
Landau, who used them in a rigorous derivation of the equality 
of the numbers of excitations and of particles in a Fermi liquid. 
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FIG. 1 


sents the external field 6U and the shaded circle 
the total vertex part [. This relation can be ex- 
pressed analytically as follows: 


sG (RR) = [oP GP + 9 16 (P)\ Pp e(ee Ook) 


G (Q) G(Q + K) 4'QG (P + a su (14) 
where the vector K has components {0, k}, 
since the field 6U is independent of the time. On 
the other hand, the equilibrium condition 


+ 6U = fo, (15) 


must hold in the external field, where pw is the 
chemical potential of the system and wy is the 
chemical potential in the absence of the field. 

Let us go to the limit k—0. From (15) it 
follows that the chemical potential changes then 
by an amount —6U). The limit of the left hand 
side of (14) as k—0 is (—8G/0yu)6Uy. For 
the right hand side of (14) we note that the field 
is constant, so that w=0. Using (7) and dividing 
both sides by G?(P)6U) we finally obtain 


0G" (P) ap? ; 
Bees v2 ny ven ap (P, Q) dog 


= same Pee. a0 (P,Q). (Q) d* Qh. (16) 
The integral with respect to dog is taken over all 
directions of the vector q at the Fermi surface. 

We now return to our problem of determining 
the singular part of the excitation scattering am- 
plitude. In what follows we shall be concerned 
with the case of excitations with total spin zero. 
The corresponding amplitude must be symmetrical 
with respect to orbital exchange and antisymmet- 
rical in the spin, and since the interaction consid- 
ered is independent of spin, can be expressed in 
the form 


Fae, ys = {Ff (2p? (1 —cos 9)) 
ae 5 (2p? (1 oF cos %))} {5,068 EEE das dev}, 


where F(k’) is a function independent of the 
spin variables. When we later refer to scattering 
amplitude, we shall mean F(k’). 

As has been shown, we can apply perturbation 
theory to the “long range” interaction van since 
it is small. Since the singularity in the momentum 


LP? PEA sion 


“Fe (8) = (2a) {1— 


transfer only arises because of Wer we need in- 
clude only those Feynman diagrams in which the 
whole momentum transfer comes about through Va 
all the others do not give a singularity, as can eas- 
ily be shown. We must therefore include the dia- 
grams shown in Fig. 2. The singular part of the 
scattering amplitude for isolated atoms, F Oar 
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is represented by a point. As we are concerned 
with scattering of excitations at the Fermi sur- 
face, we must put the energy transfer equal to | 
zero. In addition, since only F(k?) has a singu- | 
larity at k2=0, wecan let k tend to zero for 
all other terms. Using the usual rules for draw- | 
ing Feynman diagrams and applying Eq. (8), we 

obtain after simple rearrangement the final ex- 

pression for Fg, (k*) — the singular part of F (k?): 


22 
alo 


v2 (2n)8 (Tee, ap (P, Q) dog 


— pap \Tea 0 (P, Qe (Q aQh F (e%). (17) 
We must make here the following remarks. From 
the way in which (17) has been derived we have to 
understand by rk the vertex part rk described 
by the Hamiltonian Hy, and not the whole vertex 
part. As the whole calculation is made in the first 
Born approximation in Vi and the right-hand side 
of (17) is already of order Vis the calculation of 
the difference between T'* and rk would be un- 
necessary, and we can take as CK in (17) the 
whole vertex part of the forward scattering. 
Rewriting the expression in curly brackets in 
(17) with the help of (16), we obtain 


= (m* | m) a? (6G / du)? F (k2). (18) 


We need retain only the terms in 8G™!/du which 
do not tend to zero for €—0, p— Po Since we are 
only concerned with excitations at the Fermi sur- 
face. From (7) we find (8G7!/ay) = (v/a) (dpo /du ) 
and finally 


= (m* | m) (vdpo/ du)? F (k?). (19) 


We see that Fg(k?) has the same sign as F (35 
i.e., the excitations attract one another at large 
distances, just as do isolated atoms. 

vdp o/du can be expressed in terms of observ- 
able quantities. The number of particles per unit 
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volume, N, is related to Po by the expression 
N = (4/3) 2p3/ (2n)8. 
Hence 


Vv dpo ie (2)® dN 
dy. 8rm* po dp. 


(27)? (82 \'/sdN 
8xm* (aa) du * 
Expressing dN/du in terms of the compressibil- 
ity of the liquid,® we obtain 


vdpo | dy. = ((2n)?/ 3mm'c2) (3N | 8x)" (20) 


where c is the velocity of sound. 

Equations (19) and (20) give the solution of the 
problem. Using relation (2) for F(k?) and Eq. (6), 
we can write down an expression for the asymptotic 
value of the scattering phase for 1—~. As was 
indicated at the beginning of this section, the method 
used is an approximation relying on the smallness 
of the polarizability of the atoms of the liquid. This 
condition is well fulfilled by He®. In the next sec- 
tion we derive a relation not based on this assump- 
tion. The method used is of interest and makes it 
possible to determine the limits of applicability of 
the results obtained in this section. 


4. EXACT ASYMPTOTIC EXPRESSION FOR THE 
SCATTERING AMPLITUDE AT LARGE 1 


In order to obtain the more exact relations de- 
sired, we must examine in more detail the van der 
Waals forces between elementary excitations. As 
is well known (see, for example, reference 9), 
van der Waals forces are connected with the ex- 
istence of zero-point fluctuations of long-wave 
electromagnetic radiation in the medium, i.e., 
with the exchange of virtual long-wave photons. 
To separate the effects connected with these pho- 
tons, we shall divide up the Hamiltonian of the 
system into two parts, as is done in reference 10: 


AH =\jAdv + Hy = A+ Ap, 


where the first term G is the 4-vector current of 
liquid and A the electromagnetic vector potential ) 
describes the interaction of the liquid with the long- 
wave radiation, and all the rest of the energy of the 
system is contained in Hg: 

The virtual photons will be depicted on the Feyn- 
man diagrams by dashed lines, and to each line cor- 
responds a photon propagation function 


RoRor } 


& (| ® |) On 


4n 
= Sik — (21) 
Diz (Qo) Ea pot B ( k 
[e€(w) is the complex dielectric constant of the 
liquid, Q) {wp, ky} is the 4-vector of energy and 


momentum of the photon, i, k, LeAwas itae2  ONeAS 
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in reference 10, we use a vector potential gauge 
for which Dpoj = Do) = 0]. 

Since only the interaction with long-wave pho- 
tons is included in Hy, all integrals over photon 
lines must be cut off at some maximum wave vec- 
tor L, such that Ld «1, where d~ 1/py is of 
the order of atomic dimensions. The final answer 
is independent of L. 

As in the previous section, we are interested 
in those Feynman diagrams which have a singu- 
larity in the momentum transfer. These singu- 
larities are associated with van der Waals forces 
and therefore with the exchange of long-wave pho- 
tons, so that diagrams in which the whole momen- 
tum transfer takes place through long-wave photons 
will have singularities. These are diagrams which 
can be divided between the ends P,, Py+K and Py, 
P,—K_ into two parts connected only by long-wave 
photon lines. We must limit ourselves to the dia- 
grams with the smallest number of such photon 
lines since, as can be shown, each extra integration 
increases the power of k in the singularity, or 
gives an extra power of the small quantity Ld. 

The first of such diagrams is I in Fig. 3. The 
corresponding matrix element is identically zero, 


| 
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since it is proportional to the square of the elec- 
tric dipole moment of the He® atom in the ground 
state. Diagram II therefore provides the main con- 
tribution to the singular part of the scattering am- 
plitude; this represents the exchange of two virtual 
photons. We should note that it is just such dia- 
grams which are relevant to the calculation of the 
van der Waals attraction between isolated atoms.!! 
The shaded circles in diagram II represent 


TitaB (Q;, P, K) = Sie aBY (Q), P, K), 


which describes the Compton scattering of a photon 
by an elementary excitation in a Fermi liquid (P 
is the original 4-vector of energy and momentum 
of the excitation, Q) is the original 4~-momentum 
vector of the photon and K the 4-momentum ex- 
change vector ). 

We first determine the values of the argument 
for which we need to know y. We are only inter- 
ested in scattering of excitations with energy and 
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momentum at the Fermi limit, i.e., with ¢€ =0, 
w=0, |p|=po. In addition, since the singularity 
in diagram III for small k comes from integra- 
tion over the photon lines, and y itself does not 
have a singularity for k—0O and w=0, wecan 
let k init tend to zero (with the condition w =0). 
Finally we must take into account the fact that the 
momenta of long-wave photons are in general much 
smaller than the momenta of Fermi particles 
(ky /py K Ld « 1). We can, therefore, always set 
the wave vector ky) equal to zero in the arguments 
of y. 

Thus the only quantity which enters the scatter- 
ing amplitude is 


nw (Q,P) = lim + (Qy, P, K) 
k>0 


o/k>0 


with k)=0, €=0, |p|=pp. This only depends on 
the photon frequency ww, and will be represented 
by yk ( wo). We shall, in what follows, also require 
1° (Qq, P) = lim 7 (Qo, P, K) 
k/o>0 

and, correspondingly, its value y“(w)) for 
e= 0, Ip | = Po» ky = 0. 

Using these expressions, the scattering ampli- 
tude corresponding to diagram II can be written 
in the form 


a oe Tm) aay | [ay® (9) PDik (0, Ko) 


X Dip (@o, Kk — ky) dig d? ky. (22) 
By using the general analytical properties of 

the Green’s functions and of the vertex parts, we 

can see that the path of integration over wy in 

(22) can be taken towards the upper half of the 

imaginary axis. Substituting expression (21) for 

Dj, we then obtain 


Am ae (2) |'a: 


(2n)> \ Le (Bye 


Fe (R?) — 


0 

es ama E4 + © (18) & [kG + (ky — k)?] + (ko, k — Ko) 
fe (48) & + Re] fe (28) & + (Ko — k)?] (22a) 

We shall be concerned with distances much less 

than the wavelengths of the spectrum of the liquid, 
but large compared with interatomic distances. The 
interaction becomes vanishingly small at large dis- 
tances, so that in the integral of (22) we can assume 


ky ~k > Wp. (23) 


The integral over ky diverges for large ky, so 
that we must assume that the expression under the 
integral in (22) has a cut-off multiplier which is 
unity for kj « L and tends to zero for ky — ©. 


kee 
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The calculation of the integral in (22) then re- 
duces to a calculation in terms of ky at the poles 
of the expression in the integral, and can easily be 
carried through. For the condition (23) the result 
is 


co 
* 


F, (2) = \ [ar (i) / © (i) 2]? dé. 
0 


Apart from the trivial substitution of m* for m, 
which is related to the normalization of the ampli- 
tude, (24) differs from the scattering amplitude for 
isolated atoms (2) only in the substitution of 

ayk( w)/e(w) w* for a(w). It now remains for 
us only to express the amplitude yk w) in terms 
of observable quantities. This is done in the next 
section. 


(24) 


5. THE EXPRESSION OF yk(w) IN TERMS OF 
OBSERVABLE QUANTITIES 


We require several equations analogous to (16). 
To obtain the first of these we again introduce into 
the interaction Hamiltonian an infinitesimal exter- 
nal field 6U, which this time depends only on the 
time: 


6U = 8U et, (25) 
The change in the Green’s function due to the 
influence of such a field is again determined by 
the diagram of Fig. 1. This field introduced does 
not represent any real change in the state of the 
liquid, since the field can be removed from the 
expression for the w~-operators by means of a 
trivial physical transformation of the operators: 


9— pexp{—il suai}. 


Going to the limit w—0 we find that the intro- 
duction of our fictitious field produces a multipli- 


cation of the ~-operators by a factor exp {— idUyt}, 


i.e., to a change in the origin of particle energy 
measurement by 6U). Using this and writing down 
the analytical expression, represented in Fig. 1, 
in the limit of w—0 (for the condition k = 0) 

we obtain the required expression 


OGe (PR) 3 
Oe ; . 


rage | Ps. 20 (P, Qe (Q) atQh. 


(26) 


We note that for «€ * 0, p * py the differential 
coefficient 8G~!/de is just equal to 1/a. 

In a similar way an equation for the D -function 
can be obtained. The change, 6Dj,, when the in- 
finitesimal field 6U is applied is shown graphic- 
ally in Fig. 4. As follows from the previous dis- 
cussion, for a field 6U,eikr (k — 0) the function 


ON THE SUPRPERFLUIDITY OF LIQUID He? 


SO 
oo 


60-7) fe 


FIG, 4 
Dik changes by —(0Djk/0u) 6Uy. Dik cannot in 
general change when a field 6U)e-iwt (w — O)eis 
applied, since a change in the energy reference 
point does not affect the propagation of photons in 
the liquid. 

Making use of this and diagram III, and going 
to the limit in a suitable manner, we obtain two 
other identities: 

2) re a*p2 
Op. =< dik — bin [40 wars 0 1 aA Do) T Oye 


ar \t* (%, Q @(Q aah, 
(27) 


0 =i (2n)*\ 4° (wo, Q) g(Q) 4*Q. (28) 


In (27) D;i jk is the matrix inverse to Dj,. As was 
pointed out in reference 10, with the chosen gauge, 
Dj satisfies the relation 


[(w2e (| @ 
It then follows that 
ie = (4r) * {Lage (|p |) — Ro] bie + Roikor}, (30) 


and the left hand side of (27) can be written in the 
form 


|) — A?) 8; + Ryko] Dy, = 475;,- (29) 


aD ces © de (| @ 
ji tk Ex Op. 


)__s ® de (Jol) aN 
Pie aN Op Ge 


Apart from Eqs. (26) — (28), we will require 


another relation between y¥( Q 9, P) and y“(%, P). 


The derivation is completely analogous to that of 
(12), carried out by Landau.’ We therefore omit 
these simple calculations and only give the final 
result: 


2 2 


a Pp ( mG) 
# (Qo, P) = 1° (Qo, P) — za \ 7% (Qo, Q) Vas, a6 (Q, P) dog 


a’ ps 

= 1° (Mg, P) — say a5 1 (wo) \ Ps, 29 (Q, P) dog. (82) 
(We have assumed yk( Q 9, @) to depend only on 

the absolute magnitude of the vector q and not on 

its direction, since we can always consider kp = 0.) 
Pee (26) — (28) and (32) make it easy to 

find y K( wo). We multiply both sides of oe) by 

i (27) mee Ps integrate with respect to d‘P and 


evaluate 


i (2n)*\ TegatP, i (2n) «| stgat, i (2n)*\ yoga 
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by means of (26), (27) and ee respectively. We 
then obtain 


© 0 (2m) de (| @o |) 2%) de (|ool) doo 
4ra 4rpo Op. Ara ON du” 
(33) 
Substituting (33) into (24) we find the final ex- 
pression for the scattering amplitude: 


1" (®) = 


[oe) 


ont feet. Oenie)q * ae taba Nee 
Fe= 75 \ lim (iz) ON | de \v my Re. (34) 


We note that the renormalization constant, a, has 
disappeared as it should. The result is expressed 
in terms of observable quantities only. 

Using (6) we can now write down the asymptotic 
expression for the scattering phase for 1 — © 


eo mre Byes ‘ 
81 = gy (cpa) m' | | EEO) ce (o Pe) rs. (85) 
10) 


We can see, as follows from the approximate treat- 
ment in Sec. 3, that the sign of the phase at large 1 
corresponds to an attraction between the excitations. 

From (34) it appears that the amplitude for ex- 
citations differs from that for isolated atoms by the 
replacement of a(w) by 


Axe (w)) (de (@)/ON) (dpo/du). 


As was shown in reference 3, the interaction en- 
ergy of atoms in a dilute solution is obtained from 
the interaction energy of the atoms in vacuo by sub- 
stituting for a(w) 


(1/4z¢ (@)) (de (@)/ON). 


The additional factor vdpy/du is connected in our 
case with the influence of neighboring atoms in the 
liquid on the scattering of excitations. Equation 
(34) goes over into (19) if we put in the denominator 
€=1 and set ¢€-1=47QN, where a(w) is the 
polarizability of an isolated atom. Both these con- 
ditions are quite well fulfilled in liquid helium. 

In conclusion we point out again that this inves- 
tigation makes it seem most likely that liquid He? 
goes into a superfluid state at sufficiently low tem- 
peratures. This state will have a number of spe- 
cial properties which it will be most interesting to 
study. 

The author takes this opportunity of thanking 
Academician L. D. Landau and I. Ya. Pomeranchuk 
for their valued advice and discussions, and L. P. 
Gor’kov for a discussion of the problems presented 
in the appendix. 
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DERIVATION OF THE FORMULA FOR THE 
EFFECTIVE MASS OF ELEMENTARY EX- 
CITATIONS IN A FERMI LIQUID BY THE 
METHODS OF QUANTUM FIELD THEORY 


We shall derive two relations analogous to (16) 
and (26), which can be of great use in studying the 
properties of a Fermi liquid. As an example of 
their application we will obtain an expression for 
the effective mass of excitations in a Fermi liquid, 
derived on the basis of a semi-phenomenological 
theory by Landau.® 

It is easiest to derive the first relation if we 
assume that the atoms of the liquid have an infini- 
tesimally small charge e. The final expression 
will not contain the charge and will hold equally 
well for uncharged particles. We subject the Fermi 
liquid to an infinitesimally weak external magnetic 
field with vector potential 


SA = d Aver, (36) 


This corresponds to substituting for D7 2m in 
the Hamiltonian of the system (p—edA)?/2m or, 
as 6A—0, to an extra term in the Hamiltonian 


8U = — (e/m) 6 Ap. (37) 


If we now go to the limit k—0, then 6A be- 
comes the constant vector potential 6A. By the 
gauge invariance theorem, all functions that de- 
pend on the momentum p must become functions 
otep —edAy.” The Green’s function G(P) there- 
fore changes, because of the addition of (37), by 
the amount 


6G = —e(OG/Op) oA. 


On the other hand, this change can be calculated 
according to the diagram of Fig. 1, bearing in mind 
that 6U is now given by Eq. (37). After going to 
the limit k—0 (for w=0) we obtain the analo- 
gous expression* 


LENE Ey ap b 
Op a i m 2 (2r)§mv \ D8, “B WP, Q) q d0q 


Thay 
smn \ Tee. «0 (P, Qe @aaal. (38) 
Equation (38) can be very convenient in study- 
ing general questions in the theory, because the 
function Gait P) can also be related to the vertex 
part through the well known Dyson relation. In ad- 


*The derivation of (38) is quite analogous to the well known 
derivation of the Ward identity in quantum electrodynamics (see 
reference 12). This equation can therefore be obtained directly 
by considering the result of perturbation theory for G(P). 
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dition to the full vertex parts, this relation consists 
of the “bare” vertex which does not have a direct 
physical meaning, and its form therefore depends 
on the actual form of the interaction Hamiltonian. 
Relation (38) is quite general and is independent 

of the form of the Hamiltonian. 

To derive the second equation we examine the 
liquid in a coordinate system moving non-uniformly 
with velocity 6V = 6Vjeit. The transition to such 
a system denotes a change of velocity operator in 
the Hamiltonian from p/m to p/m-6V or, cor- 
respondingly an extra term in the Hamiltonian 


Shes = SG 


If now w tends to zero we go over to an iner- 
tial coordinate system moving with velocity dV) 
relative to the previous one. According to the 
Galilean transformation (see reference 13) the 
energy of the system changes by OV op, and con- 
sequently the Green’s function changes by 


dG = — (0G/ds) pd Vo. 


On the other hand, expressing this quantity accord- 
ing to diagram I, we obtain the relation 


0G (P i & 
=P zai \P%. oP DeQaadiQ. (39) 


In order to obtain the formula for the effective 
mass of the excitations we multiply the right and 
left hand sides of the inequality (12) by 


2ra* 
v 


Do 8 (2) 6 (D2 — Po) + i Pog (Pe), 


integrate with respect to d*P, /(27)* and express 
the integrals 


(2ny{ Ie pod’P, and (2z)-4 \ Tg pod'P, 


by relations (38) and (39). After reduction we 
obtain 


2 
a” pom 


i= CG OE CC 10 0G} 
im ap p de I 2 (2x)30 \ «6s, «B (P; Q) dq d0g. 
Taking p*)ppo, € © & 
OG vp fp OGa ee 
Oy a p Gite ? OS ~~ & ° 
We finally obtain 
4 =, 4 nis Po are P 9d 
=) m ' 2(2zn)3 af, «8 (Q, ) cost Og; (40) 


where ¥ is the angle between p and q; I is 
taken at € =0, |p| =p. With allowance for (11), 
relation (40) for the effective mass coincides with 
that obtained by Landau.® 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1808-1810 
(December, 1959) 


The quantum theory of atomic collisions is still 
relatively undeveloped. Calculations of excitation, 
charge exchange, and ionization cross sections 
have been made only for the simplest cases of 
atomic collisions with hydrogen and helium. Thus 
an exposition of the empirical laws of inelastic 
atomic collisions, based on an analysis of the ex- 
isting experimental data, has considerable impor- 
tance for the development of a general theory. 

Nonresonance single-electron charge exchange 
is represented by the equation 


Peas (eA aA Rr 


where AE is the resonance defect, defined as the 
energy difference between the electron-transition 
levels. The investigations of Hasted!~* and our 
work®’® show that with an increase in the absolute 
value of the resonance defect | AE], the velocity 
for maximum cross section increases in agree- 
ment with the criterion given by H. S. W. Massey. 
This conclusion has subsequently been extended 
by Fogel’' to two-electron charge exchange with 
formation of a negative ion. 

There is interest also in the factors that affect 
the maximum cross section Oy, x for inelastic 
processes, in particular, nonresonance single- 
electron charge exchange. Massey’s quasi- 
adiabatic hypothesis makes no definite statement 
about the size of this cross section. Data on 
charge-exchange scattering®»? show that if | AE | 
is small, then charge exchange occurs chiefly in 
“glancing” collisions, i.e., it is not connected with 
a major interpenetration of the electron shells. 
Therefore the charge exchange cross section must 
depend strongly on the features of the outer elec- 


tron shells of the ion (I*) and the target atom (A). 


A study of the experimental data reveals that 
Omax is affected by two fundamental factors, the 
absolute value of the resonance defect and the 
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atomic number N ‘of the target atom. The maxi- 
mum cross section rises with increasing N but 
falls with increasing |AE|. For the same ion 

and different atomic targets we find two character- 
istic cases: 

1. If |AE| increases continuously, but N de- 
creases, then Omax falls rapidly, for both fac- 
tors are acting in the same direction. 

2. If both |AE| and N increase, then the two 
factors oppose one another and Omax increases 
slowly from atom to atom. 


0-10 eee 
30¢ 
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These statements are illustrated in the figure, 
which shows the dependence of omax on |AE| 
for single-electron charge exchange by the ions 
C*, He*, and H* in inert gases. Points repre- 
senting charge-exchange cross sections for the | 
same ion are joined. The figure includes all 
present-day data on ions for which the maximum 
of the charge-exchange cross section vs. energy 
curve has been determined for no less than three 
inert gases. The first case is illustrated by the 
C* ion (data from Gilbody and Hasted*). The 
He* ion (data from Fedorenko, Afrosimov, and 
Kaminker®) illustrates the second. The charge- 
exchange cross section for the H* ion (data from 
Stedeford and Hasted? ) generally follows the first 
case, but it contains a characteristic deviation. 

The rapid decrease for the sequence Kr, A, Ne, 
and He results because both factors act to re- 
duce the cross section. However, the uniformity 
with which omax(|AE|) decreases is broken by 
the pair H—Xe. Probably this is connected with 
the fact that the transition from krypton to xenon 
is accompanied by an increase in AE coupled with 
an increase in N (second case). 

We should note that for charge exchange in inert 
gases the growth of oyax with increasing N can 
actually be explained by the greater dimensions of 
the outer shell of the target atom and by the re- 
duction in the first ionization potential. 

Further, it is interesting to note that a growth 
of Omax With increasing N and decreasing | AE | 
is also observed’? for two-electron charge exchange 
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by He* in inert gases leading to the formation of the 
metastable He™ ion. 

Investigation of electron capture by multiply - 
charged ions shows that the sign of the resonance 
defect influences the cross section for such proc- 
esses. Thus, according to the data of Flaks and 
Solov’ev,'! for given velocity and given absolute 
value of the resonance defect, the cross section 
for exothermic processes (positive resonance 
defect) is significantly greater than the cross sec- 
tion for endothermic processes (negative resonance 
defect). For single-electron charge exchange the 
effect of the sign of the resonance defect on the 
cross section is still uncertain; in any case it is 
less sharply manifested. The squares in the fig- 
ure represent exothermic charge exchange while 
the circles represent the endothermic ones. 

It should further be mentioned that the values 
of |AE| displayed in the figure are calculated 
on the assumption that the electron exchange is 
between ground states of the atom and the ion. 

This assumption, to all appearances, is rather 
reliable for endothermic processes, but less so 
for exothermic ones, since for exothermic proc- 
esses there exists the possibility of an excitation 
of the particles by the internal-energy release. 
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33. B. H. Stedeford and J. B. Hasted, Proc. Roy. 
Soc. A227, 466 (1955). 
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Academy of Sciences, U.S.S.R. 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1810-1811 
(December, 1959) 


Ir has been shown by Dolginov! and Tolhoek? that 
in £ decay of polarized particles one can expect 
the existence of transverse polarization of the B 
electrons emitted in the plane perpendicular to the 
nuclear spin. Dolginov has shown that a study of 
the polarization of electrons from oriented nuclei 
is equivalent to a study of the correlation between 
circularly-polarized photons that follow the B de- 
cay and the transversely-polarized electrons. The 
same reference contains formulas for the expected 
correlation in the case of allowed £ transitions. 

We have investigated the correlation between 
transversely -polarized electrons and circularly- 
polarized photons in B decay of Co®’. A case was 
investigated in which the electron momentum p lies 
in a plane perpendicular to the momentum k of a 
photon with circular polarization o, whereas the 
spin of the electron s is antiparallel to k. The 
degree of circular polarization of the y quanta co- 
incident with the electrons was determined. Then, 
according to reference 1, the investigated correla- 
tion can be represented in the form. 


(1) 


Here o=+1, for right-hand and left-hand circular 
photon polarization respectively. The factor A in- 
cludes the dependence on the matrix elements of the 
B transition, level spins, multipolarity of the y 
transitions, and electron energy. 

Electrons with specified transverse polarization 
were separated registering the electrons singly 
seattered at 135° from a bismuth foil (the setup of 
the experiment is shown in the figure). The circu- 
lar polarization of the photons was determined from 
the forward Compton scattering by magnetized iron 
(see references 3 and 4). An electrolytically pre- 
pared Co® source of approximate activity 100 uC, 
was used. The correlation was determined as the 
change in counting rate of the coincidences upon re- 
versal of the direction of magnetization in the scat- 
tering magnet of the y polarimeter. The current 
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Schematic diagram of the setup: 1 — source, 2 — bismuth 
scatterer, 3 — vacuum chamber, 4 — scattering magnet, 5 — plas- 
tic scintillator, 6 — light pipes, 7 — Nal crystal, 8 — fast-slow 
coincidence circuit, t = 10° sec. 


in the magnet was reversed after 3.5 minutes auto- 
matically. The result of the measurement was cal- 
culated in the following form 


A= 2(,—!.)/Ui-+ 2). Ihe = Re/ ReRy; (2) 


where Re, Rg, and Ry are respectively the count- 
ing rates of coincidences, single electron pulses, 
and photons. The indices 1 and 2 pertain to the 
direction of the magnetic field from and to the 
source (see diagram). Measurements with a bis- 
muth electron scatterer 0.4 mg/cm? thick yielded 
A = (0.50 + 0.18) %. 

As a control experiment, the measurements 
were repeated with a bismuth scatterer 5 mg/cm? 
thick. Here multiple scattering of the electrons 
should cause vanishing of the azimuthal scattering 
asymmetry due to the spin, and the effect should 
also vanish. Experiment yielded A= (-0.1 
+ 0.14) %; the errors indicated are statistical. 

The efficiency of the y polarimeter was deter- 
mined from measurements of the 8-y correlation 
(y — circularly polarized), in the decay of Co®? 
and Sc**, The efficiency of the 8 polarimeter was 
calculated from the used geometry with allowance 
for multiple scattering in the bismuth foil, accord- 
ing to Sherman? and Wegener’. 

The value of A [Eq. (1)], determined with allow- 
ance for the background of B-y coincidences, ran- 
dom coincidences, and efficiencies of both polarim- 
eters, was found tobe A= 0.32 + 0.12. The value 
of A computed after Dolginov was 0.24. 

Thus, within the limits of statistical error, the 
theoretical and experimental results are found to 
agree. 

In conclusion, the authors consider it their pleas- 
ant duty to thank A. Z. Dolginov for discussion and 
continuous interest in this work, and also to O. V. 
Saltykovskii, V. S. Andryukevich, and A. V. Kurakin 
for participation in the preparation of the apparatus 
and the measurements. 
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ON THE FINE STRUCTURE OF THE GIANT 
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(December, 1959) 


Ir has been shown in a number of papers!“ that 
the photonuclear yield curve has breaks in the re- 
gion of the giant resonance for light nuclei. Their 
position and magnitude depends on the material. 
The explanation of such breaks requires the exist- 
ence of separated narrow resonances in the photon 
absorption cross section in this energy region. The 
sum of the integrated cross sections of these reso- 
nances is comparable with the total integrated cross 
section. The data on their width I’ are contradic- 
tory. According to the estimates in references 1 — 
3, I'=40 kev; in reference 5 a much larger width 
was obtained (I= 400 kev). 

It is of great interest to look for the existence of 
such resonances by a direct method. In this connec- 
tion the fine structure of the giant resonance was in- 
vestigated by the total absorption method. We give 
here the preliminary results, obtained this way for 
carbon. 

Figure 1 shows the experimental arrangement. 
The work was performed with a 30-Mev synchro- 
tron. The x-ray beam with E,,4, = 28.8 Mev was 
collimated by a lead collimator 26 cm long. Behind 
the collimator was placed a graphite block 60 cm 
thick (96.6 g/em?). The y-ray spectrum was 
measured by a pair spectrometer. The magnetic 
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FIG. 1. Experimental setup: 1 — synchrotron target, 
2 — lead collimator, 3 — thin-walled ionization chamber — 
integrator, 4 — graphite absorber, 5 — pair spectrometer 
chamber, 6 — input and output window of the chamber 
(aluminum foil of 0.3 and 0.5 mm thickness respectively), 
7 — radiator (gold, 10 mg/cm’), 8 — plastic scintillator, 
9 — light pipe, 10 — type FEU-33 photomultiplier, 
11 — field probe. 


field of the spectrometer was stabilized by proton 
resonance to better than 0.01% (less than +2 kev 
at 20 Mev). The resolution of the spectrometer at 
9.716 Mev (the y line associated with capture of 
thermal neutrons in Cr°*?) was measured to be 

65 kev. According to a calculation the spectrom- 
eter resolution did not exceed 110 kev at an energy 
20 — 25 Mev. 
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In Fig. 2 are shown the x-ray spectrum meas- 


ured without absorber, No (hv), and with absorber, 


N (hv). All experimental points are referred to an 
equal y dose, which was determined by means of 
a thin-walled ionization chamber and an integrator. 


1279 


Wi 


The indicated errors are the mean square devia- 
tions. Curve 1, Ny (hv) was determined by the 
least squares method. After the absorber the num- 
ber of photons of a given energy is given by the ex- 
pression 

N hy) = No (2) exp 


ER a (Scart Scompt nL} exp {— SnuciL} (1) 


(n — number of nuclei per cm’; L — length of the 
absorber incm). Curve 2, Ng (hv) exp {—- (Opair 
a Compt) } was calculated from Curve 1. The 
difference between the spectrum as measured with 
the absorber and Curve 2 is due to the nuclear ab- 
sorption only. In the given geometry the contribu- 
tion of photons reaching the radiator of the spec- 
trometer after a small angle Compton scattering 
did not exceed 1%. The increase in the number of 
photons due to bremsstrahlung of secondary elec- 
trons in the absorber did not exceed ~1%. Curve 
3 has been obtained from Eq. (1) and shows the nu- 
clear absorption cross section Opyc.- 

Despite the large statistical errors, a peak in 
the cross section shows up in the energy range 22.2 
— 22.5 Mev. To check this result the measurements 
were repeated in this energy interval with an ab- 
sorber of increased length (L=102 cm). The re- 
sults obtained this way are indicated in Fig. 2 by 
crosses. The effect of the nuclear absorption is 
now more pronounced. The cross sections calcu- 
lated for L=60 and 102 cm are consistent. 

An estimate of the integrated cross section of 
the peak, made under the assumption that the total 
cross section in the region 22.2 — 22.5 Mev is due 
to one resonance, gives 9 Mev-mb. This does not 
contradict the estimates of references 1 and 6 for 
the resonances which lie in the energy interval 21 
— 23 Mev in carbon. The experimental width of the 
peak equals ~ 150 kev. Because of the resolution of 
the apparatus, this implies an actual line width of 
not more than 100 kev. The mean absorption cross 
section for the whole interval 22.2 — 23.5 Mev, which 
equals ~ 22 mb, agrees with the cross sections found 
in a number of investigations’~!” for the (y,n) and 
(y, p) reactions in carbon. 
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The present results indicate that the method em- 
ployed can be profitably used in the investigation of 
the fine structure of the giant resonance. The 
method allows the determination of the location of 
the different peaks with great accuracy. 

Preliminary results for aluminum have been ob- 
tained with a similar method in reference 11. The 
authors of that paper believe that there exists a 
fine structure but are unable to draw definite con- 
clusions due to large statistical uncertainties. 
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lie is a continuation of previous work! and de- 
scribes a study of the temperature dependence of 
the elastic constants of potassium bromide single 
crystals in the range of temperature from room 
temperature to the melting point. Using the method 
of the composite oscillator,” measurements were 
made of Young’s modulus and the shear modulus 

of specimens cut along the [100] and [110] di- 
rections; a detailed description of the apparatus 
and oscillator has been given in reference 1. 

The measurements were made on specimens of 
square cross section for longitudinal oscillations 
and of circular cross section for torsional oscilla- 
tions. The dimensions of the crystalline specimens 
were determined in a comparator with an accuracy 
of 0.01 mm. The specimens were stuck to a quartz 
rod using a mixture of water-glass and TU-KH 
24-51 phosphate cement; the cementing operation 
was carried out at 150°C for 15 — 20 minutes. The 
resonant frequency was determined using Lissajou 
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figures and a type 528 heterodyne wavemeter (ac- 
curacy 0.025%) at a fixed temperature. The tem- 
perature was measured to an accuracy of 1°C by a 
platinum-platinum rhodium thermocouple. The fall 
in temperature along the lengths of the specimens 
(which ranged from 10 to 16.5 mm) did not exceed 
2°C. The method of cutting the specimen insured 
that the intrinsic frequency of the specimen and 
that of the three-part oscillator agreed to within 
10%. The frequency of the quartz rod differed 
from the frequency of the three-part oscillator 
by not more than 2%. 

The relative accuracies of the elastic constant 
measurements 

Sera 


11 


s = 1/E 


[100]? “41 


(110)? Si4 = 1/G e400) 


were 1.2, 1.2, and 0.8%, respectively. The error 
in determining sj) = 28{;—S1,—S4,/2 and the 
compressibility x = 3 (sy, + 2s.), obtained by 
calculation, is significantly greater. 

The values of the elastic constants sy, Sjj,, 

S44 and Sj2, and also the compressibility x, cal- 
culated from the formula given above, are given 
in the table. 

Also in the table are data for 730°C; this is the 
melting point Ty, of potassium bromide accord- 
ing to reference data. During the experiments the 
thermocouple measured the temperature at the 
contact of the specimens with the quartz rod of 
the ternary oscillator, which was suspended ver- 
tically in the furnace. When the temperature of 
the upper edge of the specimen reached 728°C 
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Tr, °C $,,°1033, $4,103, S44°1023, 710%, 
cm?/dyne cm?/dyne int /diene pee ake 

20 30.4 62.4 5 7 
100 35.6 63.7 ae Ss ae 7 
200 36.1 63.8 206 Ses 6 
300 40.3 68.5 213 27978 6 
400 45.7 72.0 219 —11.2 7 
500 53.5 76.3 226 —13.9 8 
600 63.7 82.0 234 Sieg 9 
700 75.2 89/3 At 174 12 
730 81.3 91.0 244 —24 3 12 


the measurements were made (the lower portion 
of the specimen had a temperature 2°C higher be- 
cause of the variation of temperature along the 
length of the furnace). Usually it was difficult to 
make the measurements because of the frequency 
drift of the ternary oscillator, which was appar- 
ently caused by the specimen starting to melt from 
the surface, since after such an experiment a drop- 
let had formed at the lower end of the specimen and 
could be seen after the specimen had been extracted 
from the furnace. Thus, the temperature 730°C in 
the table in fact corresponds to a temperature be- 
tween 728°C and 730°C. 

Extrapolating the temperature dependences of 
Ecyo01» Epiio7 and Grio9], which are nearly linear, 
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By now it has been reliably established that cer- 
tain reactions result in polarized neutrons. They 
have, however, been insufficiently well investigated. 
As follows from theory and experiment, the degree 
of polarization of neutrons depends on the neutron 
angle of emission and on the energies of the inter- 
acting particles.'~ 

In the present investigation we measured the de- 
gree of polarization of (d-d) neutrons at an angle 
y= 150° laboratory system (this angle is frequently 
used in experimental physics to obtain monoener- 


getic neutrons), as a function of the deuteron energy. 


The degree of Si a was determined by the 
Lepore method,‘ based on the asymmetry of oe 
ing of polarized particles by the scatterer nuclei.° 

In this case the cross section of the polarized neu- 
trons is given by the formula 


to the absolute zero of temperature, the following 
values were obtained for the elastic constants at 
T = 0°K: 4, = 24.0 107}, 94, =180 x07? 

Sy2 = —2.8X 10° ® em’ /cyne. These values are in 
close agreement with the values for T = 0°K 
obtained by Galt. 
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{ 
= (8) = 25 () (1 + Pi (0) Pa), @ 
where o,)(0) is the cross section for unpolarized 
neutrons, P,(w#) is the polarization of the (d-d) 
neutrons emitted from the target at an angle 
(c.m.s.), and P,(@) is the polarization of the 
neutrons by the scatterer when scattered elasti- 
cally by an angle @ (c.m.s.). 
On changing the left-right asymmetry R in the 
plane of the (d-d) reaction, we obtain the relation 


R = Nyy Nr = {1 -- 12. (d) P, (8)}/{1 — P, () P, (8)}.. (2) 


The measurements were carried out with a cas- 
cade generator. Deuterons d with energies from 
400 to 1000 kev were used to bombard a target 
made of heavy ice. The scatterer was placed 170 
em from the target at an angle y=115°. The ex- 
perience gained by Levintov et al. in joining a scat- 
terer to a detector® was used in this investigation. 
The scatterer was gaseous He‘, which also served 
as the detector of scattered neutrons. As can be 
seen from Fig. 1, the detector-analyzer comprises 
five counters 1 connected in parallel. Each counter 
consists of 19 x 0.1 steel tubes 280 mm long, tung- 
sten polished wires, and telephone insulators. The 
counters are arranged in a single plane, with a shift 
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FIG. 1. Overall view of detector-analyzer. 


of 40 mm. This shift yields an optimum ratio of ef- 
fective to working detector volume. The counters 
are located in cylinder 2 and operate under identi- 
cal conditions. The cylinder is connected through 
frame 4 to supports 3 and can be rotated about 
three axes: AA, BB, CC. Axis AA is perpendicular 
to the plane of the diagram. The gas pressure in 
the cylinder was 1 atmos. The scattering angle of 
the recoil helions was @ = 22.5° (laboratory sys- 
tem), corresponding to a neutron scattering angle 
6 = 135° (c.m.s.). To pick out recoil helions of 
specified direction, the Glazkov analyzer scheme 
was used,’ in which the tracks along the direction 
of a counter axis were selected. In this scheme 
use was made of the dependence of the rise of the 
leading front of the pulse on the orientation of the 
recoil-nucleus track relative to the collector elec- 
trode. The amplitudes of the selected pulses cor- 
responded to monoenergetic neutrons, emitted by 
the target at the measured angle. 

In the determination of the background, a paraf- 
fin stopper was placed in the path of the neutron 
beam. The background amounted to not more’ than 
5% of the effect and was constant for all deuteron 
energies, within the limit of the statistics. 
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FIG. 2. Dependence of the polarization of (d—d) neutrons 
on the deuteron energy; @ — experimental points of the present 
investigation. X — point obtained by Meier et al.° 


The degree of polarization of (d-d) neutrons, 
P,(#), was determined from Eq. (2) [P,(6), the 


degree of polarization of neutrons on He‘, was 
taken from the paper of Levintov*®]. The results 
obtained are shown in Fig. 2. It is obvious that the 
polarization of (d-d) neutrons increases in abso- 
lute magnitude with increasing deuteron energy. 
This increase has the same character and approxi- 
mately the same magnitude as obtained in the meas- 
urement of the polarization of (d-d) neutrons 
emitted by the target at angles y = 47 — 49°.2»3»8 
Figure 2 shows also the point for Eg = 0.6 Mev 
as calculated by Meier.® As can be seen from the 
diagram, our experimental point is in good agree- 
ment with the calculated one. The degree of polari- 
zation experimentally obtained by the same authors 
at g* 105° yields a value much lower than calcu- 
lated. This discrepancy is possibly due to the in- 
accuracy in the calculation of P,(@) for carbon, 
which was used by the authors to scatter the po- 
larized neutrons. 

The author is grateful to Yu. A. Aleksandrov 
and N. P. Glazkov for discussing many problems 
connected with the setup of the experiment. 
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ike 4 meson, the electron, and the neutrino 
are coupled to the other particles only via the 
electromagnetic and weak interactions. It is ° 
therefore natural to suppose that the masses My 
and Me can be expressed in terms of the elec- 
tromagnetic coupling constant e = 4.8 x 107!2 
eV? om? sec"!, e2/fic = a = % 57, and the univer- 
sal (see reference 1) weak coupling constant g 
= 1.41 x10" g cm) sec™, gc/n? = 10-°/M2, 
where My is the mass of the nucleon. Numer- 
ically we have 


m, =0.57 Vee/gct, me = 0.38 Vel gckh?. (1) 


Since e*/fic is dimensionless, these formulas 
evidently contain an arbitrariness: we can simul- 
taneously change the power of a and the numer- 
ical coefficient .* 

One can also get an understanding of the struc- 
ture of the formulas by assuming that the weak in- 
teractions involve, in second order, intermediate 
charged bosons X with spin 1 (see reference 2), 
so that (see, for example, reference 3) 


g = 2g2h?/Mc*, (2) 


where gx (the coupling constant between the fer- 
mion current and X) has the same dimensionality 
as e. 

The idea of a connection between the electro- 
magnetic and weak interactions, as put forward 
by Schwinger? and Salam and Ward,’ leads these 
authors to the assumption gy =e; to obtain the 
experimental value of g, one must then set 
Mx = 38My (Gell-Mann notes that Mx * My/4@). 
The yp mesons, electrons, and the neutrino (the 
“small particle world”) are coupled to the other 
particles only via the electromagnetic field and 
the field of the X mesons. We assume that the 
masses of the » meson and of the electron are 
due to the interaction with the X field and the 
photons with the same dimensionless constant 
gx =e =Vv1/137 (h=c=1), so that m, = Me 
=m,=0 if there were no interaction (i.e., 
gx =e=0). Then the only quantity with the 
dimensionality of a mass in the “small world” 
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theory is Mx; it is therefore natural to seek an 
expression for the masses in the form ey My. 
Numerically we have 


» ie ae By 
Mu, 0.40 137 My — 0.40 =" My, 


eat 
ioe OT (aa) WER (=) Mx. (3) 


he 
If we express My in terms of the four-fermion 
g and e?/tic according to (2), we obtain the for- 
mulas (1). 

It was assumed earlier that me is somehow 
due to the electromagnetic interaction (and also 
to the weak interaction, see reference 2, p. 431), 
which led to the result that my, is “large” and re- 
quires a special explanation. For this purpose new 
interactions were introduced, which show up only in 
the contribution they give to m,,. These were in- 
teractions either with the neutral o meson,?® or 
with K mesons,’ or with the nucleons (Suranyi, 
as quoted in reference 7). 

In the present note we have proposed a mass 
scale with My as the unit, in which the mass of 
the » meson is small (of the order. of the square 
of the coupling constant between p and X), so 
that there is no need to take recourse to additional 
interactions. We note that the interaction of X 
with uw, e, and v violates the parity conservation 
principle. This must be taken account of in a the- 
ory of masses which depend on the interaction. 

The relation Meg ~ am), was noted earlier: 


m, = 137-9/5 me [8], my = 137 V2 (PA; 

In a paper, of which he kindly informed the author 
before publication, Gol’fand!® assumes that me 
is due to the interaction e-y and notes that me 
i amy. 


*It may not be accidental that h does not enter in the ex- 
pression for “m,: this condition fixes the exponent. 
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ON THE CAUSES OF THE PECULIARITIES 
IN THE PHYSICAL PROPERTIES OF INVAR 
ALLOYS 


E. I. KONDORSKI I 
Moscow State University 
Submitted to JETP editor October 3, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1819-1820 
(December, 1959) 


As is well known,! the physical properties of Invar 
alloys have a number of peculiarities (low coeffi- 
cient of thermal expansion, large values of the vol- 
ume magnetostriction and magnetic susceptibility 
in the saturation region, etc.). Until now these pe- 
culiarities have been explained?~4 starting from the 
assumption that the exchange interaction energy be- 
tween electrons and neighboring ions in these alloys 
changes rapidly during expansion or compression of 
the crystalline lattice. Such an explanation can 
hardly be considered satisfactory. It does not give 
a direct answer to the question of why these peculi- 
arities are in fact observed in iron-nickel alloys 
with nickel concentrations from 30 to 45%. From 
the standpoint of these hypotheses it is impossible 
to explain the comparatively large changes of the 
saturation magnetization and specific electrical 
resistance of alloys with these concentrations under 
the influence of pressure at low temperatures.° 

It has been shown® that an alloy with face-cen- 
tered lattice containing 73% Fe, 9% Ni and 18% 
Cr, which is paramagnetic at room temperature 
and above, becomes anti-ferromagnetic at a tem- 
perature of 40°K. It follows as a probable conclu- 
sion that the exchange integral J, for neighboring 
ions of iron in the face-centered lattice is negative, 
and this allows us to proceed to an explanation of 
the peculiarities of Invar alloys from a different 
viewpoint. 

Let Ji, Jyg and Jy, respectively, be the ex- 
change integrals of electrons on neighboring ions 
of iron, iron and nickel, and nickel. Nickel is 
ferromagnetic; on increasing the nickel content to 
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60%, the magnetic moment of iron-nickel alloys in- 
creases. Whence it follows that J,>0 and Jy,>0. . 
Taking J,< 0, it is not difficult to show that, ifthe 
nickel concentration c, is greater than some criti- 
cal concentration ck, then at low temperatures 
ferromagnetism is energetically favored. If, on the 
other hand cy < ck, then under the same conditions 
antiferromagnetism is favored. Calculation leads to 
the conclusion that for a disordered distribution of 
the ions with antiparallel spins in the crystalline 
lattice of Fe-Ni alloys | 


dng Vii 
2) Se 


Cp = 
for | 


Jog Jig — Jy, Ce 0.8. (1) 


A disordered distribution of ions with anti-paral- 
lel spins is more probable at high than at low tem- 
peratures, when grouping of the spins should occur 
(short-range order). Therefore, between com- 
pletely ferromagnetic and antiferromagnetic alloys , 
there should be alloys in which a fraction of the ions 
have antiparallel spins. Calculation shows that simi~_ 
lar “hidden” antiferromagnetism should occur for 
nickel concentrations cy < Cy = —Jy/(Jy2-—J,) (for 
Jy © —Jdy2, Coy ¥ 0.5). When Cy > Cop, the magnetic 
moment oy of iron-nickel alloys increases linearly 
with increasing iron content. When cy =Cog9, a de- 
parture from linearity appears and for c, close to 
Ck asharp fall of oy starts, because of the increas- 
ing number of anti-parallel spins. Data obtained ex- 
perimentally’® show that the change of 0) with in- 
crease of iron content in iron-nickel alloys with 
face-centered lattices occurs in exactly this fash- 
ion. We note that the departure from linearity in 
the oy) curve occurs in the range 40 — 50% nickel 
and on further increasing the nickel content a sharp 
fall of o9 is observed, starting at 36%. 

In our view “hidden” antiferromagnetism should: 
be considered as the basic cause of the “anomalies” 
in the physical properties of Invar alloys. In fact, 
the presence of antiparallel spins in these alloys ex- 
plains the comparatively large values of the volume 
magnetostriction and the para-process susceptibility 
in strong magnetic fields. Further, as is seen from 
(1), the transition concentration Cc, increases with 
increase of the absolute value of J,, which in- 
creases most rapidly during hydrostatic compres- 
sion. The increase of c, causes a displacement of 
the steep portion of the oy curve towards the nickel 
side, which should be accompanied by a stronger de- 
crease of o for the Invar alloys lying in the transi- 
tion region. Experimental results® confirm this con- 
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clusion. Confirmation of the fact that in Invar alloys 
“hidden” antiferromagnetism occurs is also pro- 
vided by their large specific electrical resistance, 
associated in our view with conduction electron scat- 

tering at inhomogeneities of the magnetic moment. 
Apart from the assumption about the antiferro- 
magnetism of iron in a face-centered lattice, which 
is supported experimentally, the explanation pro- 
posed does not require the artificial assumption 
that the exchange integrals in these alloys corre- 
spond to points lying on the steep portion of the 
Bethe-Slater curve. 
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CONCENTRATION JUMP IN SLOW EVA PO- 
RATION OF A MIXTURE 


R. Ya. KUCHEROV and L. E. RIKENGLAZ 
Submitted to JETP editor June 12, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1821-1822 
(December, 1959) 


ly the evaporation (or condensation) of mixtures 
it is necessary to take into account the difference 
in the concentration of the liquid and gas phases 
near the boundary surface. This jump in concentra- 
tion was investigated only for limiting cases of equi- 
librium evaporation in vacuo.! Yet many problems 
are connected with the process of slow evaporation, 
for which the formulas derived for equilibrium are 
in general incorrect. 

In the present work we found the concentration, 
temperature, and pressure in a gas phase under 
slow evaporation of the mixture. The following is 
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assumed here: 1) the speed of evaporation is small 
compared with the speed of evaporation in vacuo, 
2) the molecules of all components of the mixture 
are monatomic, 3) the coefficients of condensation 
and accommodation are unity, 4) the laws of ideal 
gases apply to the vapor. The calculations are 
similar to those given elsewhere by the authors,’ 
using the distribution function introduced in refer- 
ence 3. 
For a two-component mixture we obtain 
| P; (0) 
BAe V 22m, kT (0) | 


Q(0)=2| Q,— (ao) s ps(0) (Vine | (1) 


Here 7; (0) is the flow density of the i-th compo- 
nent of the mixture, Tj, the flow density of the 
vapor molecules emitted from the liquid of the 
i-th component. The remaining symbols are taken 
from references 2 and 3. Solving (1) for p; (0) 
and T(0), we obtain the partial pressures and 
temperature in the vapor near the surface of the 
liquid 

One 2] ve 
Pi(0) = oO) 1G) 


T (0) = Tol +7 (0)/ 2%, —Q (0) / 2Qo]. (3) 


As an example we consider the following prob- 
lem. Let the vapor over the liquid binary mixture 
be pumped out and let us find the coefficient of 
separation of this process, @, as a function of 
T(0), assuming complete mixing in the liquid 
phase. 

By definition 


a = t4 (0) (1 — 4) /72(0) 7, (4) 
where y is the molar fraction of the first compo- 


nent in the liquid phase. Neglecting the diffusion 
flow 


21 (0) = 2 (0) p1(0)/p(0), +2 (0) =7(0) p2(0)/p (0). (5) 


After elementary transformations with the aid of 
(2), (4), and (5) and neglecting terms quadratic in 
74 (0)/Ti,, we obtain 


eae ya \ 
ties ar Smee 


If the solution is ideal, then 


T19 = Past / V 2nm,kT 4, 29 = Pos (1 — 1) / V 2xmkT o, 
ps (X) = Pis¥ + Pes(1 —%), 
where Pig and Pog are respectively the vapor 
tension of the pure first and second component and 
Pg (vy) is the vapor pressure of the mixture at 
T=Ty). In this case 


ing — Vin \ c 
2 [Vim t10 + Vita Tol f 


7 (0) (6) 
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In particular, for a mixture of isotopes (m,—m, 
<< mj, ) 
(i 


Since for isotopes the condensation coefficient a 
is independent of the concentration, its influence can 
be readily taken into account. The corresponding 
calculation yields 


p 
wie Is 


Pos 


(8) 


t (0) my — ie 


4%) my 


sf, 


Pos Le 


2—a +(0)V2rmkTo me— my 
4a De my ; 


(9) 
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COMPARISON OF EFFECTIVE TEMPERA- 
TURES OF SPECTRA OF NEUTRONS EMIT- 
TED IN FISSION OF U?35 AND Pu?%? BY 
FAST AND THERMAL NEUTRONS 


G. N. SMIRENKIN 
Submitted to JETP editor August 6, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1822-1824 
(December, 1959) 


FE; ROM an examination of the aggregate of experi- 
mental data on the energy distributions of fission 
neutrons of various nuclei and of the consequences 
of the evaporation model, it follows that the depend- 
ence of the form of the spectrum of the prompt neu- 
trons on the excitation energy of the fissioning nu- 
cleus reduces essentially to a change in one param- 
eter — the effective temperature Ter, which deter- 
mines the exponential drop in the yield of neutrons 
with energies greater than ~2 Mev. Estimates!»2 
show that as the energy Ep of the fission-inducing 
neutrons is increased by 1 Mev, an increase of 1.5 — 
2% in Tef is expected. Direct measurements of the 
spectra of neutrons emitted during the fission of 
various nuclei by fast and thermal neutrons?>? have 
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shown that the difference in Tef is either substan- 
tially less than expected,’ or is not observed at all.? 

In the present investigation we used for the de- 
termination of dTef/dEpn the method of threshold 
indicators, which was successfully used to estab- 
lish differences in the neutron spectra for the fis- 
sion of U233, U?35, and Pu??? by thermal neutrons. 
The investigated fission neutrons were obtained by 
irradiating the converters with fast and thermal 
neutrons. Fast neutrons with an average energy of 
3.3 + 0.1 Mev were obtained from the Be? (d, n) B 
reaction. Bombardment by thermal neutrons was in 
a cavity inside a paraffin block. The converters used 
were metallic hollow spheres of U?® (90% enriched) | 
and Pu?3* of 50 mm outside diameter and 10 mm 
thickness. During the neutron bombardment of the 
spheres a cartridge with a set of activation thresh- 
old indicators Ag!" (n, 2n) Ag!9®™ was placed in 
the center of the cavity. After the bombardment we 
measured the £ activities of the silver indicators 
(Ng) and the intensity of the y radiation of the 
fission fragments in the sphere (Ny). The first 
quantity determines the fission neutron flux above 
threshold (9.5 Mev) of the reaction Ag!" (n, 2n) 
Agim while the second determines the number of 
fissions in the sphere. From the combination 
p= Nini /NBNY, of these data, obtained in experi- 
ments with fast and thermal neutrons, we deter- 
mined the unknown dTef/dEp. To make the correc- 
tions for self absorption of y radiation accurate, 
the converters were placed during the time of meas- 
urement within a lead absorber, which shifted the 
y-ray spectrum to the energy range above 1.5 Mev, 
in which the absorption coefficient is approximately 
constant. 

The experimental values of the ration p were 
1.95 + 0.05 for U2 and 1.82 + 0.05 for Pu. The 
considerable excess of p over unity is due not only 
to the “hardening” of the spectrum with increasing 
En, but also to the increase in the absolute neutron 
yield, and also to the difference in the self absorp- 
tion of y rays and the neutron value for the detec- 
tor at the center of the sphere for fissions by fast 
and thermal neutrons. To exclude these effects we 
used Peierls’ solution of the kinetic equation for a 
sphere with a cavity. In establishing the connection 
between p and dTef/dEy we took into account the 
contribution of fissions by the fission neutrons and 
inelastically scattered neutrons, the mean energies 
of which are less than the mean energy of the source 
neutrons. After reducing the experimental data we 
obtained dTe¢/dEp = 0.008 + 0.004 for U2 and 
dTef/dEn = 0.01 + 0.004 for Pu. Approximately 
half of the measurement error is due to inaccura- 
cies in the assumptions concerning the character of 


2,4 
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the distributions of fissions by fast and slow neu- 
trons. 

The results of the experiment are 1.5 — 2 times 
smaller than the quantity expected from theoretical 
considerations!’? and obtained within the framework 
of the representation of the nucleus as a degenerate 
Fermi gas of nucleons. According to this model, 
the excitation energy is, on the average, distributed 
equally among all the nucleons, while in the actual 
case the average number of particles participating 
in the redistribution of the excitation energy is gen- 
erally speaking not equal to the total number of par- 
ticles in the nucleus. As the excitation energy in- 
creases the nucleons are imparted thermal motion 
gradually. Part of the energy is consumed in de- 
stroying the shell structure and “evaporation” of 
the nucleons. Therefore the connection between 
the nuclear temperature T with the excitation en- 
ergy Ex will be weaker than the relation T ~ VEx 
obtained in the model of degenerate Fermi gas. 
These considerations, which are due to Stavinskii,° 
are confirmed by the results of the latest measure- 
ments of the spectra of inelastically scattered neu- 
trons® and a particles.’ It is possible that a cer- 
tain discrepancy between the data of the present ex- 
periment with computation is also explained by 
this effect. 

The author is grateful to Prof. A. I. Leipunskii 
and Prof. I. I. Bondarenko for interest in this work 
and for valuable advice. The author is also in- 
debted to Sh. S. Nikolaishvili for help in the calcula- 
tions, and to M. K. Golubeva and N. E. Tokmantseva 
for participating in the investigation. 


1 Bondarenko, Kuz’minov, Kutsaeva, Prokhorova, 
and Smirenkin, Second UN Conf. on the Peaceful 
Uses of Atomic Energy, Geneva, 1958, P/2187. 

2R. B. Leachman, ibid. P/665. 

3 Zamyatin, Safina, Gutnikova, and Ivanova, 
Atomuas sHeprua, (Atomic Energy) 4, 374 (1958). 

4Kovalev, Andreev, Nikolaev, and Gusseinov, 
JETP 33, 1069 (1957), Soviet Phys. JETP 6, 825 
(1958). 

®°vV.S. Stavinskii, Abstract of Dissertation, 
Moscow Engineering-Physics Inst., 1959. 

8 J. S. Levin and L. Cranberg, Conf. on Neutron 
Physics by Time-of-flight, Tenn. ORNL-2309, 1956. 

‘Fulbright, Lassen, and Poulsen, Mat.-Fys. 
Medd. Dan. Vid. Selsk. 31, No. 10 (1959). 


Translated by J. G. Adashko 
355 


1287 
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ATOMS WITH DEFORMED NUCLEI 
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PB OLARIZED muons slowed down and captured at 
the upper levels of mu-mesic atoms are rarely de- 
polarized.! After a cascade transition to the 1s 
state they are strongly depolarized.? The mechan- 
ism of depolarization is attributed to the spin-orbit 
interaction of the muon.?® However, mu-mesic atoms 
with deformed nuclei should exhibit an additional de- 
polarization, due to the interaction between the muon 
and the deformation of the nucleus. We consider 
here this effect for even-even nuclei. 

The Hamiltonian of the muon-nucleus system 
will be taken in the form 


H=H,+He+ He, (1) 


where H) is the Hamiltonian of the muon in the 
monopole field of the nucleus, Hp the operator of 
the rotational energy of the nucleus, and Hg is 

the operator of the quadrupole interaction between 
the muon and the nucleus. The diagonalization of the 
Hamiltonian (1) shows that the quadrupole interaction 
changes substantially the system eigenfunctions that 
correspond to the muon in the 2p -states.4 The 
changes in the eigenfunctions of the other states 

can be neglected. In this approximation the muon 
polarization P in the 1s state can be written in 

the form 


P=A,Wy, (Sepy, 0 + BoWy,< aps), or 


where Wy. and W3;. are the probabilities of the 
muon passing through the 2p4/2 and 2p3/. states 
respectively, <p 17.7 9 and <O2p3/27 0 are the 
polarizations of the muon in these states in the 
absence of quadrupole interactions, and Ag and 
B, are factors that take into account the addi- 
tional depolarization due to the foregoing effect. 
These are obtained by considering the transitions 
of the muon from the upper levels to the 1s state 
through the states described by the eigenfunctions 
of the Hamiltonian (1), and their values are: 


where 
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: E,(Ep+E,—+ Ets —E,) « Ebas Pnes Meas 
Re EX(EptE,—SE pr. —E,P +E (Eg+ 2 Eps —E,? t1G ets — — Fi) Ee— 2E gs — E,)—EG) 
2 ee 
Ex are the eigenvalues of (1), corresponding to state, there is a definite probability that the aucteus 
the muon in the 2p states and the total momentum will remain with an excited first rotational level, 
of the system %, Eg, is the fine structure split- the lifetime of which is ~ 107? sec, sufficient for 
ting of the 2p level, ER the energy of the first the reorientation of the spin of the muon in the Is 
rotational level of the nucleus, Eg = <2p|Hq|2p>. state, owing to the fine-structure splitting of the . 
It follows from reference 3 that Wy4/2 < opp, noo 1s level. The factor that SCRE to es 
~0 and W3/2 <p ete Y,, and theretere zation Dg due to this effect is Dg =1- 73 Wp, 
P's.By /6. An AGE of (2) shows that Bg dif- where Wh is the probability of excitation of the 
fers noticeably from unity when Eg is comparable first rotational level ot the nucleus, which in our 
ee ee oR ee ee ed ant notation is Wp =1 —- Dy Che: We finally have P | 
or ER > Eg >|Efgs—ER|, we have Bg ¥ 0.6. a | 
When Eg is small compared with the smaller of ~ BgDgq /6. The values of Bg, Dg, and the quan- | 
ER or |Efg-Ep|, we have tities that determine them for certain mu-mesic 1 
E,\2 76%, —6E¢. En+GE? atoms are listed in the table. | 
By 1— ( al “ iE; is i Thus, the interaction between the muon and the 
2 quadrupole deformation of the nucleus can lead to 
In a cascade transition of the muon in the 1s a considerable additional muon depolarization. 
Element Efs, kev ER (kev) E, (kev) Bg Dg 
Gdss 91.5 79 52 0.63 0.64 | 
Wis4 137 112 43 0.64 0.64 ‘ 
Th2s2 216 52 83 0.38 0.6 
U238 226 4h 91 0.38 0.59 
1G. W. Ford and C. J. Mullin, Phys. Rev. 108, ny Wilets, Kong. Dansk. Vidensk, Selsk. Mat.- 
477 (1957). fys. Medd. 29, 3 (1954). 
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THE FORMFACTOR AND THE LEPTONIC fect of the formfactors due to the strong interac- 
DECAY PROBABILTY OF THE A PARTICLE _ tions on the probability of the aforementioned de- 
cays. 
HO TSO-HSIU The matrix element for the leptonic decay of 
Joint Institute of Nuclear Research ee 2 arr marae ei geet | 58028 08 
in the form 
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‘Tae preliminary experimental data on the B and Ag = £1%a%5+ roe Sap ke Ys + oe Ra %5> 
y. decays of the A hyperons! do not agree with the is 


values given by the elementary theory of the uni- Pua 41/22) atts = te teh (1) 
versal (V-A) interaction for the A as a point where L denotes either the meson or the elec- 
particle: they are about ten times smaller than the tron; k=pa -—pp is the four-momentum transfer; 
theoretical values for the decay probability .2*3 In fj and gj are functions of the invariant momentum 


this connection it is of interest to estimate the ef- transfer. If the process is invariant under time 
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reversal, all f’s and g’s are real. 


The probability for the B decay of the A par- 
ticle can be written in the form 


We = (G?e8 / 60 n°) [(f2 + 392) 
x (1 + &e/1m,) — 48; Boe /m,). (2) 


The probability of the » mesonic decay of the A 
particle is en to 


W, = 0.03 a eles Sait (A+ ait fi (fa + 2fs) 


— er(er + 2ea)I F™ — (2s (fa + 2s) 


+ 2g (ei + 2g) BS], (3) 


where ¢€ is the maximal energy of the electron or 
the # meson. In ine Seen we neglected 
terms of order «2 hice’ ~ n/m, ~ 0.02 and as- 
sumed that all Ps and g’s ae a constant value 
in the interval of integration, since <> k* <1, 
where <7> is the square of the “radius” of the 
A particle. It appeared that in the B decay of the 
A particle only the term containing g. gives a 
large correction to the transition probability. The 
terms with f; and g3 can be neglected, since they 
are always proportional to the mass of the electron. 
In the »» mesonic decay the terms with f,, go, 
and f; lead to large corrections. The pseudo- 
scalar term is omitted, because it is of order 

(my /mj)?. Of course, it will give a sizeable 
correction if g3 is large. 

Although the present experimental data seem to 
disagree with the theoretical predictions on the 6 
and p decay probabilities of the A particle, they 
cannot as yet be regarded as seriously contradict- 
ing the theory, since the statistics of the experi- 
ments performed thus far are not sufficiently good. 
Furthermore, as the sign and the order of magni- 
tude of the formfactors are unknown, it is hardly 
possible to say anything definite about the effect 
of the formfactors on the B and p decay proba- 
bilities of the A particle. It is seen from the 
above-quoted formulas, however, that, substituting 
the experimental value in the above formula and 
setting! 


¥ en Be 1 
Gm, = 1.01-10 D. CON ims My 3% ses 
4 2 1 £ 106 
Veo: iE = 108, 
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we obtain for the B eee 


We = 5-108 = * «108 [fp 18g ee (4) 
or 


0.42 = fit 3ei—Lagigs (5) 
and for the yp decay 
Wa = % 10° [f2-+ 3g? + [72 +402 + fi (fs + 2fs) 
— 21 (81 + 282) 2 — 21 gr (Fr + fo) 


rin + 21(81 + 229) \(+—+)]. (6) 
If we assume a all f’s and g’s are the same 
for the B decay and for the p decay, i.e., that 
they have the same order of magnitude, we can 
estimate the yu, decay probability. It is equal to 

© /We = 0.8X 10°. The ratio Wy/We ~¥, 
is apparently not in violent disagreement with the 
existing experimental data (up to now two cases 
of B decay of the A particle have been observed, 
and no case of u decay!). 

To determine the role of these formfactors it 
is necessary to carry out a “complete experiment,” 
which includes measuring the energy spectrum, 
the angular correlation, the Wu effect, etc. For 
this we have obtained all necessary formulas. 

The author expresses his deep gratitude to 
Ya. A. Smorodinskii for proposing this problem 
and discussing the results, and also to S. M. 
Bilen’kii and R. M. Ryndin for valuable comments. 


! Crawford, Cresti, Good, Kalbfleisch, Stevenson, 
and Ticho, Phys. Rev. Lett. 1, 377 (1958); Nordin, 
Orear, Reed, Rosenfeld, Solmitz, Taft, and Tripp, 
Phys. Rev. Lett. 1, 380 (1958). 

2R. P. Feynman and M. Gell-Mann, Phys. Rev. 
109, 193 (1958); E. C. G. Sudarshan and R. E. 
Marshak, Proc. of tiie Padua-Venice Conference 
(1957) and Phys. Rev. 109, 1860 (1958). 

3. M. Shekhter, JETP 35, 458 (1958), Soviet 
Phys. JETP 8, 316 (1959). 

4va. A. Smorodinskii, Report at the IX All- 
Union Conference on Nuclear Spectroscopy, in 
press. 
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lis propagation of sound in a gravitational field 
is usually considered in the linear approximation.!» 
It follows from this approximation that the propaga- 
tion is affected not by the force of gravity itself but 
by the associated density gradient. The energy flux 
through a flat or hemispherical surface (in the case 
of a spherical wave) is found to be constant, and 
this determines the variation of the amplitude with 
altitude. However, in the second approximation the 
sound is related with the flux of matter 


2 


Jjav =c2lqav, q =cpo% 


(see reference 2, p.308). It therefore stirs the at- 
mosphere and expands work for this purpose, if the 
atmosphere is convectively stable. Consequently, 
the sound-energy flux should decrease in a gravita- 
tional field, regardless of whether the sound propa- 
gates upwards or downward. 

Let us estimate this effect for an isothermal at- 
mosphere, and we shall consider the motion of gas 
in the sound packet to be adiabatic and the wave to 
be plane. It can be assumed that the sound lifts a 
mass p” = pve? g/cm? with a velocity c. An equal 
mass of atmosphere descends in its place; this de- 
scent will be considered isothermal. The density 
p’ in the rising adiabatic mass, in which the pres- 
sure equals the pressure of the surrounding layers 
of the atmosphere, is determined from 


0” = py exp (—ugz/7~RT 9) = po exp ( — g2/c?). 


The lifting of. p” accompanied by stirring is equiva- 
lent to the simple lifting of a gas of density 


p” (o’ —e)/e’ =o" (1 —e-**), where « = g(y— 1) e* 
The attenuation of the flux is determined by the 
work of lifting 
d (0?) / dz = —9"g (1 —e-%*) = — pv® ge? (1 —e-#*), 
hence 


jo? = (g0")pexp {-& 


f (a2)}, f (az) = || = — e-2), 


Consequently, within the limits of the altitude of a 
homogeneous atmosphere [az < (y—1)/y] the 


THE EDITOR 


gravitational damping is insignificant, and at large 
distances it increases exponentially. The variation 
of the amplitude in a plane wave is of the form 


ve = v2 exp {er ve f)} > ozexp { £. (hee )} Cay 


and not va exp (ygz/ c*) as obtained in earlier cal- 


culations. 
If the temperature of the atmosphere increases 


upward, then the effect should become even stronger. 


At a convective gradient, its value is zero. Viola- 
tion of the adiabaticity of the rising flow also re- 
duces the attenuation. In the limiting case, when 
the element has at all times the same temperature 
as the ambient atmosphere, the work of stirring is 
zero. Therefore under astrophysical conditions, 
when the heat transfer by radiation is very intense, 
the gravitational damping of this kind is of low ef- 
fectiveness. This is quite significant, since great 
importance is ascribed to sound waves from the 
photosphere in explaining the high temperature of 
the chromosphere and the corona. 

I thank M. A. Isakovich for discussions and valu- 
able remarks. 


1H, Lamb, Hydrodynamics (Russ. Transl. 
Gostekhizdat, 1947), pp 678 — 681 [Dover, 1945]. 

21. D. Landau and E. M. Lifshitz Mexannxa 
CnuomHbIx cpeg, (Mechanics of Continuous Media), 
Gostekhizdat, 1953, p 317. 
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i When a charged particle moves from one me- 
dium into another there is an adjustment of the 
fields associated with-the particle; as a result 
part of the field breaks away from the particle, 
i.e., transition radiation is produced.! The basic 
part of this radiation is emitted in the forward 
direction (in the direction of motion of the par- 
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ticle) in the extreme nonrelativistic case.” If the 
particle moves from a vacuum into a medium the 
spectral distribution of the transition radiation 
intensity is essentially constant between optical 
frequencies and the limiting frequency Wpr 

= (Vo /2) E/uc? where o = 4mNe?/m and E and 
are the total energy and the rest mass of the 
particle. It is important to note that transition 
radiation at a given frequency is not generated 
instantaneously upon passage through the boundary 
of the medium; there is a certain time delay, that 
is to say, a finite region in which the transition 
photon is produced. One of the basic assumptions 
in the analysis of transition radiation is that the 
trajectory of the particle is rectilinear in this re- 
gion. The production zone for a photon of fre- 
quency w is? (c/w) [(uc?/E)? +0/2w"]7!. It is 
apparent from this expression that the radiation 
zone can be very large at certain frequencies and 
that multiple scattering can disturb the radiation 
process in certain regions of the spectrum. 

Thus, whereas the polarization properties of 
the medium are responsible for the production of 
transition radiation, multiple scattering (i.e., 
another property of the medium) can disturb the 
mechanism by which this radiation is produced. 

2. The trajectory of the particle is character- 
ized by the vector vt when multiple scattering 
is neglected, but when scattering is introduced 
the trajectory is given by some vector r(t). The 
exponentials in the Fourier integrals now contains 
the term k-r(t), which, as shown in reference 3, 


results in the extra term 
t 
SG \ 0 dt, 


where 6; is the multiple seattering angle. As in ref- 
erence 3 we replace of by the mean-square multiple 
scattering angle and, for t, substitute the time re- 
quired for the emissionof aphoton of frequency w. 
The usual formulas for transition radiation no longer 
apply if this term is of the order of unity or larger: 


(1) 


=2 
c/o 


1 o (Fs) 4 oa 
rar (=) iE ion ee ey 


where L is the radiation unit of length and 
Eg = 21 Mev. The last expression can be written in 


the form 


6 ae Vee E+ 130. (2) 


20? \ pc? 


Account must be taken of the fact that w and E 

in this expression are not arbitrary, but are gov- 

erned by the condition w< (Vo /2) E/pc?. 
When E/yc?2 1 the left part of Eq. (2) is posi- 

tive and the roots of this equation are complex when 
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© < (8eL /c) (uc? / E,)°, (3) 
so that it is apparent that multiple scattering does 
not affect the production of photons of frequencies 
which satisfy (3) regardless of the energy of the 


particle. However, if Wer < (80L/c) (uc*/Eg)? 
i.e., 


E/yc’ < E,/ yc? = (16L Ve /c) (uc? / E,)?, (4) 


multiple scattering does not affect the emission of 
transition photons for any frequency. 

Suppose now that (4) is not satisfied and that we 
consider the emission of photons with frequencies 
which do not satisfy (3). Of the two values of the 
square root of the relation in (2) (solved with re- 
spect to w) we are interested in the root 


@, = (cE / Ey (L / ce), (5) 
which satisfies the condition w,;K wgy. Thus, 
when 

FRAO E SAS: (6) 
multiple scattering becomes important. Conse- 
quently if the relation in (4) is not satisfied the 
particle emits transition photons with frequencies 
up to approximately w,, in accordance with the 


usual formula for transition radiation. The energy 
radiated in this frequency range will be of order 


I~ (2 /c) (cE /Esy*(L /c), (7) 


so that the number of photons is 


je Mate cE /L\ Ye 
me '—/, 8 
M=o ale |e) © |. (8) 


Thus, the introduction of multiple scattering means 
in general only that the transition radiation spec- 
trum will contain no frequencies higher than w, 
(since at these frequencies the conditions for co- 
herent radiation from different parts of the tra- 
jectory are violated) so that the number of tran- 
sition photons remains essentially unchanged. 

We may also note in contrast with bremsstrahl- 
ung, where multiple scattering has no effect on ra- 
diation of photons of maximum energy (close to 
the energy of the particle), when E > Ej, in tran- 
sition radiation multiple scattering always affects 
the emission of photons with frequencies close to 
the limiting frequency. 

3. Inasmuch as bremsstrahlung and transition 
radiation can be generated together in a medium, 
it is of interest to compare the number of brems- 
strahlung and transition photons in corresponding 
frequency ranges. In making this comparison we 
must take account of the effects of polarization of 
the medium and multiple scattering? ° on the brems- 


strahlung. 
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If the energy of the particle satisfies the con- 
dition given in Eq. (4), the number of bremsstrahl- 
ung photons emitted per unit time in the frequency 
range between optical frequencies and w]jm is 
given by the following expression,‘ which takes 
account of the effect of the polarization of the 
medium on the bremsstrahlung: 


m jE. i lim (9) 


Nise 12x? LNA | op) ee 


The number of bremsstrahlung photons emitted in 
the transition radiation production zone is 
i i Cc (Es i; es ; (10) 


{37 Ox eVics Luc? sitet 


Nie 


This number is to be compared with the number of 
transition photons:? 


i ee lows Newey / ; 
Mem ware (In (Ge )—zd+ing}. ay 


It is apparent from these two expressions that the 
number of transition photons exceeds the number 
of bremsstrahlung photons. Even for particles with 
energies close to E;, the number of transition pho- 
tons is larger than the number of bremsstrahlung 
photons by approximately a factor of In (E/ uc’). 
Now suppose that E> E,. At frequencies lower 
than w, Eq. (9) still applies, but in place of wim 
we must substitute w,. As a result, the number of 
bremsstrahlung photons emitted in the zone for 


the production of transition photons with frequencies 


up to approximately w, is 
N = 1/1837-19r. (12) 


However, the number of transition photons is 


(13) 


Again the number of transition photons is greater 
than the number of bremsstrahlung photons. 

Strictly speaking, the transition radiation should 
not be compared with the bremsstrahlung computed 
for multiple scattering in an infinite homogeneous 
medium. The bremsstrahlung should be computed 
from formulas in which the effect of the boundary 
is taken into account. 


!V. L. Ginzburg and I. M. Frank, JETP 16, 15 
(1946). 

*G. M. Garibyan, JETP 37, 527 (1959), Soviet 
Phys. JETP 10, 372 (1960). 

31. D. Landau and I. Ya. Pomeranchuk, Dokl. 
Akad. Nauk SSSR 92, 535, 735 (1953). 

4M. L. Ter-Mikaélyan, Dokl. Akad. Nauk SSSR 
94, 1033 (1954). 


5a. B. Migdal, Dokl. Akad. Nauk SSSR 96, 49 


(1954). 
6. L. Feinberg, Usp. Fiz. Nauk 58, 193 (1956). 
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Agr present, despite a series of published investi- 
gations, the structure of crystalline hydrogen is not 
uniquely determined. According to Keesom,! hydro- 
gen has a hexagonal close-packed structure 
(a = 3.75, c =6.11A). The work of Kogan, Lazarev,. 
and Bulatova?~* showed that the x-ray data are satis -' 
fied by both a hexagonal non-close-packed lattice 
with parameters a=3.7 and c=6.42 andbya 
tetragonal lattice (a = 4.5, c = 3.68). 

To determine more exactly the structure of crys- 
talline hydrogen, investigations of its nuclear mag- 
netic resonance were undertaken. In this connec- 
tion, following our suggestion, S. S. Dukhin has cal- 
culated the possible anisotropy of the nuclear mag- 
netic resonance of hydrogen single crystals with 
hexagonal and tetragonal lattices.° Neglecting inter- 
molecular broadening for the hexagonal lattice with 
parameters a=3.7,c =6.42A, the anisotropy of 
the second moment relative to the sixfold axis is 
zero, and relative to the twofold axis amounts to 
40%. For the tetragonal lattice with parameters 
a=4.5, c = 3.68, anisotropy is almost absent: it 
is zero relative to the fourfold axis and less than 
10% relative to the twofold axis. 

In the present communication are described the 
results of nuclear magnetic resonance (n.m.r.) ex- 
periments performed on a large number of single- 
crystal and polycrystalline specimens of hydrogen 
at a temperature of 4.2°K. Since the anisotropy of 
the n.m.r. line width depends on the angle between 
the highest order axis of thé single crystal and the 
direction of the constant magnetic field, it would be 
desirable to have single crystals with previously de- 
termined orientation, which presents considerable 
difficulty. Our experiments were performed on cy- 
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_lindrical specimens obtained with different direc- 
tions of the temperature gradient relative to the. 
axis. One might think that in these conditions speci- 
mens were obtained with different crystallographic 
directions. The single-crystal specimens were 
placed in the oscillator circuit and could be rotated 


only about an axis perpendicular to the constant mag- 


netic field. 

By studying the rotation diagram, it was shown 
that in the single crystals there was no significant 
(more than 2%) anisotropy of the second n.m.r. mo- 
ment. The width and shape of the lines at single- 
crystal specimens agreed quite accurately with the 

width and shape of the lines of polycrystalline hy- 
drogen. 

With complete absence of anisotrony of the rota- 
tion diagram, about 10% (5.4—6.0 oe) differences 
in the widths of the lines were observed from meas- 
urement to measurement, which is explained by the 
different concentrations of ortho- and para-hydro- 
gen in the specimens. The absence of anisotropy of 
the rotation diagram in single crystals of hydrogen 
favors the choice of the tetragonal lattice. 

The agreement of the width and shape of the 
n.m.r. lines in single-crystal and polycrystalline 
specimens at the temperature of 4.2°K can be as- 
cribed to the effect of rotational motion “smearing 
out” the anisotropy. 

It appears that some anisotropy of the n.m.r. of 
hydrogen can be obtained at a temperature below 
1.5°K, when to a large extent the rotation of the 
molecules is hindered and fine structure appears 
in the lines. 


1Keesom, DeSmedt, and Mooy, Comm. Phys. 
Univ. Leiden, 209 d (1930). 

2 Kogan, Lazarev, and Bulatova, JETP 381, 541 
(1956), Soviet Phys. JETP 4, 593 (1957). 

3 Kogan, Lazarev, and Bulatova, JETP 34, 238 
(1958), Soviet Phys. JETP 7, 165 (1958). 

4 Kogan, Lazarev, and Bulatova, JETP 87, 678 
(1959), Soviet Phys. JETP 10, 485 (1960). 

5S. S. Dukhin, JETP 37, 1486 (1959), Soviet Phys. 
JETP 10, 1054 (1960). 
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Ar present there exists a large body of theoreti- 
cal work on gravitation, but almost no experimental 
work. In the present note we want to point out that 
with modern methods for detecting weak signals 
against a background of noise it is possible in prin- 
ciple to measure gravitational effects of the first 
order in v/e (where v is the velocity of the body 
and c is that of light) under laboratory conditions, 
although the technical difficulties are extremely 
great. Below we perform an order-of-magnitude 
calculation of the following experiment for measur- 
ing the velocity of propagation of gravitation. 

An alternating gravitational field is produced by 
a rotating wheel with massive spheres on its rim. 
We assume that the gravitational field of the spheres 
is determined by the retarded Newtonian potential, 
which is correct to terms of the first order in v/c. 
Stationary detectors (transducers) of alternating 
gravitational field are located in the plane of the 
wheel. Independent of their construction, such de- 
tectors can be regarded as mechanical oscillators, 
tuned to the frequency of the alternating gravita- 
tional field and having a figure of merit Q. 

Consider a pair of detectors located on different 
but neighboring radii and at several different dis- 
tances from the center of the wheel. For one sense 
of rotation of the wheel, the phase shift between the 
alternating gravitational fields at the detectors will 
be 


0,=%+ Al /c, o> l/c, (1) 


where w is the angular frequency of the field, c 

is the velocity of propagation of gravitation which in 
subsequent estimates we assume to be equal to the 
velocity of light, Al is the difference of the dis- 
tances of the detectors from the rim of the wheel, 
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and g is the phase shift due to the location of the 
detectors on different radii. For the opposite sense 
of rotation, the phase difference will be 


o_ =—(9,—Al /c). (2) 
The change in the modulus of the phase difference 
is 


Ag = 2wAl /c. (3) 


A measurement of this quantity in an experiment 
(similar, for example, to that performed with the 
experimental arrangement of Sagnac on radio 
waves!) allows one to determine the velocity of 
propagation of gravitation. The feasibility of meas- 
uring the quantity Ag is characterized by the sig- 
nal-to-noise ratio for the experiment, which can be 
shown to be equal to 

ee ay ec (=) (Ag)’, Ag= ou, (4) 


De EGE 


where N is the number of detector pairs at a tem- 
perature T, and Ag is the amplitude of the alter- 
nating gravitational field. The factor 4 stems 
from the conversion from the field calculated ac- 
cording to the law of Newton to the alternating com- 


ponent of the field, and T is the time of observation. 


An estimate calculated according to formula (4) 
gives Pg/Py = 30. We have assumed the following 
values: Q= 1.05; m=15kg, M=72 kg (lead 
spheres 25 cm in diameter), 200 m/sec for the 
rim speed* of the wheel, T = 2°K,f7 20.30 m for 
the distance between the centers of the spheres and 
the detectors, and 7 = 10‘ sec. 

We have used here technically admissible pa- 
rameters for the apparatus; the problem of opti- 
mizing the parameters, i.e., maximizing the signal- 
to-noise ratio, has not been worked out. 

In modern radio technique the fundamental limit 
to the sensitivity of detecting devices has been at- 
tained; in the case of mechanical transducers it is 
necessary to overcome considerable technical dif- 
ficulties. 


*With moder materials it is possible to obtain a rim speed 
considerably greater than 200 m/sec (720 km/hr). 
{Maser amplifiers operate at such temperatures. 


1T, L. Bershtein, Dokl. Akad. Nauk SSSR 75, 
635 (1950). 
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tee mechanism of the direct nuclear photoeffect 
has been proposed by Jensen! and by Courant.” It 
has been qualitatively confirmed in a number of 
experiments? and has been treated in a number of 
papers.4~® In these papers the interaction of the 
emitted nucleon with the daughter nucleus either 
was disregarded’ or was treated in too simplified 
a manner.’*® In particular, the spin-orbit interac- 
action was not taken into account. In connection 
with the increase in the experimental accuracy it 
is of interest to investigate the direct photoeffect 
in a more detailed and rigorous fashion. 

In the present work expressions for the cross 
section of the direct nuclear photoeffect have been 
obtained in the dipole approximation in the frame- 
work of the shell model with jj coupling. The 
interaction of the emitted nucleon with the daughter 
nucleus was described by the optical model with a 
complex potential. The calculation was carried 
out in the nonrelativistic approximation. Only the 
case of a closed subshell (with given quantum 
numbers n, j, 2) or of one particle (hole) out- 
side such a subshell were considered. The differ- 
ential cross section then is given by the formula 


ds [dQ = 9} (do / dQ) jr; 
(nj) 
(ds |dQ)aje = (48K / 3Mc*R) (21 + 1) (Qj + 1) 
xD) (Hae (— 1) (QL 4-1) (2L’ +1) 
LT 
X QE 1) QP = 1) Circe Cron Wellin) 


xX WE LLL 7) a ath) > (CBteo Chino (1 + cos? 8) 
+ Cioto Crox’o sin?8] X(j1/’; 1gL’, IL *).). 
e 
aid =(M(E + Enj)/B]\ Fic (1) Rage (7) Par. 


0 


(1) 


Here W — Racah coefficients;’ the quantities X 
are defined in reference 8; yj], and Rnjl — 
radial parts of the final and initial state wave func- 
tion of the nucleon respectively; E — energy of the 


Re eS 
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Ay, mb/sterad By, mb/sterad Bis/ Aus 
E, Mev 
1) C— ~-0.45 | ¢=0 ¢ = —0.15 Ga=10) | ¢=—0.15 
3 0.234 0.442 0.444 0.020 0.477 0.475 
5 0.404 0.027 0.088 0.067 0.872 2.442 
10 0.024 0.016 0.032 0.022 4.495 1.393 


emitted nucleon; Enj (> 0) — binding energy of 
the nucleon in the subshell (nlj); K, k — wave 
number of the emitted nucleon and the photon re- 


spectively; « — “effective charge” of the nucleon, 


which is eN/A for a proton and —eZ/A fora 


neutron; @ — angle between the vectors K and k; 
fick = E + Enjl- The summation has to be performed 


over the closed subshells. If there exists a par- 


ticle (or a “hole”) in one subshell then the corre- 


sponding cross section has to be multiplied by 
(25+ t)71. 
One of the main difficulties connected with a 


rigorous description of the direct photoeffect con- 


sists in the computation of the quantities aj; ?> 
since for this purpose one needs to know the wave 
functions. The simplest case is that where the 
emitted particle is a neutron. Its interaction with 


the nucleus is given by a square well (real for the 


ground state, complex for the final state). Here 
one can obtain an analytic expression for the an 
In particular, if one disregards the spin-orbit in- 
teraction we have 


a =a = [V 2EU,R/(E + Ens) his (x) 


se ics Mba (I | (Qira (@) V — fea 0) itt (%0)} 
Pate) oe) (1 8 GB) x, (4 Le 
OG I1a1 (hres Gi) =* fee (x") Jrsa (Xo) I}, 


KA OVO, — En) [h*R,  xp= KR, 


x= VIM[E+U;(i + ©) R/h, (2) 
where $8 = Ug/Uy; Ug and Uy — depth of the poten- 
tial well for the final and initial state neutron; ¢ — 


parameter of the imaginary part of the potential; 
R —nwvcelear radius; ji, and hj, — spherical 
Bessel and Hankel functions; 7y;, — amplitude of 
the incoming spherical wave associated with the 
emitted nucleon. 


In order to determine the influence of the imagi- 
nary part of the potential, the cross section for the 
(y, n) reaction in cl? was evaulated numerically, 


utilizing (2). We write the cross section in the 


form 
ac) (02 = Ag B,, sin? 9 


The values obtained for Apnj and By for some 
energies are given in the table for the 1p3/2 sub- 


shell. (The cross section of the direct photoeffect 


for the 1s,/2 shell is roughly 10 — 100 times 
smaller.) The following well parameters were 


IL 
(11) 


chosen: Us = 42 Mev; £=0 and —0.15.* The 
value Uy © 43.7 Mev was determined from the 
binding energy of the last neutron,? using R 
=1.45A'/3¢ The table illustrates the importance 
of the effects connected with the absorption of the 
final state neutrons in the nucleus. The addition 
of the imaginary part to the potential leads to a 
decrease of the cross section, as could be expected. 
It is of interest to point out that the anisotropy is 
increased considerably at E=5 Mev for ¢ 

= -—0.15 as compared with ¢=0. 

The obtained numerical results evidently are 
rough and preliminary since the spin-orbit force 
as well as the energy dependence of the param- 
eters ¢ and U¢ (which in the energy region 
5 —15 Mev can be considered to be weak!) and 
the finite slope of the nuclear potential have been 
neglected. Calculations taking into account these 
details are being performed at present and will be 
published at a later date. 

In conclusion I would like to express my deep 
gratitude to I. S. Shapiro for his interest in the 
work, as well as to L. D. Blokhintsev and E. I. 
Dolinskii who kindly supplied me with some de- 
tails concerning the wave function of a neutron 
in a complex well. 


*In contrast to the case of particle scattering, here ¢ has 
to be taken negative. This is connected with the asymptotic 
form of the emitted neutron (plane wave plus incoming spher- 
ical wave). 


~ 1p, Jensen, Naturwiss. 35, 190 (1948). 

2&.D. Courant, Phys. Rev. 82, 703 (1951). 

3, DeSabbata, Nuovo cimento Suppl. 11 No. 2, 
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4 J. Kichler and H. A. Weidenmiiller, Z. Physik 
152, 261 (1958). 

5S, Sueoka, Can. J. Phys. 37, 232 (1959). 
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Phys. 24, 244 (1952). 

8A. Simon and T. A. Welton, Phys. Rev. 90, 
1042 (1953). 
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Theory of Superconducting Alloys in a Strong Magnetic 
Field Near the Critical Temperature. L. P. Gor’kov 
= OS. 

Thermoelectric Coefficients of Metals in Strong Mag- 
netic Fields and the Effect of Drag of Electrons by 
Phonons. L. E. Gurevich and G. M. Nedlin — 546. 

Three-Electron Decay of the Muon. I. I. Gurevich, 

B. A. Nikol’skii, and L. V. Surkova — 225L. 

Ultrasonic Absorption in Metals in a Magnetic Field. I. 
V. L. Gurevich — ol: 

Electrons, Scattering (see Scattering of Electrons and 

Positrons) 

Electrons, Secondary (see Electrical Properties) 

Electrostriction (see Dielectrics and Dielectric Prop- 
erties) 

Elementary Particle Interactions 

Angular Asymmetry in (7N) Collisions and (77) Inter- 
action. V. S. Barashenkov — 1038L. 

Angular Distribution of Shower Particles in Stars Pro- 
duced by High-energy Particles. L. A. San’ko, Zh. S. 
Takibaev, Ts. I. Shakhova, and L. Ya. Balats — l. 

\ngular Distributions of Alpha Particles from the Re- 
action C!* (p, p’3a). 8. S. Vasil’ev, V. V. Komarov, 
G. V. Koshelyaev, and A. M. Popova — 1034L, 

Capture of 4.~-Mesons by Light Nuclei. B. L. loffe 
— 113. 

Contribution of Three-particle Forces to the Binding 
Energy of Hypernuclei. V. A. Lyul’ka and V. A. Fili- 
monov — 1015. 

Contribution to the Theory of Spin-lattice Relaxation 
of Nuclear Spins in Ionic Crystals. B. I. Kochelaev 
= lye 

Decay Processes in the Development of Nuclear Cas- 
eades in the Atmosphere. G. T. Zatsepin, S. I. Nikol’- 
skii, and A. A. Pomanskil — 138. 
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Dispersion Relations for Inelastic Processes Involving 
K Mesons. J. Wolf — 980. 

Dispersion Relations for the Virtual Compton Effect. 

I. S. Zlatev and P. S. Isaev — 519. 

Effect of Interaction on the Phase Motion of Electrons 
in a Synchrotron. L. V. Iogansen — 211L. 

Effect of Viscosity in Multiple Production on the Energy 
Distribution of Secondary Particles. A. A. Emel’yanov 
and D. S. Chernavskii — 753. 

Elastic Scattering of 8.7 Bev Protons by Photoemulsion 
Nuclei. B. P. Bannik, V. G. Grishin, M. Ya. Danysh, 
V. B. Lyubimov, and M. I. Podgoretskii — 1118. 

Elastic Scattering of 630-Mev Neutrons by Protons. 
N. S. Amaglobeli and Yu. M. Kazarinov — 1125. 

Elastic Scattering of 390-Mev 7* Mesons from. Protons. 
E. L. Grigor’ev and N. A. Mitin — 1123. 

Electromagnetic Mass of the K Meson. Chou Kuang- 
Chao and V. I. Ogievetskil — 616L. 

Electron and Muon Neutrinos. B. Pontecorvo — 1236. 

Electron-Electron Scattering and Quantum Electrody- 
namics at Small Distances. G. V. Avakov — 604L. 

Electron-Electron Scattering Cross Section at High 
Energies. V. N. Baier — 1057L. 

Emitters of X-particles with Energies of About 9 and 
12 Mev. V. A. Karnaukhov, V. I. Khalizev, and G. N. 
Flerov — 901. 

Identification of Particles in High Energy Stars. G. I. 
Kopylov — 393L. 

Inelastic Collisions Between Fast Polarized Particles 
and Atoms. V. V. Batygin and I. N. Toptygin — 975. 

Interaction of 9-Bev Protons with Free and Quasifree 
Nucleons in Photographic Emulsions. N. P. Bogachev, 
S. A. Bunyatov, I. M. Gramenitskii, V. B. Lyubimov, 
Yu. P. Merekov, M. I. Podgoretskii, V. M. Sidorov, 
and D. Tuvdendorzh — 872. 

Investigation of High-energy Nuclear-active Particles 
at Sea Level. V. A. Dmitriev, G. V. Kulikov, and 
G. B. Khristiansen — 637. 

Measurement of the Degree of Longitudinal Polariza- 
tion of Beta Particles. L. A. Mikaélyan and P. Ya. 
Spivak — 831L. 

Nonmesonic Decay of Hyperfragments. I. B. Berkovich, 
A. P. Zhdanov, F. G. Lepekhin, and Z. S. Khokhlova 
— 428. 

Note on a Baryon Scheme. H. Oiglane — 394L. 

Nuclear Interactions of 8.7-Bev Protons in Photo- 
graphic Emulsions. G. B. Zhdanov, V. M. Maksimenko, 
M. I. Tret’yakova, and M. N. Shcherbatova — 442. 

On a Certain Possibility of Investigation of the Struc- 
ture of Nucleons and Nuclei. N. G. Birger and Yu. A. 
Smorodin — 964, 

On a Certain Possibility of Setting up a System of 
“Elementary” Particles. I. V. Chuvilo — 994. 

On a Symmetry in 1° Decay. M. I. Shirokov — 232L. 

On an Estimate of Energy Characteristics of Shower 
Producing Particles. E. G. Boos and Zh. S. Takibaev 
— 206L. 

On Direct Production of Electron-positron Pairs by 
High-energy Electrons. V. A. Tumanyan, G. S. Sto- 
lyarova, and A. P. Mishakova — 253. 

On Electromagnetic Corrections in y-e Decay. V. P. 
Kuznetsov — 784. 


On Ke, Decay. L. B. Okun’ and E. P. Shabalin — 1252. 

On Lepton Mass. Yu. A. Gol’fand — 1059L. 

On the Absorption of 7* Mesons with Energies of About 
50 Mev by Carbon Nuclei. J. V. Laberrrigue-Frolova, 
M. P. Balandin, and S. Z. Otvinovskii — 452. 

On the Anomalous Magnetic Moment of Nucleons in 
Chew’s Method. Yu. M. Lomsadze, V. I. Lend’el, and 
B. M. Ernst — 955. 

On the Calculation of the Interaction Constant in a Non- 
linear Theory. Ya. I. Granovskil — 135. 

On the Collisions of Nucleons with Large Orbital Angu- 
lar Momentum. A. D. Galanin, A. F. Grashin, B. L. 
Ioffe, and I. Ya. Pomeranchuk — 1179. 

On the Determination of the Potential in Quantum Field 
Theory. M. A. Braun — 582. 

On the Introduction of an “Elementary Length” in the 
Relativistic Theory of Elementary Particles. Yu. A. 
Gol’fand — 356. 

On the Massey Parameter in the Theory of Atomic Colli- 
sions. G. F. Drukarev — 603L. 

On the Measurement of the Momentum of Fast Particles 
and the Investigation of Nuclear Interaction in the 
10!°—_ 10! ev Energy Range. M. I. Dajon and V. Kh. 
Volynskiil — 648. 

On the Possibility of Determining the Amplitude for 
Charge Exchange Pion-pion Scattering from an Analy- 
sis of the 7 +p=N+a7*+7 Reactions near Thresh- 
old. A. A. Ansel’m and V. N. Gribov — 354. 

On the Problem of Investigating the Interaction between 
Mesons and Hyperons. L. I. Lapidus and Chou Kuang- 
Chao — 199. 

On the Theory of Neutron Beta Decay. S. M. Bilen’kii, 
R. M. Ryndin, Ya. A. Smorodinskil, and Ho Tso-Hsiu 
— 1241. 

On Two Types of Neutrinos, the Isotopic Spin of Leptons, 
and the Universal Four-fermion Interaction. E. M. 
Lipmanov — 750. 

Parity Nonconservation in Strong Interactions of Strange 
Particles. S. G. Matinyan — 736. 

Passage of Particles through a Plasma. A. I. Larkin 
— 186. 

Photoproduction of Neutral 7 Mesons on Hydrogen by 
y Quanta with Energy between the Threshold and 
240 Mev. R. G. Vasil’kov, B. B. Govorkov, and 
V. I. Gol’danskii — 7. 

Photoproduction of 7’ Mesons from Carbon near 
Threshold. R. G. Vasil’kov, B. B. Govorkov, and 
V. I. Gol’danskii — 818L. 

mw -p Interaction at 1.4 Bev. V. I. Rus’kin — 74. 

Pionic and Electromagnetic Structure of Nucleons. 

B. B. Dotsenko — 1048L. 

Polarization Effects in the Direct Transition of (ey 
into an Electron-Positron Pair. B. A. Lysov — 404L. 

Potential Barrier Criterion and Stars in Emulsions. 

P. I. Fedotov — 674. 

Production of K* Mesons by Cosmic-ray Protons at 
3250m above Sea Level. M. Ya. Balats, P. I. Lebe- 
dev, and Yu. V. Obukhov — 417. 

Relativistic Spherical Functions. A. Z. Dolginov and 
I. N. Toptygin — 1022. 

Resonance Interaction of Pions. V. S. Barashenkov 
and V. M. Mal’tsev — 630L. 
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Results of a Study of the Disintegration of Carbon Nu- 
clei by 660-Mev Protons. A. P. Zhdanov andeeade 
Fedotov — 280. 

Scattering of a Proton by a Nucleon in the One-Meson 
Approximation. E. D. Zhizhin — 707. 

Secondary Stars Created by the Interaction of 8.7-Beyv 
Protons with Photoemulsion Nuclei. G. B. Zhdanov, 
P. K. Markov, V. N. Strel’tsov, M. I. Tret’yakova, 
Cheng P’u-Ying, and M. G. Shafranova — 433. 

Space Asymmetry of Low-energy Positrons from 7*- 
u*-e* Decay. A. O. Vaisenberg — 401L. 

The Electromagnetic Interaction in the Heisenberg 
Theory. Ya. I. Granovskii — 314. 

The Formfactor and the Leptonic Decay Probability 
of the Particle. Ho Tso-Hsiu — 1288L. 

The p—~e+y and wret+vt+pv+y Decays.. Yu. S. 
Krestnikov, A. G. Meshkovskil, Ya. Ya. Shalamov, 
V. A. Shebanov, and I. Yu. Kobzarev — 622L. 

The Number of Elementary Baryons and the Universal 
Baryon Repulsion Hypothesis. Ya. B. Zel’dovich 
— 403L. 

Theoretical Interpretation of Inelastic (pp) and (pn) 
Collisions at 9 Bev Energy. V. S. Barashenkov, V. M. 
Mal’tsev, and E. K. Mikhul — 1052L. 

The Ultraviolet Asymptotic Value for the Interaction of 
K Mesons with Baryons. J. Wrzecionko — 69. 


Three-electron Decay of the Muon. I. I. Gurevich, B. A. 


Nikol’skii, and L. V. Surkova:— 225L. 
Elements (see Atomic Mass and Abundance) 
Energy Loss of Particles (see Range and Energy Loss) 
Energy States of Atoms (see Atomic Structure and 

Spectra) 

Energy States of Nucleus (see Nuclear Reactions; Nu- 
clear Spectra; Nuclear Structures) 

Evaporation (see Liquids) 

Excitation of Atoms (see Atomic Structure and Spectra) 

Excitation of Nucleus (see Nuclear Reactions; Nuclear 
Spectra; Nuclear Structure) 

Faraday Effect (see Optical Properties) 

Ferroelectric Phenomena (see Dielectrics and Dielectric 

Properties) 

Field Emission (see Electrical Properties) 
Field Theory 

Analyticity and Unitarity in the Scattering of Scalar 
Mesons from a Static Nucleon. B. L. Ioffe — 1245. 

Concerning Anomalous Equations for Spin + Particles. 
I. Marek and I. Ulehla — 1051L. 

Dispersion Relations for Inelastic Processes Involving 
K Mesons. Yu. Vol’f — 980. 

Dispersion Relations for the Scattering of Gamma 
Quanta by Nucleons. L. I. Lapidus and Chou Kuang- 
Chao — 1213. 

Dispersion Relations for the Virtual Compton Effect. 
I. S. Zlatev and P. S. Isaev — 519. 

Effect of Multiple Scattering on Pair Production by p 
High-energy Particles in a Medium. F. F. Ternovskil 
— 718. 

Electronic Mass of the K Meson. Chou Kuang-Chao 
and V. I. Ogievetskii — 616L. 

Incompatibility of the Conditions of Analyticity and 
Unitarity in the Lee Model. K. A. Ter-Martirosyan 


— 714. 


1313 


On Electromagnetic Corrections in pe-e Decay. V. P. 
Kuznetsov — 784. 

On the Analytic Properties of Vertex Parts in Quantum 
Field Theory. L. D. Landau — 45. 

On the Calculation of the Interaction Constant in a Non- 
linear Theory. Ya. I. Granovskii — 135. 

On the Collisions of Nucleons with Large Orbital Angu- 
lar Momentum. A. D. Galanin A. F. Grashin, B. L. 
loffe, and I. Ya. Pomeranchuk — 1179. 

On the Connection of Isotopic Spin and Strangeness with 
the Behavior of Spinors under Inversion. A. M. Brod- 
skii and D. D. Ivanenko — 624L. 

On the Determination of the Potential in Quantum Field 
Theory. M. A. Braun — 582. 

On the Lagrangian Formalism for Spin Variables. D. V. 
Volkov and S. V. Peletminskil — 121. 

On the Masses of the Muon and the Electron. Ya. B. 
Zel’dovich — 1283L. 

On the Superfluidity of Liquid He®. L. P. Pitaevskii 
— 1267. 

On the Theory of Neutron Beta Decay. S. M. Bilen’kii, 
R. M. Ryndin, Ya. A. Smorodinskii, and Ho Tso-Hsiu 
— 1241. 

On Theories with an Indefinite Metric. V. G. Vaks 
— 332. 

Parity Nonconservation in Strong Interactions of 
Strange Particles. S. G. Matinyan — 736. 

Pionic and Electromagnetic Structure of Nucleons. 

B. B. Dotsenko — 1048L. 

Scattering of a Proton by a Nucleon in the One-Meson 
Approximation. E. D. Zhizhin — 707. 

The Electromagnetic Interaction in the Heisenberg 
Theory. Ya. I. Granovskii — 314. 

The Formfactor and the Leptonic Decay Probability of 
the Particle. Ho Tso-Hsiu — 1288. 

The Non-additivity of London-Van der Waals Forces. 
L. I. Podlubnyi — 633L. 

The Radiative Correction to the Mass of the Electron 
in Nonlinear Electrodynamics. V. Yu. Urbakh 
— 208L. 

The Ultraviolet Asymptotic Value for the Interaction 
of K Mesons with Baryons. J. Wrzecionko — 69. 

Two-particle Excitations of Superfluid Fermi Systems. 
Yu. V. Tsekhmistrenko — 829L. 

Wave Equations with Zero and Nonzero Rest Masses. 
V. I. Ogievitskii and I. V. Polubarinov — 335. 


Films, Properties 


Collective Losses of Fast Electrons in Passage 
through Matter. V. P. Silin — 192. 

Destruction of Superconductivity in Thin Films by 
Field and Current. N. I. Ginzburg and A. I. Shal’ni- 
kov — 285. 

Van der Waals Forces in Liquid Films. I. E. Dzyalo- 
shinskii, E. M. Lifshitz, and L. P. Pitaevskil — 161. 


Fine Structure (see Atomic Structure and Spectra) 
Fission of Nucleus (see Nuclear Fission) 
Fluid Dynamics 


Absorption of Sound and the Width of Shock Waves in 
Relativistic Hydrodynamics. M. T. Zhumartbaev 
— 711. 
Convective Pinch Instability. B. B. Kadomtsev — 780. 
Effect of Viscosity in Multiple Production on the En- 
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ergy Distribution of Secondary Particles. A. A. Emel’- 


yanov and D. S. Chernavskil — 753. 

Equilibrium of a Plasma Toroid in a Magnetic Field. 
V. D. Shafranov — 775. 

Experimental Investigation of the Harmonic Oscilla- 
tions of a Disk in Rotating Helium. II. E. L. Andro- 
nikashvili and D. S. Tsakadze — 397L. 

Nonlinear Langmuir Electron Oscillations in a Plasma. 
M. V. Konyukov — 570. 

Convective Motion of a Conducting Fluid between Paral- 
lel Vertical Plates in a Magnetic Field. S. A. Regirer 
— 149. 

On Equilibrium of a Plasma under Helical Symmetry. 
B. B. Kadomtsev — 962. 

On the Magnetohydrodynamics of Conducting Fluids. 

S. I. Braginskif — 1005. 

On the Paper of V. A. Belokon’: “The Permanent Struc- 
ture of Shock Waves with Joule Dissipation”. A. G. 
Kulikovskii, and G. A. Lyubimov — 835L. 

On the Stability of a Low-pressure Plasma. B. B. Ka- 
domtsev — 1167, 

On the Stability of Plane Poiseuille Flow of a Plasma 
of Finite Conductivity in a Magnetic Field. Yu. A. 
Tarasov — 1209. 

Radiative Processes Ahead of a Shock-wave Front. 

L. M. Biberman and B. A. Veklenko — 117. 

Simple Waves in the Chew-Goldberger-Low Approxi- 
mation. I. A. Akhiezer, R. V. Polovin, and N. L. 
Tsintsadze — 539. 

Some Problems of the Dynamics and Heating of a Con- 
ducting Medium in a Magnetic Field. G. S. Golitsyn 
— 756. 

Superfluidity and the Moments of Inertia of Nuclei. 

A. B. Migdal — 176. 

The Landau Correction Coefficient in the Determina- 
tion of the Viscosity of a Liquid. G. A. Gamtsemlidze 
— 609L. 

Galvanomagnetic Effect (see Magnetic Properties) 
Gamma Rays 

Angular Anisotropy of Gamma Quanta that Accompany 
Fission. V. M. Strutinskii — 613L. 

Angular Correlation of Internal Conversion, Including 
Effects of Screening and of the Finite Size of the Nu- 
cleus. A. K. Ustinova — 216L. 

Electric Quadrupole Gamma Transitions in Even-even 
Nuclei. N. N. Delyagin — 605L. 

Gamma Rays from a Po—0O'* Neutron Source. E. M. 
Tsenter, A. G. Khabakhpasheyv, and I. A. Pirkin 
— 806L. 

Measurement of the Lifetime of the First Excited State 
OfuNe= cA, G: Khabakhpashev and E. M. Tsenter 
— 705. 

Multipolarities of Gamma Transitions in Tm!®. Vv. M. 
Kel’man, R. Ya. Metskhvarishvili, B. K. Preobra- 
zhenskii, V. A. Romanov, and V. V. Tuchkevich — 456. 

Optical Anisotropy of Atomic Nuclei. A. M. Baldin 
— 142. 

Radioactive Decay of Ag!!9™_, N. M. Anton’eva, A. A. 
Bashilov, and E. K. Kulakovskii — 1063. 

Resonance Scattering of Gamma Quanta by Mg"4, Is Sine 
Vashakidze, T. I. Kopaleishvili, and G. A. Chilashvili 
= 535. 


Search for Particles with Mass between 6 and 25 Elec- 
tron Masses. A. S. Belousev, S. V. Rusakov, E. I. 
Tamm, and P. A. Cerenkov — 1143. 
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Small Angle Rayleigh Scattering of Co”” Gamma Rays. 
B. A. Bel’skii and S. V. Starodubtsev — 700. 

The Spectrum of Internal Conversion Electrons Accom- 
panying Alpha Decay of u33, and the Level Scheme of 
Th22, E. F. Tret’yakov, M. P. Anikina, L. L. Gol’din, 
G. I. Novikova, and N. I. Pirogeva — 656. 

Gases 

Condensation of a Cloud of Vaporized Matter Expand- 
ing in Vacuum. Yu. P. Raizer — 1229. 

Effect of Pressure on the Raman Spectrum of Oxygen. 
G. V. Mikhailov — 1114. 

Formation of Negative Hydrogen Ions on an Incandes- 
cent Tungsten Surface. V. I. Khvostenko and V. M. 
Dukel’skii — 465. 

Maximum Atomic Cross Sections for Nonresonance 
Charge Exchange. N. V. Fedorenko and V. A. Belyaev 
— 1276L. 

On Hydrodynamic Boundary Conditions for Evaporation 
and Condensation. R. Ya. Kucherov and L. E. Riken- 
glaz — 88. 

Radiative Processes Ahead of a Shock-wave Front. 

L. M. Biberman and B. A. Veklenko — 117. 

Residual Ionization of a Gas Expanding in Vacuum. 
Yu. P. Raizer — 411L. 

Gravitation (See Relativity and Gravitation) 
Gyromagnetization (see Magnetic Properties) 
Hall Effect (see Electrical Conductivity and Resistance; 

Semiconductors) 

Helium, Liquid 

Experimental Investigation of the Harmonic Oscilla- 
tions of a Disk in Rotating Helium. II. E. L. Androni- 
kashvili and D. S. Tsakadze — 397L. 

Hydrodynamics of Solutions of Strange Particles in 
Helium II near the A’ -Point. D. G. Sanikidze — 226L. 

On the Critical Mode in Experiments with an Oscillat- 
ing Disk in Helium II. G. A. Gamtsemlidze — 678. 

On the Motion of Charges in Liquid Helium II. R. G. 
Arkhipov and A. I. Shal’nikov — 888.. 

On the Question of Critical Velocities for Flow of He II 
in Capillaries. B. T. Geilikman — 635L. 

On the Superfluidity of Liquid He*®. L. P. Pitaevskii 
— 1267. 

Phase Diagram for Liquid He*-He‘* Solutions. K. N. 
Zinov’eva and V. P. Peshkov — 22. 

The Propagation of Oscillations along Vortex Lines in 
Rotating Helium II. E. L. Andronikashvili and D. S. ~ 
Tsakadze — 227L. 

The Use of a Superconducting Ring for Registering the 
Phase Transition in Liquid Helium. B. N. Esel’son 
and A. D. Shvets — 228L. 

Van der Waals Forces in Liquid Films. I. E. Dzyalo- 
shinskii, E. M. Lifshitz, and L. P. Pitaevskii — 161. 

High Voltage Tubes and Machines (see Methods and In- 
struments) 
Hyperfine Structure (see Atomic Structure and Spectra; 

Nuclear Moments and Spin) 

Hyperons (see Mesons and Hyperons) 
Imperfections in Solids 
Fine Structure in the Paramagnetic Resonance Spec - 


trum of Natural Sapphire. V. M. Vinokurov, M. M. 
Zaripov, and N. R. Yafaev — 220L. 

On the Superconductivity of the Compound BiPt. N. N. 
Zhuravlev, A. A. Stepanova, and N. I. Zyuzin — 627L. 

Theory of the Stability of Magnetic States of Ferromag- 
netic Materials in the Magnetization Process. E. I. 
Kondorskii — 790. 

Inelastic Scattering (see Nuclear Reactions; Scattering) 
Instruments (see Methods and Instruments) 

Internal Conversion (see Nuclear Spectra) 

Ionization (see also Electrical Discharges; Range and 

Energy Loss of Particles) 

Alpha Spectrum of the Natural Samarium Isotope Mix- 
ture. A. A. Vorob’ev, A. P. Komar, V. A. Korolev, 
and G. E. Solyakin — 386L. 

Formation of Negative Hydrogen Ions on an Incandes- 
cent Tungsten Surface. V. I. Khvostenko and V. M. 
Dukel’skiz — 465. 

Kinetic Theory of Impact Ionization in Semiconductors. 
L. V. Keldysh — 509. 

Maximum Atomic Cross Sections for Nonresonance 
Charge Exchange. N. V. Fedorenko and V. A. Belyaev 
— 1276L. 

On the Mechanism of Surface Ionization of Atoms of 
the Alkali Earth Metals — Yu. K. Szhenov — 239. 

On Certain Singularities in the Interaction with Light 
Nuclei of Particles with Energies E = 2 x 10" ev. 

N. L. Grigorov and V. Ya. Shestoperov — 816L. 

Radiative Processes Ahead of a Shock-wave Front. 

L. M. Biberman and B. A. Veklenko — 117. 

Shortwave Radiation from a Vacuum Spark. S. V. Lebe- 
dev, S. L. Mandel’shtam, and G. M. Rodin — 248. 

Simple Method for Computing the Mean Range of Ra- 
diation in Ionized Gases at High Temperatures. Yu. 
P. Raizer — 769. 

Ionization Potentials of Atoms (see Atomic Structure 
and Spectra) 
Ions (see also Electrical Discharges) 

Emitters of a-Particles with Energies of about 9 and 
12 Mev. V. A. Karnaukhov, V. I. Khalizev, and G. N. 
Flerov — 901. 

Experiments in the Production of a New Fermium Iso- 
tope. V. P. Perelygin, E. D. Donets, and G. N. Flerov 
— 1106. 

Maximum Atomic Cross Section for Nonresonance 
Charge Exchange. N. V. Fedorenko and V. A. Belyaev 
— 1276L. 

Measurements of the Transverse Proton Relaxation 
Time in Aqueous Solutions of Paramagnetic Salts by 
the Spin-Echo Method — 218L. 

Paramagnetic Resonance in Magnetically Dilute Sys- 
tems. N. S. Garif’yanov — 1101. 

Resonance Charge Exchange of Doubly Charged Ions in 
Slow Collisions. I. K. Fetisov and O. B. Firsov — 67. 

Sputtering of Copper by Hydrogen Ions Possessing En- 
ergies up to 50 kev. N. V. Pleshivitsev — 878. 

Ions and Electrons, Mobility 

Hall Effect in Ferrites Near the Curie Temperature. 
K. P. Belov and E. P. Svirina — 862. 

On the Motion of Charges in Liquid Helium II. 1a, (Cf 
Arkhipov and A. I. Shal’nikov — 888. 

Velocity Distribution of Electrons in a Strong Electric 


1315 


Field. L. M. Kovrizhnykh — 989. 
Isomers, Nuclear (see Nuclear Spectra) 
Isotopes (see Atomic Mass and Abundance; Radioactivity) 
Kerr Effect (see Optical Properties) 
Liquid Helium (see Helium, Liquid) 
Liquids 

Concentration Jump in Slow Evaporation of a Mixture. 
R. Ya. Kucherov and L. E. Rikenglaz — 1285L. 

Experimental Investigation of the Harmonic Oscilla- 
tions of a Disk in Rotating Helium II. E. L. Androni- 
kashvili and D. S. Tsakadze — 397L. 

Theory of Weak Solutions of He! in Liquid He®. V. N. 
Zharkov and V. P. Silin — 102. 

Van der Waals Forces in Liquid Films. I. E. Dzyalo- 
shinskil, E. M. Lifshitz, and L. P. Pitaevskii — 161. 

Luminescence 

Detection of Ionization of Eu** in the SrS-Eu, Sm 

Phosphor by the Paramagnetic Absorption Method. 
V. V. Antonov-Romanovskii, V. G. Dubinin, A. M. 
Prokhorov, Z. A. Trapeznikova, and M. V. Fock 
— 1039L. 
Magnetic Fields (see Electromagnetic Theory and Elec- 
trodynamics) 
Magnetic Properties 

An Investigation of the Quantized Oscillations in the 
Magnetic Susceptibility of Bismuth at Extremely Low 
Temperatures. N. B. Brandt, A. E. Dubrovskaya, and 
G. A. Kytin — 405L. 

Anomalies in Internal Friction and Modulus of Elastic- 
ity in Ferromagnetics Near the Curie Point. K. P. 
Belov, G. I. Kataev, and R. Z. Levitin — 670. 

Antiferromagnetism in NiF,. R. A. Alikhanov — 814L. 

Coupled Magnetoelastic Oscillations in Antiferromag- 
netics. S. V. Peletminskiil — 321. 

Effect of Uniaxial Compression on the Quantum Oscilla- 
tions of the Magnetic Susceptibility of Bismuth. N. B. 
Brandt and G. A. Ryabenko — 278. 

Features of Magnetic Hysteresis Phenomena in the Sys- 
tems Pr,O3* Fe,O3 and La,O3- Fe,O3. K. P. Belov, 
M. A. Zaitseva, and A. M. Kadomtseva — 825L. 

Hall Effect in Ferrites Near the Curie Temperature. 

K. P. Belov and E. P. Svirina — 862. 

Magnetostriction of Antiferromagnetic Nickel Monoxide. 
K. P. Belov and R. Z. Levitin — 400L. 

Nonresonance Absorption of Oscillating Magnetic Field 
Energy by a Ferromagnetic Dielectric. M. I. Kaganov 
and V. M. Tsukernik — 587. 

On the Causes of the Peculiarities in the Physical Prop- 
erties of Invar Alloys. E. I. Kondorskil — 1284L. 

On the Intermediate State of Ferromagnetic Supercon- 
ductors. G. F. Zharkov — 1259. 

On the Magnetization Process in Ferromagnets. L. V. 
Kirenskii, M. K. Savchenko, and I. F. Degtyarev — 437. 

On the Magneto-electrical Effect in Antiferromagnets. 
I. E. Dzyaloshinskii — 628L. 

On the Paper of V. A. Belokon’: “The Permanent Struc- 
ture of Shock Waves with Joule Dissipation.” A. G. 
Kulikovskii,and G. A. Lyubimov — 835L. 

On the Theory of Magnetic-moment Relaxation in Fer- 
roelectric Substances. V. G. Bar’yakhtar — 493. 

On the Theory of the Temperature Dependence of Fer- 
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romagnetic Anisotropy. E. A. Turov and A. I. Mitsek 
— 801. 

Oscillations in the Absorption Coefficient of Sound in 
Tin at Low Temperatures. A. A. Galkin and A. P. 
forolyuk — 219L. 


Paramagnetic Resonance in Magnetically Dilute Systems. 


N. S. Garif’yanov — 1101. 

Quantum Theory of Spatial Dispersion of Electric and 
Magnetic Susceptibilities. O. V. Konstantinov and 
V. 1. Perel’ — 560. 

Raman Scattering of Electromagnetic Waves in Ferro- 
magnetic Dielectrics. F. G. Bass and M. I. Kaganov 
— 986. 

Rotation of the Plane of Polarization of Elastic Waves 
in Magnetically Polarized Magnetoelastic Media. 

K. B. Vlasov and B. Kh. Ishmukhametov — 531. 

Scattering of Low-energy Electron by Short-range Po- 


tential in Strong Magnetic Field. V. G. Skobov — 1039L. 


Shift in Curie Temperature During Uniform Compres- 
sion of Manganese and Cobalt Fluorides. D. N. Astrov, 
S. I. Novikova, and M. P. Orlova — 851. 

The Anisotropy of Magnetoresistance and the Topology 
of Fermi Surfaces of Metals. N. E. Alekseevskii and 
Yu. P. Gaidukov — 481. 

Theory of Paramagnetic Resonance in Systems Contain- 
ing Two Kinds of Magnetic Moments. A. A. Kokin and 
G. V. Skrotskii — 342. 

Theory of the Stability of Magnetic States of Ferromag- 
netic Materials in the Magnetization Process. E. I. 
Kondorskil — 790. 

Thermoelectric Phenomena in Strong Magnetic Fields 
in Metals Possessing Various Fermi Surfaces. Yu. A. 
Bychkoy, L. E. Gurevich, and G. M. Nedlin — 377. 

Magnetic Resonance 

Anomalous Heat Capacity and Nuclear Resonance in 
Crystalline Hydrogen in Connection with New Data 
on Its Structure. S. S. Dukhin — 1054L. 

Coupled Magnetoelastic Oscillations in Antiferromag- 
netics. S. V. Peletminskil — 321. 

Cyclotron Resonance in Indium at 9300 Mes. P. A. 
Bezuglyi and A. A. Galkin — 1049L. 

Cyclotron Resonance in Tin. M. S. Khaikin — 1044L. 

Electron Resonance in Crossed Electric and Magnetic 
Fields. I. M. Lifshitz and M. I. Kaganov — 392L. 

Fine Structure in the Paramagnetic Resonance Spec- 
trum of Natural Sapphire. V. M. Vinokurov, M. M. 
Zaripov, and N. R. Yafaev — 220L. 

Measurements of the Transverse Proton Relaxation 
Time in Aqueous Solutions of Paramagnetic Salts by 
the Spin-echo Method. V. D. Korepanov, R. A. Dautov, 
and V. M. Fadeev — 218L. 

Nonresonance Absorption of Oscillating Magnetic Field 
Energy by a Ferromagnetic Dielectric. M. I. Kaganov 
and V. M. Tsukernik — 587. 

On the Influence of Coherent Magnetic Dipole Radiation 
on Magnetic Resonance. G. V. Skrotskii and A. A. 
Kokin — 572. 

On the Structure of Solid Hydrogen. A. A. Galkin and 
I. V. Matyash — 1292L. 

Paramagnetic Resenance and Paramagnetic Relaxation 
in Electrolyte Solutions. V. I. Avvakumov, N. S. Garif’- 
yanov, B. M. Kozyrev, and P. G. Tishkov — 1110. 


Paramagnetic Resonance in Magnetically Dilute Sys~ | 
tems. N. S. Garif’yanov — 1101. | 
Raman Scattering of Electromagnetic Waves in Ferro- | 
magnetic Dielectrics. F. G. Bass and M. I. Kaganov 
— 986. 

The Dynamical Character of the Jahn-Teller Effect and 
its Influence on the Paramagnetic Resonance of Cu*”. 
V. I. Avvakumov — 723. 

Theory of Paramagnetic Resonance in Systems Contain- 
ing Two Kinds of Magnetic Moments. A. A. Kokin and 
G. V. Skrotskii — 342. 

Theory of Spin-lattice Quadrupole Relaxation in Liquid 
Solutions of Diagmagnetic Salts. K. A. Valiev — 77. 

Magneto-Optical Effects (see Optical Properties) 
Magnetoresistance (see Electrical Conductivity and Re- 
sistance; Semiconductors) . 
Magnetostriction (see Magnetic Properties) | 
Mathematical Methods 1 

A Method for Calculation of Phase Volumes. L. G. i 
Zastavenko — 939. 

Angular and Polarization Analyses of Reactions of the 
Thy pera + bi ave bie CaaVen leh itise mos. 

Application of the Dispersion Relations Method in Quan- 
tum Electrodynamics. V. Ya. Fainberg — 968. 

Calculation of Phase Integrals in the Covariant Formu- 
lation of the Theory of Multiple Production of Particles. 

L. G. Yakovlev — 741. 

Classification of Molecular Terms with Respect to Total 
Nuclear Spin. E. G. Kaplan — 747. 

Contribution to the Theory of Relativistically Invariant 
Equations. L. A. Shelepin — 1153. 

Equilibrium of a Plasma Toroid in a Magnetic Field. 

V. D. Shafranov — 775. 

Growth of Electromagnetic Waves in Interpenetrating 
Infinite Moving Media. G. G. Getmantsev — 600. 

Incompatibility of the Conditions of Analyticity and Uni- 
tarity in the Lee Model. K. A. Ter-Martirosyan — 714. 

On the Analytic Properties of Vertex Parts in Quantum 
Field Theory. L. D. Landau — 45. 

On the Conditions of Applicability of Statistical Formu- 
las to a Degenerate Fermi Gas. Ya. B. Zel’dovich and 
E. M. Rabinovich — 924. 

On the Cross Section for Compound-nucleus Formation 
by Charged Particles. A. D. Piliya — 413L. 

On the Determination of the Potential in Quantum Field 
Theory. M. A. Braun — 582. 

On the Introduction of an “Elementary Length” in the 
Relativistic Theory of Elementary Particles. Yu. A. 
Gol’fand — 356. 

On the Lagrangian Formalism for Spin Variables. D. V. 
Volkov and S. V. Peletminskii — 121. 

On the Methods of Born and Pais for Finding Phase 
Shifts. T. Titts — 207L. 

On the Relativistic Operators for Momentum and Angu- 
lar Momentum. A. P. Gel’man — 339. 

On the Theory of the Relativistic Transformations of 
the Wave Functions and Density Matrix of Particles 
with Spin. V. S. Popov — 794. 

Quantum Theory of Spatial Dispersion of Electric and 


Magnetic Susceptibilities. O. V. Konstantinov and V. I. 
Perel’ — 560. 


Quasiclassical Solutions of the Radial Dirac Equations. 
N. I. Zhirnov — 1148. 

Relativistic Spherical Functions. II. A. Z. Dolginov and 
I. N. Toptygin — 1022. 

Relativistic Spherical Functions III. A. Z. Dolginov and 
A. N. Moskalev — 1202. 

The Method of Dispersion Relations and Perturbation 
Theory. N. N. Bogolyubov, A. A. Logunov, and D. V. 
Shirkov — 574. 

Threshold Momentum Power Series Expansion of the 
Amplitude of a Reaction Involving the Formation of 
Low Energy Particles. I. T. Dyatlov — 947. 

Wave Equations with Zero and Nonzero Rest Masses. 
V. 1. Ogievetskii and I. V. Polubarinov — 335. 

Measurements (see Methods and Measurements) 

Mechanics 
Paramagnetic Absorption and Rotation of Plane of Po- 

larization for Certain Salts in the Microwave Band. 
A. I. Kurushin — 209L. 

Paramagnetic Resonance in Potassium Ozonide. A. K. 
Piskunov, A. A. Manenkov, and Z. A. Bagdasar’yan 
— 213L. 

Mechanics, Quantum (see Quantum Mechanics) 

Mechanics, Quantum — Atomic Structure and Spectra 
(see Atomic Structure and Spectra) 

Mechanics, Quantum — of Solid Bodies (see Crystalline 
State) 

Mechanics, Statistical (see Statistical Mechanics and 
Thermodynamics) 

Meson Field Theory (see Field Theory) 

Mesons and Hyperons (see also Cosmic Radiation; Ele- 
mentary Particle Interactions; Nuclear Reactions In- 
duced by Mesons; Scattering of Mesons) 

Analyticity and Unitarity in the Scattering of Scalar 
Mesons from a Static Nucleon. B. L. Ioffe — 1245. 

Angular Distribution of Shower Particles in Stars 
Produced by High-energy Particles. L. A. San’ko, 
Zh. S. Takibaev, Ts. I. Shakhova, and L. Ya. Balats 
— 1. 

Capture of »~ Mesons by Light Nuclei. B. L. Ioffe. 

Capture of Polarized Muons by Deuterons. A. P. Bu- 
khvostov and I. M. Shmushkevich — 1042L. 

Decay Processes in the Development of Nuclear Cas- 
cades in the Atmosphere. G. T. Zatsepin, S. I. Nikol’- 
skii, and A. A. Pomanskii — 138. 

Effect of the Hyperfine Structure on Polarization of 
Negative Muons in Mesic Atoms. L. B. Egorov, 

A. E. Ignatenko, and D. Chultém — 1077. 

Effect of Viscosity in Multiple Production on the En- 
ergy Distribution of Secondary Particles. A. A. 
Emel’yanov and D. S. Chernavskii — 753. 

Elastic Scattering of 5 —22 Mev 7* Mesons on Carbon. 
V. G. Kirillov-Ugryumov, L. P. Kotenko, E. P. Kuz- 
netsov, F. M. Sergeev, and A. F. Grashin — 907. 

Elastic Scattering of 390-Mev m* Mesons from Pro- 
tons. E. L. Grigor’ev and N. A. Mitin — 1123. 

Electromagnetic Mass of the K Meson. Chou Kuang- 
Chao and V. I. Ogievetskii — 616L. 

Energy Dependence of the Spatial Asymmetry of Posi- 
trons in t* ~*~ e* Decay. A. O. Vaisenberg, 

V. A. Smirnit-skii, E. D. Kolganova, and N. V. Rabin 


—231L. 
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Inelastic Collisions between Fast Polarized Particles 
and Atoms. V. V. Batygin and I. N. Toptygin — 975. 

Inelastic Interaction of 7* Mesons with Light Nuclei 
in the Energy Region 80 —300 Mev. A. G. Meshkov- 
skii and Ya. Ya. Shalamov — 697. 

Inelastic Scattering and Absorption of (195 + 15)-Mev 
Positive Pions by Carbon and Lithium Nuclei. N. I. 
Petrov, V. G. Ivanov and V. A. Rusakov — 682. 

Interaction of 9-Bev Protons with Free and Quasifree 
Nucleons in Photographic Emulsions. N. P. Bogachev, 
S. A. Bunyatov, I. M. Gramenitskii, V. B. Lyubimov, 
Yu. P. Merekov, M. I. Podgoretskili, V. M. Sidorovy, 
and D. Tuvdendorzh — 872. 

Investigation of the High-energy »-Meson Flux in 
Extensive Atmospheric Showers. S. N. Vernov, B. A. 
Khrenov, and G. B. Khristiansen — 891. 

Nonmesonic Decay of Hyperfragments. I. B. Berkovich, 
A. P. Zhdanov, F. G. Lepekhin, and Z. S. Khokhlova 
— 428. 

Note on a Baryon Scheme. H. Oiglane — 394L. 

Nuclear Interactions of 8.7-Bev Protons in Photo- 
graphic Emulsions. G. B. Zhdanov, V. M. Maksi- 
menko, M. I. Tret’yakova, and M. N. Shcherbakova 
— 442, 

On a Certain Possibility of Setting up a System of “Ele- 
mentary” Particles. I. V. Chuvilo — 994. 

On a Symmetry in 7 Decay. M. I. Shirokov — 232L. 

On an Estimate of Energy Characteristics of Shower 
Producing Particles. E. G. Boos and Zh. S. Takibaev 
— 206L. 

On Certain Singularities in the Interaction with Light 
Nuclei of Particles with Energies E = 2 x 10!” ev. 

N. L. Grigorov and V. Ya. Shestoperov — 816L. 

On Electromagnetic Correction in y-e Decay. V. P. 
Kuznetsov — 784. 

On Kg, Decay. L. B. Okun’ and E. P. Shabalin — 1252. 

On the Anomalous Magnetic! Moment of Nucleons in 
Chew’s Method. Yu. M. Lomsadze, V. I. Lend’el, and 
B. M. Ernst — 955. 

On the Connection of Isotopic Spin and Strangeness with 
the Behavior of Spinors under Inversion. A. M. Brod- 
skil and D. D. Ivanenko — 624L. 

On the Mechanism of Capture of Stopped K” Mesons. 
D. K. Kopylova, Yu. B. Korolevich, N. I. Petukhova, 
and M. I. Podgoretskil — 203. 

On the Problem of Investigating the Interaction between 
a Mesons and Hyperons. L. I. Lapidus and Chou 
Kuang-Chao — 199. 

Parity Nonconservation in Strong Interactions of Strange 
Particles. S. G. Matinyan — 736. 

Photoproduction of Neutral 7 Mesons on Hydrogen by 
y Quanta with Energy between the Threshold and 240 
Mev. R. G. Vasil’kov, B. B. Govorkov, and V. I. Gol’- 
danskii — 7. 

Photoproduction of mn? Mesons from Carbon near 
Threshold. R. G. Vasil’kov, B. B. Govorkov, and 
V. I. Gol’danskii — 818L. 

1 -p Interaction at 1.4 Bev. V. I. Ruskin — 74. 

Polarization Effects in the Direct Transition of pty™ 
into an Electron-Positron Pair. B. A. Lysov — 404L. 

Polarization Effect in the 1 —-e  +e*+ y Decay. B. K. 
Kerimov, A. I. Mukhtarov, and S. A. Gadzhiev — 407L. 


1318 


Production of K* Mesons by Cosmic-ray Protons at 
3250m Above Sea Level. M. Ya. Balats, P. I. Lebe- 
dev, and Yu. V. Obukhov — 417. 

Resonance Interaction of Pions. V. S. Barashenkov and 
V. M. Mal’tsev — 630L. 

The Formfactor and the Leptonic Decay Probability of 
the A Particle. Ho Tso-Hsiu — 1288L. 

The u—e+y and w—et+vt+pv+y Decays. Yu. 8. 
Krestnikov, A. G. Meshkovskil, Ya. Ya. Shalamov, 

Vv. A. Shebanov, and I. Yu. Kobzarev — 622L. 

The Number of Elementary Baryons and the Universal 
Baryon Repulsion Hypothesis. Ya. B. Zel’dovich 
— 403L. 

The Ultraviolet Asymptotic Value for the Interaction 
of K Mesons with Baryons. J. Wrzecionko — 69. 

Three-electron Decay of the Muon. I. I. Gurevich, B. A. 
Nikol’skil, and L. V. Surkova — 225L. 

Total Cross Section of Photoproduction of 7 Mesons on 
Protons at Low Energies. R. G. Vasil’kov and B. B. 
Govorkov — 224L. 

Metals (see Crystalline State) 
Metastable Atoms (see Atomic Structure and Spectra) 
Methods and Instruments 

Alpha Spectrum of the Natural Samarium Isotope Mix- 
ture. A. A. Vorob’ev, A. P. Komar, V. A. Korolev, 
and G. E. Solyankin — 386L. 

Capture Mechanism in Betatrons. I. M. Samoilov — 504. 
Electric Conductivity of the Explosion Products of Con- 
densed Explosives. A. A. Brish, M. S. Tarasov, and 

Vv. A. Tsukerman — 1095. 

Experiments in the Production of a New Fermium Iso- 
tope. V. P. Perelygin, E. D. Donets, and G. N. Flerov 
— 1106. 

Gamma Rays from a Po-O!® Neutron Source. E. M. 
Tsenter, A. G. Khabakhpashev, and I. A. Pirkin 
— 806L. 

Localization of a High-Frequency Induction Discharge. 
M. D. Raizer and S. E. Grebenshchikov — 398L. 

Minimal Error in the Experimental Observation of 
Asymmetry. N. P. Klepikov — 810L. 

Muon Depolarization in uw-Mesic Atoms with Deformed 
Nuclei. D. F. Zaretskii and V. M. Novikov — 1287L. 

On Certain Experiments with Metastable Liquids in an 
X-ray Beam. G. A. Askar’yan, L. P. Kotenko, E. P. 
Kuznetsov, and A. V. Samoilov — 1041L. 

On Certain Singularities in the Interaction with Light 
Nuclei of Particles with Energies E = 2 x 10! ey. 

N. L. Grigorov, and V. Ya. Shestoperov — 816L. 

On the Measurement of the Momentum of Fast Particles 
and the Investigation of Nuclear Interaction in the 10!” 
—10'* ev Energy Range. M. I. Daion and V. Kh. Volyn- 
skii — 648. 

Possibility of Measuring the Velocity of Propagation 
of Gravitation in the Laboratory. I. L. Bershtein and 
M. E. Gertsenshtein — 1293L. 

Quantum-mechanical Semiconductor Generators and 
Amplifiers of Electromagnetic Oscillators. N. G. 
Basov, B. M. Vul, and Yu. M. Popov — 416L. 

Search for Particles with Mass between 6 and 25 Elec- 
tron Masses. A. S. Belousovy, S. V. Rusakov, E. I. 
Tamm, and P. A. Cerenkov — 1143. 

Use of Slow Molecules in a Maser. N. G. Basov and 


A. N. Oraevskii — 761. 

Use of the (d, p) Reaction to Excite States with Large 
Spins. V. G. Neudachin, I. B. Teplov, and A. F. Tuli- 
nov — 387L. 

Microwaves 

Fine Structure in the Paramagnetic Resonance Spec- 
trum of Natural Sapphire. V. M. Vinokurov, M. M. 
Zaripov, and N. R. Yafaev — 220L. 

Growth of Electromagnetic Waves in Interpenetrating 
Infinite Moving Media. G. G. Getmantsev — 600. 

Paramagnetic Absorption and Rotation of Plane of Po- 
larization for Certain Salts in the Microwave Band. 
A. I. Kurishin — 209L. 

Raman Scattering of Electromagnetic Waves in Ferro- 
magnetic Dielectrics. F. G. Bass and M. I. Kaganov 
— 986. 

Use of Slow Molecules in a Maser. N. G. Basov and 
A. N. Oraevskii — 761. 

Miscellaneous 

Condensation of a Cloud of Vaporized Matter Expand- 
ing in Vacuum. Yu. P. Raizer — 1229. 

Directed Emission of Particles from a Copper Single 
Crystal Sputtered by Bombardment with Ions up to 
50 Kev Energy. V. E. Yurasova, N. V. Pleshivtsev, 
and I. V. Orfanov — 689. 

Molecular Structure and Spectra 

Classification of Molecular Terms with Respect to 
Total Nuclear Spin. E. G. Kaplan — 747. 

Mesic Molecular Processes in Hydrogen. V. B. Belyaev, 
S. S. Gershtein, B. N. Zakhar’ev, and S. P. Lomnev a 
— ellie ; 

The Dynamical Character of the Jahn-Teller Effect 
and Its Influence on the Paramagnetic Resonance 
of Cu**. V. I. Avvakumov — 723. 

Moments, Nuclear (see Nuclear Moments and Spin) 
Neutrino 

Electron and Muon Neutrinos. B. Pontecorvo — 1236. 

Emission of Neutrino Pairs by Electrons and the Role 
Played by it in Stars. G. M. Gandel’man and V. S. 

Pinaev — 764. 

On Two Types of Neutrinos, the Isotopic Spin of Lep- 
tons, and the Universal Four-Fermion Interaction. 
E. M. Lipmanov — 750. 

Second-forbidden Coulomb 8 -Decay Transitions. Yu. 
V. Gaponov — 109. 

Neutrons (see Elementary Particle Interactions) 
Nuclear Fission 

Angular Anisotropy of Gamma Quanta that Accompany 
Fission. V. M. Strutinskii — 613L. 

Angular Distribution of Fission Fragments in Fission 
Induced by Heavy Ions. V. A. Druin, Yu. V. Lobanov, 
and S. M. Polikanov — 26. 

Comparison of Effective Temperatures of Spectra of 
Neutrons Emitted in Fission of U??> and p239 by Fast 
and Thermal Neutrons. G. N. Smirenkin — 1286L. 

Cross Section for Production of Fm” in the Reactions 
Put (C13, 4n) Fm? and U8 (08, 4n) Fm, vy. v. 
Volkov, L. I. Guseva, B. F. Myasoedov, N. I. Taran- 
tin, and K. V. Filippova — 859. 

Experiments in the Production of a New Fermium Iso- 


tope. V. P. Perelygin, E. D. Donets, and G. N. Flerov 
— 1106. 


Fission of Th?*2 Induced by Thermal Neutrons. E. I. 
Korneev, V. S. Skobkin, and G. N. Flerov — 29. 

Fragmentation on Bismuth Nuclei. V. F. Darovskikh, 
N. P. Kocherov, and N. A. Perfilov — 921. 

Some Features of the Spontaneous Fission of U238. 183, DY, 
Kuz’minov, L. S. Kutsaeva, V. G. Nesterov, L. I. Pro- 
khorova, and G. N. Smirenkin — 290. 

Spontaneous Fission of Am*!, v. L. Mikheev, N. K. 
Skobelev, V. A. Druin, and G. N. Flerov — 612L. 

Nuclear Moments and Spin 

Clustering of Nucleons in Light Nuclei. V. G. Neudachin, 
Yu. F. Smirnov, and N. P. Yudin — 1256. 

Excitation of Vibrational Levels in Nuclei by Charged 
Particles. A. D. Piliya — 1018. 

Measurements of Nuclear Magnetic Moments in the Al- 
kali Earths by Moiecular Beam Magnetic Resonance. 
A. G. Kucheryaev, Yu. K. Szhenov, and Sh. M. Gogi- 
chaishvili — 412L. 

Measurement of the Polarization of Deuterons in the 
Reaction p +p —d+17* at Proton Energies of 670 
Mev. Yu. K. Akimov, K. S. Marish, O. V. Savchenko, 
and L. M. Soroko — 33. 

Nuclear Moments of the Odd Isotopes of Gadolinium. 
N. I. Kaliteevskii, M. P. Chaika, I. Kh. Pacheva, and 
E. E. Fradkin — 629L. 

On the Theory of the Nuclear Moment of Inertia. Yu. K. 
Khokhlov — 808L. 

Optical Anisotropy of Atomic Nuclei. A. M. Baldin 
—. 142. 

Radioactive Decay of Ag!!9™, N. M. Anton’eva, A. A. 
Bashilov, and E. K. Kulakovskii — 1063. 

The Spectrum of Internal Conversion Electrons Accom- 
panying Alpha Decay of u83 and the Level Scheme of 
Th??, E. F. Tret’yakov, M. P. Anikina, L. L. Gol’din, 
G. I. Novikova, and N. I. Pirogova — 656. 

Use of the (d, p) Reaction to Excite States with Large 
Spins. V. G. Neudachin, I. B. Teplov, and A. F. Tuli- 
nov — 387L. 

Nuclear Photoeffects 

Fast Photoneutrons from Be’, C!? and Al?". L. A. 
Kul’chitskii and V. Presperin — 1082. 

On Certain Singularities in the Interaction with Light 
Nuclei of Particles with Energies E = 2 x 10'? ey. 

N. L. Grigorov and V. Ya. Shestoperov — 816L. 

On the Fine Structure of the Giant Resonance. N. A. 
Burgov, G. V. Danilyan, B. S. Dolbilkin, L. E. Lazar- 
eva, and F. A. Nikolaev — 1278L. 

On the Influence of the Pauli Principle and of Short- 
Range Nuclear Forces on the Absorption of Photons 
by Nuclei in the Oscillator Model. V. A. El’tekov 
— 830L. 

On the Theory of the Direct Nuclear Photoeffect. Yu. 
V. Orlov — 1294L. 

Optical Anisotropy of Atomic Nuclei. A. M. Baldin 
— 142. 

Spectrum of Photo Protons Produced by Gamma Rays 
in the Narrow 82 —89 Mev Energy Range. E. B. Ba- 
zhanov — 267. 

Nuclear Reactions, General 

Angular and Polarization Analyses of Reactions of the 
Type a+b—atb’+c’. V.I. Ritus — 153. 

Angular Distribution of Long-range Alpha Particles, 
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Connected with the Fission Forces. N. A. Perfilov 
and Z. I. Solov’eva — 824L. 

Circular Polarization of Gamma Quanta Emitted by a 
Nucleus after u~ Capture. I. S. Shapiro and L. D. 
Blokhintsev — 542, 

Coulomb Excitation of Odd-mass Nuclei by Multiply- 
charged Ions. D. G. Alkhazov, A. P. Grinberg, G. M. 
Gusinskii, K. I. Erokhina, and I. Kh. Lemberg — 1086. 

Cross Section for Production of Cm??? by Irradiation 
of Th?2 with cl? and C}® Jons. L. I. Guseva, B. F. 
Myasoedov, N. I. Tarantin, and K. V. Filippova 
— 694. 

Cross Section for Production of Fm**” in the Reactions 
Put (C8, 4n) Fm and U8 (o!8, 4n) Fm™?,- V. V. 
Volkov, L. J. Guseva, B. F. Myasoedovy, N. I. Taran- 
tin, and K. V. Filippova — 859. 

Emitters of a- Particles with Energies of About 9 and 
12 Mev. V. A. Karnaukhoy, V. I. Khalizev, and G. N. 
Flerov — 901. 

Excitation of Vibrational Levels in Nuclei by Charged 
Particles. A. D. Piliya — 1018. 

Experiments in the Production of a New Fermium Iso- 
tope. V. P. Perelygin, E. D. Donets, and G. N. Flerov 
— 1106. 

Fragmentation on Bismuth Nuclei. V. F. Darovskikh, 
N. P. Kocherov, and N. A. Perfilov — 921. 

Gamma Rays from a Po-O!® Neutron Source. E. M. 
Tsenter, A. G. Khabakhpashev, and I. A. Pirkin 
— 806L. 

Measurement of the Intensity Ratio of Transitions to 
the First Excited Levels of the Daughter Nuclei in 
the Decay of U2*8 and U?34. A. A. Vorob’ev, A. P. 
Komar, and V. A. Korolev — 1032L. 

Muon Depolarization in u -Mesic Atoms with Deformed 
Nuclei. D. F. Zaretskii and V. M. Novikov — 1287L. 

Nuclear Reactions Induced by Heavy Ions. J. H. Fremlin 
and J. S. Lille — 229L. 

On the Cross Section for Compound-Nucleus Formation 
by Charged Particles. A. D. Piliya — 413L. 

On the Determination of Nuclear Deformation from the 
Alpha-Decay Fine Structure. V. G. Nosov — 631L. 

On the Mechanism of Capture of Stopped K” Mesons. 
D. K. Kopylova, Yu. B. Korolevich, N. I. Petukhova, 
and M. I. Podgoretskii — 203. 

Production of Compound Nuclei by Bombardment of V 
and Nb with O!®, c!?, and Cc!’ Ions. A. S. Karamyan 
and A. A. Pleve — 467. 

Scattering of Electrons by Light Nonspherical Nuclei. 
E. V. Inopin and B. I. Tishchenko — 932. 

Threshold Momentum Power Series Expansion of the 
Amplitude of a Reaction Involving the Formation of 
Low-energy Particles. I. T. Dyatlov — 947. 

Nuclear Reactions Induced by Alpha Particles and He’. 

Excitation of Rotational States of Nonaxial Nuclei in 
Alpha-Particle Scattering. E. A. Romanovskil — 606L. 

Gamma Rays from a Po—o!® Neutron Source. E: M. 
Tsenter, A. G. Khabakhpashev, and I. A. Pirkin 
— 806L. 

Nuclear Reactions Induced by Deuterons and Tritons 

(d, t) Reactions on Ii’ Ait sand Be® Nuclei. N. A. 
Vlasov and A. A. Ogloblin — 39. 

The (d,t) Reaction on C!?, F!%, and Al’’ Nuclei. 
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N. A. Vlasov, S. P. Kalinin, A. A. Ogloblin, and V. I. 
Chuev — 844. 
Use of the (d, p) Reaction to Excite States with Large 
Spins. V. G. Neudachin, I. B. Teplov, and A. F. Tulinov 
— 387L. 
Nuclear Reactions Induced by Mesons 


Capture of u~ Mesons by Light Nuclei. B. L. Ioffe — 113. 


Capture of Polarized Muons and Deuterons. A. P. Bu- 
khvostov and I. M. Shmushkevich — 1042L. 

Circular Polarization of Gamma Quanta Emitted by a 
Nucleus after w~ Capture. I. S. Shapiro and L. D. 
Blokhintsev — 542. 

Inelastic Scattering and Absorption of (195 415)-Mev 
Positive Pions by Carbon and Lithium Nuclei. N. I. 
Petrov, V. G. Ivanov, and V. A. Rusakov — 682. 

Nonmesonic Decay of Hyperfragments. I. B. Berkovich, 
A. P. Zhdanov, F. G. Lepekhin, and Z. S. Khokhlova 
— 428. 

On the Absorption of 7 Mesons with Energies of About 
50 Mev by Carbon Nuclei. J. V. Laberrigue-Frolova, 
M. P. Balandin, and S. Z. Otvinovskii — 452. 

Production of Multiply-charged Particles on Photo- 
graphic Emulsion Nuclei by 280-Mev Positive Pions. 
N. S. Ivanova, V. I. Ostroumov, and Yu. V. Pavlov 
— 1137. 

Nuclear Reactions Induced by Neutrons 

Comparison of Effective Temperatures of Spectra of 
Neutrons Emitted in Fission of U?®> and Pu?%? by 
Fast and Thermal Neutrons. G. N. Smirenkin — 1286L. 

Polarization of Neutrons from the T (p, n) He? Reaction 
and Protons from the He® (n, p) T Reaction. K. P. 
Artemov, N. A. Vlasov, and L. N. Samoilov — 841. 

Possibility of Investigating the Levels of a Compound 
Nucleus Produced by Interaction between Slow Neu- 
trons and Isomers. Yu. V. Petrov — 833L. 

Radiative Capture of Neutrons. D. F. Zaretskii — 772. 

Nuclear Reactions Induced by Protons 

Angular Distribution of Shower Particles in Stars Pro- 
duced by High-energy Particles. L. A. San’ko, Zh. S. 
Takibaev, Ts. I. Shakhova, and L. Ya. Balats — 1. 

Fragmentation on Bismuth Nuclei. V. F. Darovskikh, 
N. P. Kocheroy, and N. A. Perfilov — 921. 

Interaction of 9-Bev Protons with Free and Quasifree 
Nucleons in Photographic Emulsions. N. P. Bogachev, 
S. A. Bunyatov, I. M. Gramenitskii, V. B. Lyubimov, 
Yu. P. Merekov, M. I. Podgoretskii, V. M. Sidorov, 
and D. Tuvdendorzh — 872. 

Knock-on Alpha Particles Produced by Fast Nucleons. 
V.I. Ostroumov and R. A. Filov — 459. 

Nuclear Interactions of 8.7-Bev Protons in Photographic 
Emulsions. G. B. Zhdanov, V. M. Maksimenko, M. I. 
Tret’yakova, and M. N. Shcherbakova — 442. 

Polarization of Neutrons from the T(p, n) He® Reac- 
tion and Protons from the He® (n, p) T Reaction. 

K. P. Artemov, N. A. Vlasov, and L. N. Samoilov 
— 841. 

Potential Barrier Criterion and Stars in Emulsions. 
P. I. Fedotov — 674. 

Production of Multiply-charged Particles on Photo- 
graphic Emulsion Nuciei by 280-Mev Positive Pions. 
N.S. Ivanova, V. I. Ostroumoyv, and Yu. V. Pavlov 
— 1137. 
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Recoil Nuclei from the Disintegration of Silver by Fast 
Protons. N. L. Borisova, M. Ya. Kuznetsova, L. N. j 
Kurchatova, V. N. Mekhedov, and L. V. Chistyakov 
— 261. 

Results of a Study of the Disintegration of Carbon Nuclei 
by 660-Mev Protons. A. P. Zhdanov and P. I. Fedotov 
— 280. 

Total Cross Section of Photoproduction of 7 Mesons 
on Protons at Low Energies. R. G. Vasil’kov and B. B. 
Govorkov — 224L. 

Use of the (d, p) Reaction to Excite States with Large 
Spins. V. G. Neudachin, I. B. Teplov, and A. F. Tuli- 
nov — 387L. 

Nuclear Scattering (see Scattering) 
Nuclear Spectra 

Alpha Decay of Th??°. Interaction of Nuclear Levels. 

L. L. Gol’din, G. I. Novikova, N. I. Pirogova, and E. F. 
Tret’yakov — 822L. 

Application of the Variational Principle for the Deter- 
mination of the Binding Energy of a Proton-Electron- 
Positron System. V. P. Shmelev — 325. 

Calculation of Energy Levels of Te? and Bi?!® Nuclei. 
L. A. Sliv and Yu. I. Kharitonov — 819L. 

Comparison of Effective Temperatures of Spectra of 
Neutrons Emitted in Fission of U7 and Pu?’ by 
Fast and Thermal Neutrons. G. N. Smirenkin — 1286L. : 

Coulomb Excitation of Odd-mass Nuclei by Multiply- 4) 
charged Ions. D. G. Alkhazov, A. P. Grinberg, G. M. 
Gusinskii, K. I. Erokhina, and I. Kh. Lemberg — 1086. 

Effect of the Hyperfine Structure on Polarization of 
Negative Muons in Mesic Atoms. L. B. Egorov, A. E. 
Ignatenko, and D. Chultém — 1077. 

Electric Quadrupole Gamma Transitions in Even-even 
Nuclei. N. N. Delyagin — 605L. 

Experiments in the Production of a New Fermium Iso- 
tope. V. P. Perelygin, E. D. Donets, and G. N. Flerov 
— 1106. 

Gamma Rays from a Po-O!*® Neutron Source. E. M. 
Tsenter, A. G. Khabakhpashev, and I. A. Pirkin 
— 806L. 

Intensity Rules for Beta Transitions to Different Rota- 
tional States of Even-even Daughter Nuclei. A. S. 
Davydov — 98. 

Measurement of the Intensity Ratio of Transitions to 
the First Excited Levels of the Daughter Nuclei in the 
Decay of u*88 and U4, A. A: Vorob’ev, A. P. Komar, 
and V. A. Korolev — 1032L. 

Measurement of the Lifetime of the First Excited State 
of Ne**, AG? Khabakhpashev and E. M. Tsenter 
— 105% 

Multipolarities of Gamma Transitions in Tm!®, v. mM. 
Kel’man, R. Ya. Metskhvarishvili, B. K. Preobra- 
zhenskii, V. A. Romanov, and V. V. Tuchkevich — 456. 

O*—O* Transition in the Decay Pr!49 — Ce!49, B. gs, 
Dzhelepov, I. F. Uchevatkin, and S. A. Shestopalova 
— 611L. 

On the Decay Scheme of the Bi2!9 Isomer. S. V. Gole- 
netskil, L. I. Rusinov, and Yu. I. Filimonov — 395L. 

On the Nucleon + Core Model of the Nucleus with a 
Vibrational Excitation Spectrum of the Core. D. P. 
Grechukhin — 730. 

On the Rotational Levels of Li’. V. I. Mamasakhlisov 


and T. I. Kopaleishvili — 807L. 

Optical Anisotropy of Atomic Nuclei. A. M. Baldin 
— 142. 

Positron Spectrum of Eu!®* and Eu!2M, S. F. Antonova, 
S. S. Vasilenko, M. G. Kaganskii, and D. L. Kaminskii 
— 477. 

Production of Compound Nuclei by Bombardment of V 
and Nb with O'%, c!?, and C!3 Ions. A. S. Karamyan 
and A. A. Pleve — 467. 

Radiative Capture of Neutrons. D. F. Zaretskii — 772. 

Radioactive Decay of Ac?’ and Excited Levels of Fr223 
and Th", G. I. Novikova, E. A. Volkova, L. L. Gol’din, 
D. M. Ziv, and E. F. Tret’yakov — 663. 

Resonance Scattering of Gamma Quanta by Mg*4, I. Sh. 
Vashakidze, T. I. Kopaleishvili, and G. A. Chilashvili 
— D030. 

Resonance Scattering of Gamma Quanta on Cd!!4 Nuclei. 
N. N. Delyagin — 837. 

The (d,t) Reaction on C', F!®, and Al?’ Nuclei. N. A. 
Vlasov, S. P. Kalinin, A. A. Ogloblin, and V. I. Chuev 
— 844. 

The Spectrum of Internal Conversion Electrons Accom- 
panying Alpha Decay of U?** and the Level Scheme of 
Th”. E. F. Tret’yakov, M. P. Anikina, L. L. Gol’din, 
G. I. Novikova, and N. I. Pirogova — 656. 

Transition Probabilities between Rotational States of 
Non-Axial Odd Nuclei. Wang Ling — 821L. 

Nuclear Structure Theory 

Angular Distribution and Polarization of Beta Particles 
in Second Forbidden Transitions. A. Z. Dolginov and 
E. V. Kharitonov — 558. 

Angular Distribution of Long-range Alpha Particles 
Connected with the Fission Process. N. A. Perfilov 
and Z. I. Solov’eva — 824L. 

Calculation of Energy Levels of Te? and Bi?!® Nuclei. 
L. A. Sliv and Yu. I. Kharitonov — 819L. 

Clustering of Nucleons in Light Nuclei. V. G. Neudachin, 
Yu. F. Smirnov, and N. P. Yudin — 1256. 

Contribution of Three-particle Forces to the Binding 
Energy of Hypernuclei. V. A. Lyul’ka and V. A. Fili- 
monov — 1015. 

Distribution of the Density of Protons in a Nucleus with 
a Given Angular Momentum. L. P. Rapoport and S. G. 
Kadmenskil — 929. 

Electric Quadrupole Gamma Transitions in Even-even 
Nuclei. N. N. Delyagin — 605L. 

Excitation of Rotational States of Nonaxial Nuclei in 
Alpha-particle Scattering. A. E. Romanovskii — 606L. 

Excitation of Vibrational Levels in Nuclei by Charged 
Particles. A. D. Piliya — 1018. 

Ground States of Nonspherical Odd Nuclei According 
to the Independent-particle Model. D. A. Zaikin — 381. 

Measurement of the Lifetime of the First Excited State 
of Ne2!. A. G. Khabakhpashev and E. M. Tsenter 
== '705: 

On a Certain Possibility of Investigation of the Struc- 
ture of Nucleons and Nuclei. N. G. Birger and Yu. A. 
Smorodin — 964. 

On the Nucleon + Core Model of the Nucleus with a Vi- 
brational Excitation Spectrum of the Core. D. P. 
Grechukhin — 730. 

On the Rotational Levels of Li’. V. I. Mamasakhlisov 
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and T. I. Kopaleishvili — 807L. 

On the Theory of the Nuclear Moment of Inertia. Yu. K. 
Khokhlov — 808L. 

Radioactive Decay of Ac?*’ and Excited Levels of Fr223 
and Th". G. I. Novikova, E. A. Volkova, L. L. Gol’din, 
D. M. Ziv, and E. F. Tret’yakov — 663. 

Reduced Widths for Nucleon Associations in the Shell 
Model of the Nucleus. V. V. Balashov, V. G. Neudachin, 
Yu. F. Smirnov, and N. P. Yudin — 983. 

Resonance Scattering of Gamma Quanta by Mg"*, I. Sh. 
Vashakidze, T. I. Kopaleishvili, and G. A. Chilashvili 
— 535. 

Scattering of 5— 10 Mev Protons on He®. K. P. Arte- 
mov, S. P. Kalinin, and L. N. Samoilov — 474. 

Superfluidity and the Moments of Inertia of Nuclei. 

A. B. Migdal — 176. 

The Energy of a Compressed Imperfect Fermi Gas. 
D. A. Kirzhnits — 414L. 

The Spectrum of Internal Conversion Electrons Accom- 
panying Alpha Decay of U?#3 and the Level Scheme of 
The nee Tret’yakov, M. P. Anikina, L. L. Gol’din, 
G. I. Novikova, and N. I. Pirogova — 656. 

Transition Probabilities between Rotational States of 
Nonaxial Odd Nuclei. Wang Ling — 821L. 

Optical Instruments (see Methods and Instruments) 
Optical Properties 

Faraday Effect in Semiconductors on Free Carriers 
in a Strong Magnetic Field. L. E. Gurevich and I. P. 
Ipatova — 948. 

Light Waves in Crystals in the Exciton Absorption Re- 
gion and the Impurity Photoeffect. I. M. Dykman and 
S. I. Pekar — 361. 

Measurement of Energy Loss of Fast Electrons Pene- 
trating through Matter. N. A. Grishaev, A. N. Fisun, 
A. 8S. Litvinenko, V. N. Grizhko, B. I. Shramenko, 
and I. N. Onishchenko — 1031L. 

On the Connection between the Optical Constants of 
Metals and their Microscopic Characteristics. G. P. 
Motulevich — 1249. 

Simple Method for Computing the Mean Range of Radi- 
ation in Ionized Gases at High Temperatures. Yu. P. 
Raizer — 769. 

Pair Production (see Electrons and Positrons) 
Phosphors and Phosphorescence (see Luminescence; 

Semiconductors) 

Photoconductivity (see Electrical Conductivity and Re- 
sistance) 

Photodisintegration (see Nuclear Photoeffects) 

Photoelectric Effect (see Electrical Properties) 

Photography and Photographic Emulsions (see Methods 
and Instruments; Optical Properties) 

Photometry (see Methods and Instruments; Optical 

Properties) 

Photons (see Radiation) 

Photovoltaic Effect (see Electrical Properties; Semi- 
conductors) 

Piezoelectric Effect (see Dielectrics and Dielectric 

Properties) 

Polarization, Electrical (see Dielectrics and Dielectric 

Properties) 

Positrons (see Electrons and Positrons) 
Probability (see Mathematical Methods) 
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Protons (see Elementary Particle Interactions) 
Quantum Electrodynamics (see also Field Theory) 

Application of the Dispersion Relations Method in 
Quantum Electrodynamics. V. Ya. Fainberg — 968. 

Dispersion Relations for the Scattering of Gamma 
Quanta by Nucleons. L. I. Lapidus and Chou Kuang- 
Chao — 12138. 

Dispersion Relations for the Virtual Compton Effect. 

I. S. Zlatev and P. S. Isaev — 519. 

Effect of Multiple Scattering on Pair Production by 
High-energy Particles ina Medium. F. F. Ternovskii 
— 718. 

Effect of Vacuum Fluctuations on the Polarization of 
Electrons Moving in a Magnetic Field. I. M. Ternov 
and V. S. Tumanov —-809L. 

Electron-electron Scattering and Quantum Electrody- 
namics at Small Distances. G. V. Avakov — 604L. 

Numerical Solution of Static Dispersion Relations of 
the Photoproduction P Wave. L. D. Solov’ev and 
G. N. Tentyukova — 634L. 

On Electromagnetic Corrections in y-e Decay. V. P. 
Kuznetsov — 784. 

On the Masses of the Muon and the Electron. Ya. B. 
Zel’dovich — 1283L. 

On the Polarization of the Electrons in Bremsstrahlung 
Processes. A. A. Kresnin — 621L. 

On the Two-charge Renormalization Group in Scalar 
Quantum Electrodynamics. V. A. Shakhbazyan — 1263. 

Pair Production in Collisions between Charged Par- 
ticles. F. F. Ternovskil — 565. 

Passage of Particles through a Plasma. A. I. Larkin 
— 186. 

Polarization Effects in the Direct Transition of p*y7 
into and Electron-positron Pair. B. A. Lysov — 404L. 

Polarization Effects in the 7’ — e~ + e*+y Decay. 

B. K. Kerimoy, A. I. Mukhtarov, and S. A. Gadzhiev 
— 407L. 

Polarization Phenomena in Radiative Collisions of Two 
Electrons. V. L. Lyuboshitz — 1221. 

The Method of Dispersion Relations and Perturbation 
Theory. N. N. Bogolyubov, A. A. Logunov, and D. V. 
Shirkov — 574. 

Use of Dispersion Relations for a Test of Quantum 
Electrodynamics at Small Distances. I. S. Zlatev 
and P. 8S. Isaev — 826L. 

Quantum Mechanics 

Application of the Variational Principle for the Deter- 
mination of the Binding Energy of a Proton-Electron- 
Positron System. V. P. Shmelev — 325. 

Concentration of Charged Particles in Plasma of Spark- 
discharge Channel. A. A. Mak — 1055L. 

Contribution to the Theory of Relativistically Invariant 
Equations. L. A. Shelepin — 1153. 

On the Conditions of Applicability of Statistical Formu- 
las to a Degenerate Fermi Gas. Ya. B. Zel’dovich 
and E. M. Rabinovich — 924. 

On the Lagrangian Formalism for Spin Variables. D. V. 
Volkov and S. V. Peletminskiil — 121. 

On the Phase of the Scattered Wave (a Reply to V. V. 
Malyarov). F. S. Los’ — 836L. 

On the Relativistic Operators for Momentum and Angu- 
lar Momentum. A. P. Gel’man — 339. 


On the Theory of the Relativistic Transformations of 
the Wave Functions and Density Matrix of Particles 
with Spin. V. S. Popov — 794. 

Quantum Theory of Spatial Dispersion of Electric and 
Magnetic Susceptibilities. O. V. Konstantinov and 
Vv. L. Perel’ — 560. 

Quasiclassical Solutions of the Radial Dirac Equations. 
N. I. Zhirnov — 1148. 

Resonance Charge Exchange of Doubly Charged Ions 
in Slow Collisions, I. K. Fetisov and O. B. Firsov 
— 61. 

The Dynamical Character of the Jahn-Teller Effect 
and its Influence on the Paramagnetic Resonance of 
Cut*. V. 1. Avvakumov — 723. 

The Energy of a Compressed Imperfect Fermi Gas. 

D. A. Kirzhnits — 414L. 
The Non-additivity of London-Van der Waals Forces. 
L. I. Podlubnyi — 633L. 
Quenching of Radiation (see Radiation) 
Radar (see Methods and Instruments; Radiation) 
Radiation (see also Range and Energy Loss of Particles) 
Coherent Electron Radiation in the Synchrotron. II. 
L. V. Iogansen and M. S. Rabinovich — 83. 

Energy Lost to Radiation in a Gas-discharge Plasma. 
V. D. Kirillov: — 812L. 

Field of a Charged Particle in a Moving Medium. 

B. M. Bolotovskii and A. A. Rukhadze — 958. 

Limits of Applicability of the Theory of Transition 
Radiation. G. M. Garibyan and I. Ya. Pomeranchuk 
— 1290L. 

Mechanism for the Production of Relativistic Electrons 
in the Atmospheres of Nonstationary Stars. I. M. 
Gordon — 608L. 

Nonresonance Absorption of Electromagnetic Waves 
in a Magnetoactive Plasma. B. N. Gershman — 497. 

On the Polarization of the Electrons in Bremsstrahlung 
Processes. A. A. Kresnin — 621L. 

Radiative Processes Ahead of a Shock-wave Front. 

L. M. Biberman and B. A. Veklenko — 117. 

Raman Scattering of Electromagnetic Waves in Ferro- 
magnetic Dielectrics. F. G. Bass and M. I. Kaganov 
— 986. 

Shortwave Radiation from a Vacuum Spark. S. V. Lebe- 
dev, S. L. Mandel’shtam, and G. M. Rodin — 248. 

Simple Method for Computing the Mean Range of Radia- 
tion in Ionized Gases at High Temperatures. Yu. P. 
Raizer — 769. 

Use of Slow Molecules in a Maser. N. G. Basov and 
A. N. Oraevskii — 761. 

Radioactivity 

Angular Correlation in Internal Conversion, Including 
Effects of Scattering and of the Finite Size of the Nu- 
cleus. A. K. Ustinova — 216L. 

Angular Distribution and Polarization of Beta Particles 
in Second Forbidden Transitions. A. Z. Dolginov and 
E. V. Kharitonov — 553. 

Alpha Decay of Th’*. Interaction of Nuclear Levels. 
L. L. Gol’din, G. I. Novikova, N. I. Pirogova, and 
E. F. Tret’yakov — 822L. 

Beta Decay of the Negative Muon. Yu. A. Budagov, 

S. Viktor, V. P. Dzhelepov, P. F. Ermolov, and V. I. 
Moskalev — 625L. 


Cross Section for Production of Cm74° by Irradiation 
of Th??? with c!? and c® Ions. L. L Guseva, B. F. 
Myasoedov, N. I. Tarantin, and K. V. Filippova — 694. 

Decay of Te’! (Ty, = 30 Hours). A. Bedescu, K. P. 
Mitrofanov, A. A. Sorokin, and V. S. Shpinel’ — 221L 

Emitters of a-Particles with Energies of about 9 and 
12 Mev. V. A. Karnaukhov, V. I. Khalizev, and G. N. 
Flerov — 901. 

Experiments in the Production of a New Fermium Iso- 
tope. V. P. Perelygin, E. D. Donets, and G. N. Flerov 
— 1106. 

Forbidden Transitions in the Deformed Tm!® Nucleus. 
E. E. Berlovich, V. N. Klement’ev, V. G. Fleisher, 

O. V. Larionov, F. Sh. Murtazin, and D. A. Apostolov 
— 855. 

Gamma Rays from a Po-O!* Neutron Source. E. M. 
Tsenter, A. G. Khabakhpashev, and I. A. Pirkin 
— 806L. 

Intensity Rules for Beta Transitions to Different Rota- 
tional States of Even-even Daughter Nuclei. A. S. 
Davydov — 98. 

Measurement of the Degree of Longitudinal Polariza- 
tion of Beta Particles. L. A. Mikaélyan and P. Ya. 
Spivak — 831L. 

Polarization $-y Correlation in Beta Decay of Co, 

M. I. Lobashev, V. A. Nazarenko, and L. I. Rusinov 
— 1277L. 

Positron Spectrum of Eu!®? and Eu!®™, s, F. Antonova, 
S. S. Vasilenko, M. G. Kaganskii, and D. L. Kaminskil 
— 477. 

Radioactive Decay of Ac““' and Excited Levels of Fr 
and Th?2", G. I. Novikova, E. A. Volkova, L. L. Gol’- 
din, D. M. Ziv, and E. F. Tret’yakov — 663. 

Radioactive Decay of Ag!!°™. N. M. Anton’eva, A. A. 
Bashilov, and E. K. Kulakovskii — 1063. 

Second Forbidden Coulomb Beta-decay Transitions. 
Yu. V. Gaponov — 109. 

The Proton Subshell Z =100. N. N. Kolesnikov and 
A. P. Krylova — 389L. 

The Spectrum of Internal Conversion Electrons Accom- 
panying Alpha Decay of u83 and the Level Scheme of 
fies eke Te Tret’yakov, M. P. Anikina, L. L. Gol’din, 
G. I. Novikova, and N. I. Pirogova — 656. 

Transition Radiation Effects in Particle Energy Losses. 
G. M. Garibyan — 372. 

Transition Radiation in Waveguides. K. A. Barsukov 
— 787. 

Range and Energy Loss of Particles 

Collective Losses of Fast Electrons in Passage through 
Matter. V. P. Silin — 192. 

Field of a Charged Particle in a Moving Medium. B. M. 
Bolotovskii and A. A. Rukhadze — 958. 

Limits of Applicability of the Theory of Transition Ra- 
diation. G. M. Garibyan and I. Ya. Pomeranchuk 
— 1290L. 
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trating through Matter. N. A. Grishaev, A. N. Fisun, 
A. §. Litvinenko, V. M. Grizhko, B. I. Shramenko, 
and I. N. Onishchenko — 1031L. 

On Certain Singularities in the Interaction with Light 
Nuclei of Particles with Energies E = 2 x 10" ev. 

N. L. Grigorov and V. Ya. Shestoperov — 816L. 
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Range-energy Relation for Some Substances. M. Ze 
Maksimov — 90. ' 

Transition Radiation Effects in Particle Energy Losses. 
G. M. Garibyan — 372. 

Rectifiers (see Electrical Conductivity and Resistance; 
Relativity and Gravitation 

A Generally Covariant Method of Successive Approxi- 
mations in General Relativity. I. I. Gutman — 1162. 

Absorption of Sound and the Width of Shock Waves in 
Relativistic Hydrodynamics. M. T. Zhumartbaev 
== filial. 

Contribution to the Theory of Relativistically Invariant 
Equations. L. A. Shelepin — 1153. 

On Linear Theories of Gravitation. V. I. Pustovoit 
— oll E 

On the Distribution Function for Dissipative Processes 
in a Rarefied Relativistic Gas. S. S. Moiseev — 391L. 

Possibility of Measuring the Velocity of Propagation 
of Gravitation in the Laboratory. I. L. Bershtein and 
M. E. Gertsenshtein — 1293L. 

Propagation of a Strong Electromagnetic-gravitational 
Wave in Vacuo. A. S. Kompaneets — 1218. 

Relativistic Spherical Functions. I]. A. Z. Dolginov and 
I. N. Toptygin — 1022. 

Relativistic Spherical Functions, III. A. Z. Dolginov 
and A. N. Moskalev — 1202. 

Taking Account of the Gravitational Energy. D. D. 
Ivanenko and N. V. Mitskevich — 618L. 
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Resonance Radiation (see Radiation) 
Scattering, General (see also Elementary Particle In- 
teractions; Nuclear Reactions; Range and Energy Loss 
of Particles) 

Analyticity and Unitarity in the Scattering of Scalar 
Mesons from a Static Nucleon. B. L. Ioffe — 1245. 

Dispersion Relations for the Scattering of Gamma 
Quanta by Nucleons. L. I. Lapidus and Chou Kuang- 
Chao — 1218. 

Inelastic Scattering of Nucleons on Mg”* and si?® Nu- 
clei. V. I. Mamasakhlisov and T. I. Kopaleishvili 
— 93. 

Excitation of Nuclear Vibrational and Rotational States 
in the Scattering of Charged Particles. E. A. Roman- 
ovskii — 59. 

Excitation of Rotational States of Nonaxial Nuclei in 
Alpha-particle Scattering. E. A. Romanovskii — 606L. 

Maximum Atomic Cross Sections for Nonresonance 
Charge Exchange. N. V. Fedorenko and V. A. Belyaev 
— 1276L. 

Nuclear Reactions Induced by Heavy Ions. J. H. Fremlin 
and J. S. Lille — 229L. 

On the Inclusion of Exchange in the Theory of Collisions. 
R. K. Peterkop — 834L. 

On the Methods of Born and Pais for Finding Phase 
Shifts. T. Titts — 207L. 

On the Phase of the Scattered Wave (A Reply to V. V. 
Malyarov). F. S. Los’ — 836L. 

Optical Anisotropy of Atomic Nuclei. A. M. Baldin 
— 142. 

Raman Scattering of Electromagnetic Waves in Ferro- 
magnetic Dielectrics. F. G. Bass and M. I. Kaganov 
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Resonance Charge Exchange of Doubly Charged Ions 
in Slow Collisions. I. K. Fetisov and O. B. Firsov 
— 67. 

Scattering of a Proton by a Nucleon in the One-meson 
Approximation. E. D. Zhizhin — 707. 

Scattering of Alpha Particles 

Alpha Spectrum of the Natural Samarium Isotope Mix- 
ture. A. A. Vorob’ev, A. P. Komar, V. A. Korolev, 
and G. E. Solyakin — 386L. 

Excitation of Nuclear Vibrational and Rotational States 
in the Scattering of Charged Particles. E. A. Roman- 
ovskii — 59. 

Excitation of Rotational States of Nonaxial Nuclei in 
Alpha-particle Scattering. E. A. Romanovskii — 606L. 

Scattering of Deuterons 

Capture of Polarized Muons by Deuterons. A. P. Bu- 
khvostov and I. M. Shmushkevich — 1042L. 

Measurement of the Polarization of Deuterons in the 
Reaction p +p—d+7* at Proton Energies of 670 
Mev. Yu. K. Akimov, K. S. Marish, O. V. Savchenko, 
and L. M. Soroko — 33. 

Scattering of Electrons and Positrons (see also Electrons 
and Positrons) 

Electron-Electron Scattering Cross Section at High 
Energies. V. N. Baier — 1057L. 

Inelastic Collision between Fast Polarized Particles 
and Atoms. V. V. Batygin and I. N. Toptygin — 975. 
Measurement of Energy Loss of Fast Electrons Pene- 
trating through Matter. N. A. Grishaev, A. N. Fisun, 
A. S. Litvinenko, V. M. Grizhko, B. I. Shramenko, 

and I. N. Onishehenko — 1031L. 

On the Inclusion of Exchange in the Theory of Colli- 
sions. R. K. Peterkop — 834L. 

Polarization B-y Correlation in Beta Decay of Co®?. 
M. I. Lobashev, V. A. Nazarenko, and L. I. Rusinov 
— 1277L. 

Polarization Effects in the Elastic Scattering of Elec- 
trons from Deuterons. G. V. Frolov — 369. 

Scattering of Electrons by Light Nonspherical Nuclei. 
E. V. Inopin and B. I. Tishchenko — 932. 

Scattering of Low-energy Electron by Short-range Po- 
tential in Strong Magnetic Field. V. G. Skobov — 1039L. 

Scattering of Mesons (see also Nuclear Reactions In- 
duced by Mesons) 

Cross Sections for Elastic Scattering of 195-Mev Posi- 
tive Pions by Carbon and Lithium Nuclei. V. G. Ivanov, 
V. T. Osipenkov, N. I. Petrov, and V. A. Rusakov 
— 615L. 

Dispersion Relations for Inelastic Processes Involving 
K Mesons. J. Wolf — 980. 

Elastic Scattering of 5—22 Mev 7* Mesons on Carbon. 
V. G. Kirillov-Ugryumov, L. P. Kotenko, E. P. Kuz- 
netsov, F. M. Sergeev, and A. F. Grashin — 907. 

Elastic Scattering of 390 Mev m* Mesons from Protons. 
E. L. Grigor’ev and N. A. Mitin — 1123. 

Inelastic Collisions between Fast Polarized Particles 
and Atoms. V. V. Batygin and I. N. Toptygin — 975. 

Inelastic Interaction of 7* Mesons with Light Nuclei 
in the Energy Region 80 —300 Mev. A. G. Meshkoy- 
skii and Ya. Ya. Shalamov — 697. 

Inelastic Scattering and Absorption of (195 + 15)-Mev 
Positive Pions by Carbon and Lithium Nuclei. 
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nm -p Interaction at 1.4 Bev. V. I. Rus’kin — 74. 
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Scattering at 307 Mev. E. L. Grigor’ev and N. A. 

Mitin — 295. | 
Resonance Interaction of Pions. V. S. Barashenkov } 

and V. M. Mal’tsev — 630L. 

Scattering of Neutrons (see also Nuclear Reactions In- 
duced by Neutrons) 

Elastic Scattering of 8.7-Bev Protons by Photoemul- | 
sion Nuclei. B. P. Bannik, V. G. Grishin, M. Ya. | 
Danysh, V. B. Lyubimov, and M. I. Podgoretskil | 
— 1118. | 

On the Collisions of Nucleons with Large Orbital An- | 
gular Momentum. A. D. Galanin, A. F. Grashin, B. L. | 
Ioffe, and I. Ya. Pomeranchuk — 1179. | 

Polarization of (d-d) Neutrons. P. S. Otstavnov 
rie ie | 

Variation of Angular Distributions of Neutrons Elas- | 
tically Scattered from He®. A. I. Abramov — 1046L. 


duced by Protons) 

Angular Distribution of Shower Particles in Stars Pro- 
duced by High-energy Particles. L. A. San’ko, Zh. S. 
Takibaev, Ts. I. Shakhova, and L. Ya. Balats — 1. | 

Determination of the p-p Scattering Matrix at 90°. 

S. B. Nurushev — 2121. 

Elastic Proton-Proton Scattering at 8.5 Bev. V. B. 
Lyubimov, P. K. Markov, E. N. Tsyganov, Cheng 
P’u-Ying, and M. G. Shafranova — 651. 

Elastic Scattering of 630-Mev Neutrons by Protons. 

N. S. Amaglobeli and Yu. M. Kazarinov — 1125. 

Interaction of 9-Bev Protons with Free and Quasifree 
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S. A. Bunyatov, I. M. Gramenitskii, V. B. Lyubimov, 
Yu. P. Merekov, M. I. Podgoretskil, V. M. Sidorov, 
and D. Tuvdendorzh — 872. 

Nuclear Interactions of 8.7-Bev Protons in Photo- 
graphic Emulsions. G. B. Zhdanov, V. M. Maksi- 
menko, M. I. Tret’yakova, and M. N. Shcherbakov 
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On the Collisions of Nucleons with Large Orbital Angu- 
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loffe, and I. Ya. Pomeranchuk — 1179. 

Scattering of 5—10 Mev Protons on He®. K. P. Arte- 
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Theoretical Interpretation of Inelastic (pp) and (pn) 
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Mal’tsev, and E. K. Mikhul — 1052L. 

Use of the (d, p) Reaction to Excite States with Large 
Spins. V. G. Neudachin, I. B. Teplov, and A. F. Tuli- 
nov — 387L. 

Scattering of Radiation (see Radiation) 

Scintillation Counters (see Methods and Instruments) 
Secondary Emission (see Electrical Properties) 
Semiconductors 

Electron Resonance in Crossed Electric and Magnetic 
Fields. I. M. Lifshitz and M. I. Kaganov — 392L. 

Faraday Effect in Semiconductors on Free Carriers 
in a Strong Magnetic Field. L. E. Gurevich and I. P. 
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Kinetic Theory Impact Ionization in Semiconductors. 
L. V. Keldysh — 509. 
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M. M. Gorshkoy, and B. D. Kopylovskil — 15. 
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Solutions (see Liquids) 

Sound (see Acoustics) 
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Spectra, Atomic (see Atomic Structure and Spectra) 
Spectra, General 
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Shortwave Radiation from a Vacuum Spark. S. V. Lebe- 
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Spinor Fields (see Field Theory) 
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Collective Losses of Fast Electrons in Passage through 
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Oscillations of an Inhomogeneous Plasma in a Magnetic 
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Relativistic Transport Equations for a Plasma. I. 
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Yu. B. Rumer — 409L. 
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L. P. Gor’kov, and I. M. Khalatnikov — 132. 
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Effect of Exchange Interaction on the Superconductor 
Transition Temperature. S. V. Vonsovskii and M. S. 
Svirskii — 1060L. 
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Thermal Properties 
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X-rays 
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On page 868, column 1, item (e) should read: 


on Its Structure. S. S. Dukhin — 1054L. 
Diffraction of X-rays by Polycrystalline Samples of 
Hydrogen Isotopes. V. S. Kogan, B. G. Lazarev, and 


R. F. Bulatova — 485. 


investigation of X-ray Spectra of Superconducting CuS. 
I. B. Borovskii and I. A. Ovsyannikova — 1033L. 


Optical Anisotropy of Atomic Nuclei. A. M. Baldin — 142. 


(e). Ferromagnetic weak solid solutions. By way of an example, we consider the system Fe-Me with 
A2 lattice, where Me =Ti, V, Cr, Mn, Co, and Ni. For these the variation of the moment m with con- 


centration c is 


lm/de = (Na) yp =F 0.642 {8 (2.478 — Rye) +-6| 2.861 — Rye | F [8 (2-478 — Rp.) + 6 (2-861 — Rge)]}s 


where the signs — and + pertain respectively to ferromagnetic and paramagnetic Me when in front of 

the curly brackets, and to metals of class 1 and 2 when in front of the square brackets. The first term 
and the square brackets are considered only for ferromagnetic Me. We then have dm/de =—3 (-3.3) for 
Ti, —2.6 (—2.2) for V, —2.2 (—2.2) for Cr, —2 (—2) for Mn, 0.7(0.6) for Ni, and 1.2(1.2) for Co; the paren- 


theses contain the experimental values. 
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804, First line of Eq. (17) 
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976, First line of Eq. (10) 
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